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NPEAHUCIOBHE PEJAKTOPA

B Bacrosimee Bpemsa aare6panyeckHil SI3BIK NPOHHK,
noxaJyi, Bo Bce pa3fie/sl MaTeMaTHKH H BO MHOTHMe M3
ee npuJoxeHuH. B cBolo ouepenn, anreGpa o6oraTusaach
MHOTMMH HOBBIMHM HJ€SIMH M pe3yJbTaTaMH KaK B KJac-
cHdyeckux ee obaacTsx (rpynne, KoJblla), TaK W B Ha-
npaBJeHHsAX, PAa3BHBIUHXCA 3a MNoOcJefHee NMATHAECATHIE-
THe (MOJNYTPYNNEBl, pelleTKH, YHHBepcaJbHble aJjre6pH,
kareropun). KoHeuno, no Bcem 3THM pasienaM aJreGphl
HanHcaHbl MHOTOYHCJEHHble MOHOrpaguu H 00630pHHIe
cratbi. OnHako Tenmepb YiKe, NOXKaJjyH, HEBO3MOXHO
HanucaTb MOHorpaHio, OTpa)KaloUlyl0 Bce OCHOBHHIE
HIeH M HanpaBJeHHs, cKaxeM, Teopuu rpynn. Ot6op Ma-
TepHaJa, OCYLleCTBJSeMEI aBTOPDOM KaXJOH H3 Takux
MoHorpagu#, HensbexHo cy6bekTHBeH. IlosToMy B no-
UCKax HYXHBIX pe3yJbTaToOB NpPHXOAHTC mnepe6Guparh,
B 3HaUYHTENbHOH CTeNneHH Hayraj, GOJiblIOe YHCJAO pas-
JHYHBIX HMCTOUHHKOB. HacToswmii cnpaBouHHK HMeer
cBoell 1esblo o6Jeruntb 3Ty paboty. B Hem, Hapsaamy
C OCHOBHLIMH OnpejeseHNsiMH, TIpeAcTaBJeHbl MHOTOYHC-
JIeHHble pe3YyJbTaThl, BKJIOUEHHBIE B T€ WJIH HHbie MOHO-
rpadun U o6G30pH, a Takxe NpUBeleH OGIIHPHBIA CIH-
COK MoOHorpaguyeckoih ¥ 0630pHOH JauTepaTypsl 10 CO-
OTBETCTBYIOILUM pa3jenaM obuel aareépn. B paae
c/yuyaeB YNOMHHAIOTCS M OTJeJbHble pe3yJbTaThl, OTpa-
.JKeHHble TOJIbKO B XYPHaJbHBIX NyOJHKauUHAX, W TOraa
HeO0GX0AMMEIE CCBIJIKH TNPHBOAATCA HENOCPeACTBEHHO B
rekcte. IloguepkHeM, YTO NpPH HanHCaHHH CNpPaBOYHHKaA
He CTaBHJOCh UeJH OTpPa3HTb COBPEMEHHOe COCTOsIHHE
3THX TeopHi. IlOCKO/JbKY cnpaBOYHHK aJpecoBaH TIJlaB-
HbHIM 0Gpa3oM He CNelHaJHCcTaM, NPHOPHTET OTAaercs
pe3yJibTaTaM, KOTOpble MOTyT GBITb NOJIe3Hbl 3a npeje-
JaMH paccMaTpuBaeMoil o6sacTu aarebpu. Hukakux no-
Ka3aTeJbCTB He NPHBOAMTCA. ABTOpbI NPHBOAHMMBIX pe-
3yJIbTAaTOB, KaK NpapuJo, He YkasbBaiorcsi. Hckmoue-
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HHE COCTaBJA10T TeOpeMbl C YCTAHOBHBLIMMHCS Ha3Ba-.
HusIMH. B Tex cayuasx, Korja COOTBETCTBYIOLIHI MaTe-
pHaJ MoXeT ObIThb HalileH NPAaKTHYECKH B JIOGOM yue6-
HUKe 1o aJjre6pe, He NaeTcsl Ga)Ke TOYHHIX CChUIOK. AB-
TOPBl CTapaJUCb He 3J0yNnoTpeb/siTb NepeKpPeCTHHIMH
cChIKaMH. B uyacTHOCTH, NpH H3JI0XKEHUH TEOPUM TpyNN
M TeOpHH KoJiell MHorue (akThl, KOTOpPHE MOXHO H3-
BJedb H3 TEOPHH YHHBEpCaJbHHIX aJ/re6p, NpHBOAATCH
IJs. pacCMaTPUBAEMBIX ClelHaJbHHEX ciaydyaeB. Tak 4To
NpH KeJaHHH YUTaTeNb MOXeT He obpamaThcsi K ria-
BaMm VI uan VIIL

Or untatenst Tpebyercst 3HAKOMCTBO C JIHHEHHOH aJjI-
rebpo#, BKJOYasi MaTpHYHOe HcuucJaeHue. IIpu pacemor-
PEHHH BONpPOCOB, JeXalluX Ha TrpaHuue ajre6pu c Jo-
THKOH M TOMOJIOTHeH, JOrHYecKHe ¥ TONOJIOTHYeCKHe Io-
HSITHS, KaK NPaBHJIO, He ONpelessioTcs.

3a npepesaMH HacTOSLLEro CHPaBOYHHKA OCTAJHCh
KOMMYTaTHBHas aJjre6pa (B yaCTHOCTH, Teopus noJjei),
KOHEeYHble TpYMNNbl, JHHeHHble TpYIINL, TpeACTaBJeHHs
TPYAN M HEKOTOphle ApYyrHe pasfesbl: TPpaHHUB OO6eH
anre6pbl  10CTaTOYHO HeomnpenesieHHbl. CpaBHHTENbHO
MaJlo BHHMaHHs yleneHo aare6pam Jiu. Hameemcs, uto
39TH pasjiesnl aare6pbl 6yAyT OTpaKeHbl B APYrHX BHINY-
CKaX CnpaBOYHHKA MO MaTeMaTHKe.

Penaktop ray6oko Oaaromapen T. A, I‘yponon,
C. 10. Maxkcumosy, A. I1. Muuwunoit u A. A. IloHoma-
peBy 3a IOMOWb NPH MOATOTOBKE DPYKONMHCH K TNEYaTH.

JI. A. Crophaxos
* %k X

I'naBa .l nmanucana JI. A, CkopHsiKOBHM, rnasa I —
O. B. MenbnukosbiM (mn. 3.1—3.3), B. H. Pemecaen-
HuKOBbIM (§ 2 W nn. 3.4, 4.2, 44) u B. A. Pomaubko-
BoiM (§ 1 u nn. 4.1, 4.3, 45) rnasa I1I-—JI. A. Ckep-
HAKOBHIM (KpoMme § 3) n W. T1. Ulecrakosum (§ 3).



JleB AmnatonbeBuu CxopHskoB (1924—1989) BHec
3HAYHTENbHBI! BKJAal B pasBHTHe aareGpel — He TOJBLKO
CBOMMH TPYAaMH, CpPelH KOTOPBIX HECKOJbKO MOHOrpa-
(uit ¥ yuye6HbIX MOCOOHH, HO H MOATOTOBKOH HCCJeLOBa-
TeJel, paboTalOIHX B pa3NHYHBIX 06JacTax aJre6GpHl,
MHOronnaHoBOH peAaKTOPCKOH JesiTelbHOCTBIO H JpY-
FHMH BHAAMH HayyHoH akrtHBHOocTH. Hacrosmui cnpa-
BOYHHK GbLT mocsenHeii uuunuatupoil JI. A. CkopHsKOBa,
H paGoTe HajJ HHUM Hall COAaBTOP H THTYJIbHBIH PelaKTOp
OTJaBajl, MYXeCTBEHHO O0Opscb C HeH3JeYHMbIM HeAy-
romM, Becb CBOH TeMIepaMeHT HeyTOMHMOro MpomaraH-
Aucra aarebpavueckux 3HaHHH.

Mun  nocesillaeM Haml TPYyA CBeTJOH NaMATH
JleBa AHaToJbEBHYA.

B. A. Apramonos, O. B. Measruros,

B. H. Pemecaennukos, B. A. Pomanskos,
B. H. Canauii, JI. H. llespus,

H. 1. Ulecrakos, E. I'. lllyaveeiichep



FJIABAI

OTHOILUEHHUS, OTOBPA)XEHHS, YACTUYHO
YNOPAJOYEHHBIE MHO)XECTBA

§ 1. MHoXecTBa, OTHOWIEHHsT M OTOGpaKEeHUs

1.1. Aare6pa noamHoxkects. [TOHATHA «MHOMXECTBOY»
H «3JIeMeHT IpPHHAJJIEKHT MHOXECTBY» INpHMEM B Ka-
YyecTBE HeonpeleJUMhIX, CTAHOBACh TEM CaMBIM HAa HaMB-
HYI0O TOYKy 3peHHs B 3ToM Bomnpoce. CuMBoa x & A 03-
HayaeT, YTO 3JEeMEeHT X INpPHHAJJIEXKHUT MHOXKeCTBY A,
a x¢& A — OoTpHUaHHe 3TOrO yTBepXKAeHHs. MHOXKeCcTBO
A wHasbiBaeTcs noOmHoxcectéom MHoXectBa B (B o6o-
3HayeHUuaAX A = B),ecan KaxXAblfl 371eMeHT, IpHHAATEXKA-
muil MHOXeCTBY A, NIpHHAJJIEXKHUT MHOXKeCTBY B. [Ipyrumu
CJIOBaMH, 3TO O3HAayaeT CHpPaBeMJHBOCTb YTBEPKAEHHs:
ecq x= A, 10 x = B. Muoxectsa A u B nashBaloT-
csi pagHeimu (B o6osHaueHusx A = B), eciu OHH
COCTOAT U3 OIHUX M TeX XK€ 3JIeMEeHTOB, T. €. eCJH
A=B u B=A. 3anucs A < B osunauaer, uto A = B,
HO A = B. Brnpouem, HepeAkO CHMBOJI C HCHOJb3yeTcs
BMecTo =. COBOKYMHOCTb BCeX INOAMHOXKECTB MHOXKeCTBa
A HasbiBaercs ero 6Oysteawom W ofo3Hauaercss uyepes
P(A) nau 24,

Ecin & — HeKOTOpOe CBOMCTBO, KOTOPBIM MOTYT -06-
JajaTb WM He 06JafaTb 3JEeMeHTH MHoXectBa A, TO
yepe3

{x|x= A, x ob6nanaer cBoicTBOM &}

o603HayaeTcsl NMOJMHOXKECTBO MHO}KecTBa A, cocrosiiee
H3 BCeX ero 3JeMeHTOB, obJiafamolux coiictBoM &. Ha-
npumep, eciu A — MHOXKECTBO LeJNHX YHCe], TO

{x|x = A nocnenusas uudpa B AECATHYHOH 3amHCH

yucaa x ectb 0 uau 5}
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— 3TO MHOXECTBO BCEX L(eJIbIX YHCeJ, JAeNSLIUXCS Ha 5.
Ecnu xi, X3, ..., Xn— BCE 3JeMeHTH MHOXectBa A, TO
YaCcTO MUIIYT

A={x, x5, ..., X,}.

B uactHocTtH, 3anuch A ={x} osuauvaer, yTo A COCTOMT
M3 eJIMHCTBEHHOro 3JeMeHTa x. Bo MHOrux ciyyasx Bme-
cro {x} mumercs mnpocto x. MHOXecTBO, He colepia-
Liee HU OJHOrO 3JeMeHTa, 0603Havaercs uepes J M Ha-
3pIBaeTcsi nycroim. B cooTBercTBHM C OGLIMM ompenee-
HueM J <A pas go6oro MHoxectBa A. SIcHo, uTto
A = B u B = C Baeuer 3a coboit A = C. ,

Eciu A u B — kKakue-1u60 MHOXeCTBa, TO HX nepe-
ceyenue A\ B u ob6vedunenue A\J B onpegensitorcst pa-
BEHCTBaMHU .
ANB={x|lx=A n x= B}

H
AUB={x|x= A win x = B}.

O6mbenunenne A B HasbiBaeTcss Ou3BIOHKTHoIM (HHAue,
csobo0neim), ecin A\B= . Ons MHoxectB A u B
3KBHUBaJEHTHbl cChaepywoline yteepxienus: (1) A<= B;
(2) AnB=A; (3) AUB = B. IToamHOXecTBO

A\B={x|x=A u x&B}
HasbiBaeTcsi donoanenuem mHoxcectsa B ¢ A (puc. 1.1).

Jinst 066X MHOXecTB A, B n 'C crnpaBei/iuBbl C/IedylO-
[{{e paBeHCTBA: '

ANA=A, AUA=A4,
ANB=BNA, AUB=BU A,
(AnB)NC=ANn(BNC), (AUBUC=AU(BUOQ),
AN(AUB) =4, AU(ANB)=A4,

AN =0, AU =A4,

ANBUC)=(ANB)U(ANC),
AUBNC)=(AUB)N(AUO),
AUB=(AN\B)U(ANB)U(B\ 4),
ANB=(AUB)\(A\B)U(B\ A4)),
ANB=AN(ANB),
A=(ANB)U(ANB),

(AN BINC=(ANC)\(BNC).
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Mgomecmo
A+ B=(A\B)U(B\ A)

Ha3hBaeTCs CUMMETPUHECKOU PA3HOCTbI0 MHOXKeCTB A M
B (puc. 1.2). [ass cHMMeTpHYECKOH Da3HOCTH CIpaBeA-
JIUBH CJIEYIOLHEe COOTHOLIEHH S :

A+B=B+ A, (A+B)+C=A+(B+0),
A+@=A4, A+A=0,
ANB+C)=ANB+ ANC.

Ilepeceuenne u oOGbelHHeHHe MOXeT OHTb oOmpene-
JeHo anas Jwboro HabGopa MHOXKecTB. HMMmeHnHo, ecau

Puc. 1.2

{A.]v= 3} — MHOXKecTBO noAMHOMecTB A, HEKOTOPOro
MHOXECTBa, I'le HHAEKCH  npoGeraloT MHOXecTBO J - (He
HCKJI0YeHO, uTo A, = A,, Ille \ H % — pa3JHYHHE 3J]e-
MeHTH MHOXecTBa J), To nepecevenne [1{4,|. < 3}u 06b-
ennvenne U{A,|\ & 3} onmpenensiorcs paBeHCTBaMH

N{AheS}={x|xes A, naa scex = 5}
u
U{A heS}={x|x= A, xota 6u pas oxHoro t < §}
cooterctBenno. Bmecro N{AveS3} n U{Ad v e 5}
yacto numyr || A, n U3 A, a MHOrZa Jjaxe MpOCTO

NA un UA. Ecau S:{l, 2, ..., n}, To OOHYHO HC-
nosabayercs 3anuch A, VA, N...NA, n A ,UAU...UA,
n n

HAH iﬂ A; n |J A;. O6nenunenue U{A;l:Efs} Ha3bl-
=1 i=1

BaeTcst OU3BIOHKTHOLM (AN c80600H6LM), ecan A, | Axv=C
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npa % % Ecin J=U{S«| % =8} — auanonkTHOE
o6beHHEHHE, TO

ngk(tg A‘) = tQS‘ A
uLEJR(\EUS' A‘) - ;léjs A

3TH COOTHOLIEHHS MOXHO paccMaTphBaTh Kak o6obiie-
Hue accounatuBHocTH. O6Go6IeHHEM IHUCTPUOYTHBHOCTH
CJYyXaT paBeHCTBa

AnU{B.he3h=U{ANB I3},
AUN{B.he3IP=N{AUB.IL.e 3},

m n n m

((0a0)=0(Aa)
i=1 \j= =1 \i=1

ITopuepkHeM, YTO mOCJelHee COOTHOLIEHHE I[POCTOro

o6o6uienuss Ha OGecKOHeUHBIH ciayuafdi He momyckaer (CM.

§ 5ral V).

Ecnu paccmaTpHBalOTCH JHIUL NOAMHOXeCTBa (HK-
cHpoBaHHOro MHoXectBa M u A = M, To nogMHOXeCTBO
M\ A HasniBaercsi MPOCTO OONOAHEHUEeM NOOMHONECTEa
A u o6o3nauaercsi yepe3 A. IIpu 3TOM cnpaBeasuBH pa-
BEHCTBa '

=

=g, =M,
—AUB, AUB=ANB,
A=A,
NALest=U{A =3},
VAT est=n{Adlves}

MuoxectBo {A,|1< 3} HenmycThIX MOJAMHOXECTB MHO-
KectBa A HA3HBAaeTCsl NOKPbITUEM MHOXecTBa A, ecan
A=U{A.| = 3}. [lokpuTHe Ha3biBaeTcss pasbuexuem,
eciu A\(Ayx=@ npu 1v%*x. Takum obpasoM, A sB-
JsieTCS AU3BIOHKTHBIM OOGbeJHHEHHeM CBOero pa3GHeHHs.
HOpyrumu ciosamu, wMHoxecTBo {A,|i& 3} HemycTHX
NOAMHOXEeCTB MHOXecTBa A sBJsercss ero pa3GHeHHEM,
€CJIH KaXKAblH 3JieMeHT @ & A NpHHaMJIEXHT B TOYHOCTH
OJIHOMY H3 NOAMHOXecTB A,.

ANB

(3axkorer de Mopeana).
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Ecin A H B — npoH3BOJIbHHE MHOXEcCTBa, TO Ha3o-
BeM napod cumBoa (a,b), rie a= A u b= B. Ilapm
(a,b) u (a’,b’) cuuraoTCa pasHoiMu, ecaH A=a’ n
b=1>0’. MuoxectBo Bcex nap {(aq,b)|a=A, b= B}
Ha3HBaeTcs npamovim (UIH OeKapToseim) npousgedenuem
MHOXecTB A H B u o6o3nauaercs yepes A X B. Iloa-
YepKHEM, YTO KaK NOHNTHEe Haph, TdK H BBOAMMOE HHXE
NOHATHE MNOCJEelOBAaTEJbHOCTH B HAalleM H3JIOXXEHHH SB-
JISI0OTCS HEONpeleJHMHMH: ONpejeseH0 JHUIL PaBEHCTBO
nap 4 nocjenoBatenbHocTell. Ecau cTrosiTh Ha MeHee Ha-
HBHOH TOYKe 3peHHs, TO Mapod cjefoBajo GH Ha3WBaTh
mHoxectBo {{a}, {a, b}}, T. e. MHOXKeCTBO, 3JeMEHTaMH
KOTOPOTO CJYXXaT ORHO3JIEMEHTHOe MHOXecTBO {a} H
ABYy3JIeMeHTHOe MHOXecTBO {a,b}. 3ameruM eme, 4YTO
oTiuyHe mnapH (a,b) OT ZABY3JEMEHTHOLO MHOXeCTBa
{a, b} 3aknouaerca B ToM, uro {a,b}={b, a},a (a,b)=
=(b,a) auwb npu a =>5.

Ecan Ay, ..., A,— mo60fi KOHeyHHA Ha6op MHO-
KecTB, TO Ha30BeM n0CAeA08ATEALHOCTSI0, HAH CTPOKOL,
HJIH KOpTexeMm AJNHHH n CHMBOJ (@i, ..., Gn), THE Qi E

7
€ A;. TocaenosatenvHocts (a,, ..., a,) ¥ (4], ..., @)
CUHTAIOTC pPaBHHMH, €ClIH aq,=a; npu i=1, ..., n.
MHOXKeCTBO BcCeX TaKHX I0cAeldoBaTeJbHOCTeH Ha3H-
BAETCS NPAMbIM npoussederuesm MHOXeCTB Aj, ..., Aa

n
H o6o3nauaerca uepe3 A; X ... X A, unu H A;. Otme-
i=1

THM, 4YTO, HMes ONpelesieHHe NPSIMOTO TNpPOH3BeACHHSA
IBYX MHOXECTB, MOXHO BIIOJIHE CTPOrO OHpEfe/IHTb Npsi-
Moe npousBelieHHe J1060ro (He 06s3aTeIbHO KOHEYHOTO)
Ha6opa MHOXecTB. JTOT Bompoc ofcyxnaaercs B m. 1.2

1.2. CoorBerctBusd H oroGpaxkenusn. [loagmHOKecTBO
p muoxectBa A X B HasnBaercsa coorgsercrsuem (HiH
GUHAPHBIM OTHOULEHUEM) MeXIy MHoXecTBaMH A u B.
Ecau (a, b) = p, TO rOBOPSAT, YTO 3J€MEHT @ HAXOOUTCR
8 OTHOWeHuU p ¢ sjaeMeHTOM b. BMecTo (g, b) & p yacto
numyt apb, a uHorpa—p(a,b). CooTBeTcTBHA p <=
=AXB u 0= CX D Ha3HBawOTCA pABHbLIMU, €CIH
A=C, B=D u p=0 Kak NOAMHOXeCTBAa MHOXecTBa
AX B. Ectu A 1 B — koHeuHble MHOXECTBa, CKaxXeM,
A={l,2, ..., m} u B={1,2, ..., n}, To KaXJ0OMy CO-
OTBETCTBHIO p MeXJy MHOXectBaMH A H B MOXHO cormo-
CTaBUTb MaTpHUY pa3mepa m X n, B KOTOPOH Ha mepece-
YeHHH i-l CTPOKH H j-ro croabua crourt 1, ecau (i, j) E p,
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u 0 B nporuBHOM cayuae. Eciu A u B u3o6Gpasuth Kak
MHOXEeCTBAa TOYEK Ha TIJIOCKOCTH M COelHHHUTDb [ € j cTped-
KOH B TOM H TQJILKO TOM cJiyyae, koraa (i, j)  p, To B03-
HHKaeT HanpaBJieHHBIi rpad. B paccmarpuBaeMom ciay-
Yyae COOTBETCTBHE P OJHO3HAYHO BOCCTAHABJIMBAETCH KakK
10 cBOeH MaTpHie, TaK H MO CBOeMY HanpaBJeHHOMY
rpa¢dy. Koneuno, u marpuuy u rpad MOXHO paccMaTpH-
BaTh U B cJyyae GeCKOHEUHBIX MHOXeCTB, HO 3leCb BBHIHT-
peIlI B HArJASAHOCTH HaMHOro MeHouwie. O6 yMHOXEHUH
COOTBETCTBHH cM. M. |.4.

Ecau p — cootBercTBie Mexay mHoxectsamH A u B,
TO 0003HaYuM uyepe3 p* (ynorpebJaslOTCA TaKke 060-

-1

3HaueHHUs p~! U p) COOTBETCTBHE MCKAY MHOXecTBaMu B
u A, onpenensieMoe ycioBuem

o* ={(b, a)|(a, b) =p}.

Marpuuelt cCOOTBETCTBHA P¥* CJYXKHT MaTpHLa, NOJydYeH-
Hasi M3 MaTpHIbl COOTBETCTBHS P TPAaHCIHOHHPOBaHHEM,
a rpa¢ coorBeTcTBHSI p¥ mosyuaercst u3 rpada cooTBer-
CTBUSL 0 H3MEHEHHeM HAaNpaBJeHHs CTPeJOK Ha NpOTH-
BonosioxkHoe. OTMeTHM elle, YTO p &< ¢ BJeyeT 3a coboi
p* = o#,

Ob6aactbto onpedenenusn (MHOrAa nepeol npoexyued)
COOTBETCTBHSI p Ha3bIBAETCS MHOXKeCTBO

Domp={alas A; (a, b) =p nas HekoToporo b= B},
a obpazom UIH 064QCT6HI0 3HAYEHUL — MHOXECTBO
Imp={b|b= B, (a, b) =p aasn HekoToporo a < A}.

flcuo, uro Domp=Imp* u Domp*=Imp. Ecau
Domp=A, TO roBopfT, 4TO COOTBETCTBHEC @ 6ClOJY
onpedeseno. Bcioay onpepesieHHoe COOTBETCTBHE 4YacTo
Ha3bIBAIOT MHO203HA4YHbIM oToOpasxcenuem. Ecan a = A,
TO MHOECTBO

p(@={blb= B, (a, b) =}

HasbiBaeTcs 06pa3om INemMeHTa a TNPH COOTBETCTBHH .
Eciu X = A, T0 MHOXeCTBO

p(X)=U{p([x =X}

Ha3siBaeTcs ob6pasom muoxectea X npu cooTsercreuu
p, WaH cedenuem coorsercréus p no muHoxecrsy X. Ce-
YyeHHe COOTBETCTBHS o MO OJZHOI/JEMEHTHOMY MHOXECTBY
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{x} .coBnanaer ¢ o6pasoMm snementa x. Ecau b = B, 10
‘MHOXEeCTBO

o l(b)={alas A, (a, b)=p}

Ha3bIBAETCS. NPOOOPA30OM INEMEHTA b npu COOTBETCTBUW
p. dror npoobGpa3 coBmajaer ¢ oOpa3oM 3JjeMeHTa b
npu cootBercTBUH p* [Ipoobpas muoxcectsa Y <= B on-
pefieIsieTcsl paBeHCTBOM

o' Y)=U{p 'y lysT}

H coBnajaer ¢ o6pa3oM MHOXecTBa Y mpH COOTBeTCTBHH
o*. Ecan X = A, 10 cooTBeTcTBHE

ply=0NX X B)={(x, b)|[x =X, (x, b) = o}

Ha3blBaeTCA oepanuueruem (U Cyxcenuem) CcooTger-
cTeun p Ha nodmuoxcecteo X.

IMpouantocTpupyeM BBefeHHble MOHATHA HA CleldyiolleM ApuMepe:
A = {ay, az, as}, B= {by, bs, bs, b} u p = {{as, by), (a1, b2),
(ay, bs), (az, by)}. Matpuuell COOTBETCTBHA P CJAYMHUT

1110
(1 00 0)
0 00O

a ee rpadpom —

by b, b3 z4

Hance, Domp={ay, a2}, Imp = {by, bz, bs}, p(as)= {by, b2, b3},
p(az) = {bs}, p(as) = &, npoobpasom 3/1eMEHTOB by W b3 CAYKHT
0/HO3/IeMeHTHOe MHOXecTBO {a;}, Mpoo6pasoM 3aemeHta by - MHO-
wectBo {ay, a:}, a npoo6pas aaemenra b, mnycr. Haxouen,

pl((az. a) = {(az, b1)}.

CooTBeTcTBHE HA3bIBAETCS NOAHbIM, €CJIH OHO COBIa-
naetr ¢ A X B, 1. e. coctout u3 Bcex nap (a, b). Bee age-
MEHTBl MATpHIbl, COOTBETCTBYIOLLEH MOJHOMY COOTBET-
crBuio, paBHb 1. Ecin p — mosiHoe cooTBeTcTBHe, TO co-
OTBeTCTBUE ¥ TaKXe MOJIHO.

- CooTBeTCTBHE . p _HQR3bIBAETCA 4ACTU4HbLM OTOOpadce-
Huem muQMeerBa A B [MHOXeCTBO B, ec/u AJs KaXKAOro



1§ TI'J. 1. OTHOIIEHHSA, OTOBPAXXEHHS, Y. Y. MHOXECTBA

a = Dom p MHOXecTBO p(a) OKa3HBaeTCa OXHOIJIEMEHT-
HEIM. B COOTBeTCTBHH C omnpelejieHHEM DaBEHCTBA COOT-
BETCTBHH YacTHYHHe OTOGpaxKeHus p U ¢ u3 A B B
paBHB TOrAa H TOJNBKO Toriaa, xoraa Domp = Domo
H p(x)=o0(x) ana Bcex x& Domp. SlcHo, uTo, nmest
YyacTHYHOe OTOOpa)keHHe B CMHCJe TaHHOrO Ompejese-
HHS, Mbl KaXIOMy 3JeMeHTYy H3 Domp craBuMm B cooT-
BETCTBME OJHO3HAYHO ompejeneHHui 3jaement u3 B. Ta-
KHM 06pa3oM, IpeJlJoKeHHOe OllpeleseHHe N0 CYLeCTBY
coBmajaer ¢ HaWBHHM, Ec/M HCXOHHTH M3 HAWBHOrO OI-
penfenennsi (npaBia, ¢GOpPMaJbHO OHO HE MOXKET CJYXHTb
onpeje/neHHeM), TO COOTBETCTBYIOIlee COOTBETCTBHE Ha-
3BIBAIOT epaAPuUKOM 4ACTU4HO20 OTOGPANHCEHUS.

Orobpaxcenuem MHOXecTBa A B MHOXKecTBO B (uJaH
NoAHbIM OTOODANCEHUEM, WIH QYHKYLORANbHOILM COOTBET-
créuem) Ha3blBaeTcsl TaKoe YacTHYHOe oTobpakeHHe p
u3 A B B, uto Domp=A. B 3roM ciayuae KaxaoMmy
sJjJeMeHTy #3 A CTaBHTCA B COOTBETCTBHe OJHO3HayHO
onpeje/ieHHHH 37eMeHT H3 B. 3aMeTuM, YyTOo Ha YacTHy-
Hoe oToGpaxeHHe p U3 A B B MOXHO CMOTpPeTb KaK Ha
nosHoe otobpaxeHue u3 Domp B B. CumBon ¢: A—B
O3HayaeT, 4TO ¢ sABJseTCs OoTOGpa)ceHHeM MHoXKecTBa A
B B. IloxnuepkHeM ellle, 4TO COrJIACHO OMNpefdesIeHHIO pa-
BEHCTBA COOTBEeTCTBHH oToGpaxeHuss ¢: A—>B u :
C—D pasun, ecii A=B, C=D u ¢(x)=19(x) nasa
Bcex x= A. Eciu a= A, 10 3neMeHt ¢(a) HasbBaeTcs
obpasom 3remenra a. Ilpu 3TOM TroOBOPAT TakXKe, 4TO
oToOpaxKeHHe ¢ CTABUT 8 COOTBETCTBUE IAEMEHTY a 3Je-
MeHT @(a). IIpoobpasom 3aremenra b u3 B npu otobpa-
KEHHH @ Ha3HIBAeTCsl Takol ajeMeHT a € A, uto ¢(a)=
=), a noansim npoobpazom sjieMeHtra b — MHOXeCTBO
Bcex ero npoo6pasos. IlosHu# mpoo6pa3 3jeMeHTa MO-
XeT okaszaThCa mycthiM. OGpa3 ¢(X) noamHOXKecTBa
X = A onpeaeasercsi paBeHCTBOM

(X)) ={o)Ix= X},

a noaneli npoobpas ¢-'(Y) mnoamHoxectBa Y =B —
pPaBeHCTBOM

' ={xlxrs4 ox) =Y}

MHoxecTBO ¢(A) HasHBaercs 0o6pasom OTOGPANCEHUA @
H o6o3Hayaercsi yepe3 Im .

Ecan ¢: A—B—otobpaxenie u X=Y=A4, 10
@ (X)= @(Y). Oas aw6oro mHoxectsa {A,|. = 3} noa-
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MHOXeCTB MHOXecTBa A ClipaBei/IHBH COOTHOWIECHHS
‘P( U A,,)= U 9 (4), ‘P-l( n A.,)= ﬂ o ' (A)
e €3 L3 3

¢ (LQS Al) = tQS(p (A‘)

([4], c. 373, 376).

Ilocnennee BkJOUEHHE MOXET OKa3aThCs CTPOTHM, —
HanpumMep, ecad A, N A, =, a B={b}.

Ecan A’ — noaMuoxecTBo MuoXectBa A u ¢: A — B,
To npo oTobpaxenue ¢: A’— B, rae ¢’ (x)= ¢(x) aas
Bcex x & A’, TOBOPST, UTO OHO SIBJISIETCS CYMEHUEM HJIH
oeparuuenuem orobpaxcenus ¢ rHa A’. B 3TOM cayuae
YacTo MUIIYT, 4TO @' = @|a, @ Npo OTOGpaxkeHHe ¢ FO-
BODSAIT, YTO OHO SIBJISETCH npodoixceHuem WJIH pacuiupe-
Huem oTobpaxeHuss ¢’. 3aMeTHM, 4TO HeJb3sl CKa3aTh,
4YTO @ = ¢, IOCKOJBbKY Y @ H @’ pasHue 06JacTH ompe-
IeJIeHHUs.

Otob6paxenne ¢: A—>B Ha3bBaeTcs NOCTOAKHOIM
HJIH KOHCTQHTOL, eCJH HalJeTrcs Takoll 3JeMeHT b € B,
410 @(x) =0 Aas Bcex x E A.

Oro6paxenne la: A—>A, rae la(x)=x ans Bcex
x = A, HasbiBaeTca TOoxdecT8eHHoIM (BMecTO 14 yno-
TpebJAsIOT TakXKe o603HaueHue idy).

Oto6paxeHue @: A — B Ha3HBaeTCA B8AONEHUEM HIIH
UHBEKTUBHbIM OTOOpAIEHUEeM, eclH Lis N06HX @/, a”
e A paseHctBo @ (a’)= ¢(a”) Baeuer 3a coGoil a’ =a”.
JpyruMu coBaMH, TPU BJIOKEHHH Pa3/UYHEE 3JIEMEHTH
MHOXecTBa A nepexoasiT B pa3JHuHble 3JEMEHTH MHO-
xectBa B. Ecan A — noAMHOXecTBO MHOXKecTBa B, TO
BiroxeHue ¢: A— B, rae ¢(x)=x ana Bcex x = A, Ha-
3bIBAETCA KAHOHUYECKUM WU ecTecT8eHHbiMm. KaHOHH-
YyecKoe BJIOXKeHHe MoAMHOXecTBa A B B coBmajaer c or-
paHnyeHnem oto6paxeHus lp Ha moaMHoxectBo A. OTo-
6paxenne ¢: A—B HasHBaeTCi HaAONeHUeM WM
CIOpBeKTUsHotM oTobpasceruem (roBopsAT TakikKe, 4TO @
otoGpaxaer A na B), eciiu aas Bcsikoro b & B Hakjercs
Tako# 3seMmeHT ¢ A, uto ¢(a)=2>. JipyruMu CJIOBaMH,
IIPH HaJOXEHHH KaxIbli 3JeMeHT u3 B HMeeT xoTs OH
onuH npoo6pas. OTo6paxkeHHe, ABJASIONIEECH BJIOXKEHUEM
H HAJIOXEHHEM OJHOBPEMEHHO, Ha3HBaeTCs 83AUMHO 00-
HO3HA4HbIM HIIH OueKTUBHbIM, a TakXKe Ouexyued. Ilpo
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B3aHMHO OJHO3HauHoe oToGpaxenue ¢: A — B yacTo ro-
BOPSIT, YTO OHO YCTaHaBJHBaeT B3aHMHO OJHO3HauYHOE
COOTBETCTBHE MEXAY 3JeMeHTaMu MHoXectB A u B. Insa
0oTOGpaxeHus] KOHEYHOIO MHOXKecTBa B ceGs HHDBEKTHB-
HOCTb, CIOPBEKTHBHOCTb ¥ OHEKTHBHOCTb — PaBHOCHJIb-
Hble ycaoBUsl. O CBSI3H 3THX NOHSATHH C HOHATHAMH MOHO-
mop¢HuaMa u sanumopdpusma cM. n. VII. 1.4.

Ecau ¢ — orobpaxxeHne MHoxectBa A B ce6s, TO, sJe-
MeHT @ & A Ha3HIBAETCA UHBAPUAHTHOLM WIH Henooeus-
HbiM OTHOCHTEJbHO @, ecad ¢(a)=a. [logMHOXKeCTBO
X'= A Ha3nBaeTcsl UHBAPUAHTHOIM OTHOCUTEAbLHO @,
ecin @(X)= X. Pasymeercs, noamMHoxectBo X OKashl-
BaeTcsl MHBAaPHAHTHHIM, €CJIH HHBAapHAHTHBI BCE €ro aJje-
MEHTHl, HO He Hao6oport. Ecin @ = A, To MHOXKeCTBO 3Je-
MEHTOB, MNOJyYaeMblX M3 @ MHOTOKPAaTHEIM MOCJ€A0Ba-
TeJbHEIM NpHMeHeHHeM OTOOpaXxKeHHs ¢, Ha3hnBaercs
opburoii. Jlio6as opbuta OKa3bIBaeTCss HHBAaPHAHTHHIM
NOJMHOXKECTBOM.

KaxnoMmy otoGpaxenuio ¢: A—B cooTBercTByer
oto6paxenue R(p) Gyneana P(A) B Gynean P$(B), on-
peaenseMoe paseHcTBoM P(g) (X)= @(X) mas Beex
X = A. Oro6paxeHue P(¢@) OKa3bIBaeTCs BJOKEHHEM,
HaJloJXKeHHeM HJIM GHexkuHell Torga H TOJNBKO TOria, Korjaa
COOTBETCTBYIOLIUM CBOHCTBOM oGJiajaer 0T06pameﬂue ®.
BMmecro P(@) o6BUHO MHLIYT NPOCTO .

CyuecTsyer B3aHMHO OJAHO3HauHoe coorBeTcTBHe I
MeX]y MOJAMHOXeCTBaMH MHoXecTBa A u oTOGpaxe-
HHSIMH MHOXecTBa A B IBy3J€MeHTHOe MHOXECTBO
{0, 1}, onpexnensieMoe ycaoBHEM:

I {l, ecan aE X,
(X) (a) = 0, ectn ae& X,

s moboro X = A.

Ha asnemenr (a,b) mnpsmoro mnpoussenenus A X B
MOXHO CMOTpEeTb KakK Ha OToGpaieHHe ABY3JE€MEHTHOIO
mHoxectBa {l, 2} B Au3BOHKTHOEe 0ObeavuHenne A B,
onpeaenseMoe paseHctBaMmu (@, b) (1)=a u (a, b) (2)=
=b. D10 HabJIOfEHHe NO3BOJNSET ONPENENHUTb NPIMOE
npoussedenue Ay X ... X A, KaKx MHOXKECTBO BCeX OTO-
6paxxenuit a MHoXectBa {1, ..., n} B JAH3BIOHKTHOE
o6benuHenne AU ... UAs rae a(i)e A;. ITlpu 3stom
Jlaxke 5K3eMIISpEl OAHOTO M TOrO JXe MHOXecTBa, BRICTY-
naiouero B KauecTBe pasyiMYHbIX A; CUHTalOTCA Hemepe-
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CeKawIUMucsi MHOXecTBaMH. O BO3MOXKHOH (opmaiu-
3auuu 3TOro mpeanosioxenus cM. [4], n. I11.4.8. C apy-
roit CTOpOoHbI, Kaxjoe oToGpaxeHue a MHOXecTBa {l,.
..., n} B Au3blOHKTHOe o6Gbenunenue A, ... UAp, r,ue
a({)= A;, MOXHO paccMaTpHBaTh Kak CTpOKy (a(l),

., a(n)) wuau (a,, ..., a,). Takum ob6pasom, npenso-
JeHHOoe OINpeleseHHe COrJacyeTcsi ¢ HAaHBHBIM Ompefe-
denemM u3 n. l.1. Tlpu 3ToM HOBoOe ompeneseHde Jo-
CJIOBHO MEPEHOCHTCS Ha CJy4YaH, KOTJa YHCJIO COMHOXH-
Tejedl He NpeANoJaraercsi KOHEUHBIM: MPAMbIM NPOU3-
8edenuem HENyCTOr0 CceMeACTBA HEMYCTHIX MHOMECTB
{A.|v= 3} uasbiBaeTcsi MHOXKeCTBO Bcex OTOGpaKeHHE
a MHOXecTBa § B JAH3DBIOHKTHOEe o6bennHeHue J{A. | =
e 3}, craBsllHX B COOTBETCTBHE KaMKIOMY HHIEKCY
1= 3 anemeHT a,< A, CylecTBoBaHUe TakKHX OTOOpa-
MeHHH BBITEKaeT M3 akCHOMBI BhiGopa (nm. 2.1), mpume-
HeHHOH K MHOXecTBY U{A.|i = J}. OtoGpaxenue a ua-
CTO H306paxaioT B BHAE CTPOKH (..., a,, ...), \-H KOOpAH-
HaToil KOTOpOi#l cayxut 3jemedt a, = A, OrobpakeHue
N, CTaBsliee B COOTBETCTBHE KaXJOH CTPOKe a ee (-i0
KOOpAMHATY @, OKAa3blBaeTCs HAJIOXKEHHEM H Ha3blBaercs
it npoexyued. [as mo6bix oto6paxendi ¢, B—A,, roe
B — HekoTOpoe MHOXKECTBO, CyLIecCTBYeT OJHO H TOJIbKO
OfHO OoTOGpaxKeHnue @: B — Iﬁ_[S A, Takoe, uto n, (@ (b)) =

[ =3
= @.,(b) nasi Bcex r=JF u b B (cp. n. VII.1.7). Ecau
=[] S, TO CNpaBeIJHBO PAaBEHCTBO
: e R

IL (U, )= U, (I, A

aeu RFT u F,7*~=F ans Bcex x= K, T0—HU pa-

BEHCTBO
( Am,) H Ay (’n))-
e\ AN 4

B uacriocty, ecan & 7 &, 10

neR(;IeIS Am) tEﬁ'(%E Am)

([4], c. 120, 122).

[Mycte M — HenycToe MHOXKecTBO. COOTBeTCTBHE p =
=M X!B(M) Ha3bIBAeTCH OTHOWEHUEM 3Q8UCUMOCTU,
€CJIM BBHINOJIHEHB caefylouiue ycaoBus: 1) ecan x= A =
=M, 10 (x, A)=p; 2) ectu x=EM, a=sA=M,
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(x,A)ep n (v, A\{a})&p, 0 (a, (AN\A{a})U{x})=p;
3) ecnmxeM, A, B=M, (x,A)sp u (a, By p nns
Bcex as A, 10 (x,B)=p; 4) ectu x=M, A=M n
(x,A)=p, T0 (x,A’)=p ANd HEKOTOPOr0 KOHEYHOTrO
noamuoxectBa A’ = A. Ecan (x, A) = p, T0 roBopaT, uTo
x sagucur or A. Ecnu Kaxawii snemeHtT MHOXectBa A
3aBHCHT OT B, To ckaxeMm, 4to A 3asucur or B, u 6ynem
nucatb p(A, B). Ecau p(A4, B) u p(B, A), To MHOXKecTBa
A u B Ha3unBawTcs 3xksusaseHTHoimu. Ecan A 3xkBuBa-
JeHtHo B, a B skBuBaJjeHTHOo C, T0 A sxBuBaJjenTHo C.
Ecau p(A,B) u p(B,C), 10 p(4,C). Ecau p(A,B) n
B<=C, 1o p(A, C). MHoxectBo A = M HasbiBaercst He-
sasucumoim, eciun (a, AN\ {a})e p ana Bcex a= A. He-
8aBHCHMOE MHOXeCTBO A HAa3hBaeTCsd MAKCUMANLHLIM,
ecqH ans Joboro x & M\ A MHoxectBo A {x} He aB-
JsieTcsl He3aBUCHMBIM. Ecau A — MakcuMmasbHOe He3a-
BHCHMOe MHOXecTBO, TO (x, A)& p Aas moboro x = M.
OKBHBAJICHTHEHE HE3aBUCHUMble MHOXeCTBA HMEIOT OAHY
H Ty Xe MOWHOCTb. OfHY H Ty Xe MOIIHOCTb MMEIOT H
Jio0ble [Ba MaKCHMaJbHHIX HE3aBHCHMBIX MHOXeCTBa.

Teopema o 3amene: eciii A ¥ B — 3KBUBaJIEHTHbIE He-
saBHCHMEe MHOXecTBa M C = A, To Halijercs Takoe
nogmHoxectBo B’ = B, uto B'J(AN\C) He3aBHCHMO M
SKBHBAJIEHTHO A.

CucreMa Q HenycThHIX MOIMHOXKECTB MHoXecTBa M
COBNAfaeT C CHCTEMOIl He3aBHCHMBIX NMOJMHOXKECTB HeKO-
TOPOrO OTHOIIEHHS 3aBHCHMOCTH B TOM H TOJbKO TOM
cayuae, koria A= B Q Brever A= Q,aA=B A=
=Qu BeEQ Baever A J{b} & Q aas HekoTOpOrO b & B.
Ilpu stOoM 151 KaHHOH cHCTeMHB Q, yAOBJAeTBOpsOLeH
3THM YCJOBHSIM, COOTBETCTBYIOllee OTHOLIEHHe 3aBHCH-
MOCTH p ompejeJsieTcsi ycaoBueM: (a, A) & p, ecan Haid-
IeTcs Takoe KOHeuHoe MoaMHoxectBo A’ = A4, uto A' =
eQ, a AU{a}eEQ (em. [21], § 35 [22], § 7; [17]).

ITpumepsn. 1) M —mnpousBosbHOE HeNyCToe MHOXKECTBO,
p={(x, A)|lx= A= M}, 2) M — qunefiHoe NpPOCTPAHCTBO HaxA
nonem P, p={(x, A)|x= Z A,a, rie A’ — KoHeuHoe TOAMIO-

as A’ :
xecTBo MHoxectBa A}; 3) M — pacwupenne noas P, p = {(x, A) |x
SIBJISIETCS. KOPHEM MHOrowileHa ¢ Ko3((HUHEHTaMH M3 HoJs, HOpo-
JKJEHHOrO KOHEeYHbIM MOAMHOXKecTBOM MHoXectBa A} (cm.[5], §74).

1.3. OTHoweHHs, IKBHBAJEHTHOCTH, (AKTOPMHOKE-
crBa, OTHoweHuem (TouHee, OUHADHOIM OTHOUWEHUEM)
Ha MHOXecTBe A Ha3nBaeTcsi HOAMHOXKECTBO MHOXECTBA
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A X A. [lpyrumH CJAOBaMH, OTHOILEHHE — 3TO COOTBET-
cTBHe MHOXXecTBa A c caMum co6oii. OTHoweHHe

{(a, a) |a = A}

Ha3blBaeTcsi OUQ2OHAALI0 UJIIH TONOECTBEHHbIM OTHOUIE-
Huem U obo3Hauaercs yepe3 A, (ynoTpeGJsiOTCs TaKKe
oGosHaueuuss E4 u 0,). Ha auaroHasb MoXHO cMOTpeThb
H KaK Ha TOXJAeCcTBeHHoe oto6GpaxKeHue 1, MHOXKecTBa A
Ha cebsa. Jlerko BHAeTb, YTO AHMaroHaJH COOTBETCTBYET
elHHHYHasa MaTpuua. MHoxKectBo A X A Takke sBiasercs
oTHomleHHeM, OHO Ha3LIBAETCS MOAHbIM OTHOUleHUEeM H
yacto o6o3Hayaercs yepes Va.

OrHomeHHe p Ha MHOXecTBe A HasbiBaeTca peghaex-
cusHbim, ecnn (x, x)E p aasa Bcex x = A. Ipyrumu cio-
BaMH, OTHOIUeHHe p pedJexkcHBHO, ecaH Ay, < p. OTHo-
LIeHHEe p Ha3HIBAETCH CUMMETPU4HbLIM, eClH (X, Y) = p
BJeueT 3a co6of (y, X) E p, GHTUCUMMETPUYHBIM — €CITH
(x,y)=p u (y, x)= p Baeuer 3a cobolt x =y, U Tpau-
3urusnbim, ecad (x,y)= p u (Y, 2) = p Baeuer 3a coboi
(x, 2)ep. CHMMETDHYHOCTb OTHOIUEHHS p O3Hayaer
CrpaBelJHBOCTb COOTHOLIEHHS ¥ S p, paBHOCHJb OroO
Pp=p%, AQHTHCUMMETPHYHOCTb PaBHOCHJIbHA BKJIOYEHHIO
pNp*=A,. Ecau {p‘ll, & 3} — MHOXECTBO pecJIeKcHB-

HBIX [chmeTqunux, AHTHCHMMETPHUYHBIX, TPAaH3HTHB-

HHX] OTHOILIEHHH Ha MHOiXKeCTBe A, TO n P; TaKixke sAB-
3

asercsl pedJeKCHBHBIM [CHMMETPHYHBIM, aHTHCHMMeT-
pPHYHBIM, TPaH3HTHBHbIM| oTHouleHHeM Ha A. B cayuae
pedIeKCHBHBIX MJH CHMMETPHUYHBIX OTHOLIEHHH TO Xe

caMoe BEpHO H 144 U pt. OllHaKO AJs1 aHTHCHMMET-
re3

PHYHBIX HJIH TPaH3HTHUBHBEIX OTHOUIEHHWH 3TO, BooGule ro-
Bops, He Tak, [lepeceueHHe BceX TPAH3UTHBHLIX OTHOIlLe-
HHH, cOJepKalluX JaHHOe OTHOUIeHHe p, OKa3hiBaercs
TPaH3UTHBHBIM OTHOLIEHHEM, KOTODOe Ha3hIBaeTCid TPAH-
3uTUBHbIM 3aMmbikaruem oTHouwleHus p. Ecam o — 3to
TPaH3UTHBHOE 3aMBIKaHHe, TO (@, b)E p TOrAa H TOJBKO
TOrJa, KOria HaHAyTCH TaKHe 3JEeMEHTH Xo, X1,-..,Xn E
= A, qTola=xo, Xxn="bu (x,xim)=spnupui=0,1,...
e, n— 1L

OTHollleHHe p Ha MHOXecTBe A Ha3bBaeTcs IK6UBA-
AEHTHOCT60 (WM OTHOWEHURM IKBUBAAEHTHOCTU), €CJH
OHO pedJIeKCHBHO, CHMMETPHYHO H TpaH3HTHBHO. Kak
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JHAroHaJb, TaK H NOJHOE OTHOUIEHHe Ha MHoXecTpe A
ABJSIOTCS 9KBHBAJIEHTHOCTAMH. B KauecTBe HeTpHBHAJb-
HOTO TpHMepa 3KBHBAJEHTHOCTH yKaXXeM OTHOILUeHHe na-
paJJieIbHOCTH Ha MHOXEeCTBe NPAMBIX OOBIYHOrO mpo-
CTPaHCTBAa (HYXXHO TOJBKO CUHTaTh, YTO KaXJaas mpsmas
napaJjjeabHa caMmod cebe). Ecay p — 3KBHBAJIEHTHOCTb
Ha MHOXecTBe A M a = A, TO NOAMHOXKECTBO

pl@={xlxs A4, ( x) =9}

Ha3bIBAETCH KAQACCOM IKBUBANEHTHOCTU O (MHOTAA CMex-
Hoim Kaaccom). Bee kiaacchl JHAaroHasu OAHO3J€MEHTHHI,
NMOJIHOe OTHOUIeHHe o6JiajaeT €eIHHCTBEHHBIM KJaccoM
(oH coBmajaer cO BCEM MHOXKECTBOM), KJacCaMH OTHO-
HIeHHS NapaJJleNlbHOCTH CJYXKAT MHOXeCTBa napaJielib-
HBIX MexJy co6oli npsMbiX. MHOXeCTBO pa3JHYHBIX
KJ1aCCOB 3KBHBAJIEHTHOCTH $IBAseTcs pa3GHeHHEM MHO-
xecrBa A. HaoGopot, ecan fnaHo pa3bueHue MHOXKecTBa
A, TO OTHOllIeHHe, cOCTOsIllee H3 BCeX TaKUX nap (x,y)e
A XA, uTo x M y NpHHaLJIEXKAT OLHOMY H TOMY e
NOAMHOXECTBY pa30HeHHs, OKa3blBaeTCs 3KBHBAJEHT-
HOCTbIO.

Ecan p — 3KBUBaJIEHTHOCTb Ha MHOXecTBe A, To noa-
MHOXeCTBO B = A HasbiBaeTcs p-HACLIULEHHbIM, €CIOU AJS
mob6oro xA 3 b= B n (x,b)=p BbiTeKaer, 4TO
xe B. Jlas p-HacblllleHHOCTH NOAMHOXecTBa Heo6Xxo-
JAMMO H JOCTaTO4YHO, yTOOH OHO CcOBNajaaJjo ¢ o6belnHe-
HHEM HEKOTOPOTO MHOXECTBAa KJacCOB 3KBHBAJEHTHOCTH.
p- Eciu B — npousBosibHOe HenycToe NoAMHOXKeCTBO B A,
TO MHOXKECTBO

B=uUfe)lb=B)

OKa3biBaeTcsl p-HachbllleHHbIM. OHO cojepXKHTCS BO Bcex
p-HachiLleHHbIX NMOJMHOXKeCTBaX, cofepxawux B, u Ha-
3bIBAaeTCs p-HACbLUjeHueM TIOAMHOXKecTBa B.

[Tepeceuenne n1060r0 MHOXKECTBAa IKBHBaJeHTHOCTEN
Ha MHoxkecTBe A sABAseTcs 3KBHBaJeHTHOcTblO. [lepece-
yeHHe BCEX IKBHBAJIEHTHOCTEH, cOpepXKallux AAHHOE OT-
HOlIEHHe p, HA3BIBAETCHA JKBUBANECHTHOLIM 3AMbIKAHUEM
storo orHowenus. Eca {p, | & I} — HekoTopoe MHOXKe-
CTBO 3KBHMBaJIEHTHOCTEH Ha MHOXecTBe A, TO HaHMeHb-
mas 5KBHBAJIEHTHOCTb, COJepXKaliasi BCe p,, €OBMagaer
C TPaH3HTHUBHBIM 3aMbiKanneM o6bepunenus |J{p.|. = 3}.
Ecan p’ u p” — 3KBMBA/JIeHTHOCTH Ha MHOXecTBe A, TO’
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obbennnenne o' |Jp” OKa3biBaeTCs. 3KBHBAJEHTHOCTbIO
B TOM H TOJIbKO TOM CJyyae, KOrja nepeceyeHHe J1060ro
KJacca 3KBHBAJIEHTHOCTH p’ ¢ JIOGHM KJacCOM 3KBHBa-
JICHTHOCTH p” WJIH NMyCTO HJIHM COBNAAaeT C OLHHM M3 3THUX
KJjaccoB. O MHOXeCTBe 3KBHBAJIEHTHOCTeH KaK 4aCTHYHO
YNopsiJOUeHHOM MHOXeCTBe cM. 1. 2.6.

MHoXecTBO KJlacCOB 3KBHBAJIEHTHOCTH p Ha MHOXe-
ctBe A HJM, UTO TO Xe CaMOe, MHOXX€eCTBO NMOJAMHOXKECTB,
06pa3yiolHX COOTBETCTBYIOllee pa3bueHUe, Ha3LIBaeTcCH
daxTopmrosicecTéom MmHONMECT8A A MO IKEUSANEHTHOCTU
p 1 o6o3nauvaercs uepe3 A/p.

Mpumepn. 1) A— MHOXeCTBO 3epeH, HachiMaHHHX B Mell-
ku. Ilas 3eped a U b noaoxum (a, b) =p, ecan oHM JeXar B
oxHoM Meuwike. Toraa KJaccoM 3KBHBAJEHTHOCTH CJyXHT MHOXe-
CTBO 3epeH, JeXalluXx B OLHOM MewkKe, a (aKTOPMHOXECTBOM
A/p — MHOXKeCTBO MeEIIKOB. 2) A — MHOXECTBO BCeX LeJbIX uucels,
Ao ¥ Ay COCTOAT M3 BCEX YETHbLIX M HEYETHBHIX YHCEJ COOTBETCTBEH-
Ho. Torna {Ao, A} okasviBaeTcs pa3buenneM MHoxecTBa A, M ecau
P — COOTBETCTBYIOUAasi 3IKBHBAJEHTHOCTb, TO A/p — MHOXECTBO, CO-
crosilee H3 ABYX 3jeMeHTOB Ao u Ay

Eciu p — 3KBHBaJIeHTHOCTb Ha MHoOXecTBe A, TO
oro6paxkeHne m MHoXectBa A Ha (akKTOPMHOXKECTBO
A/p, NpH KOTOPOM KaXXAOMY 3JeMeHTy a H3 A craButcs
B COOTBETCTBHE KJACC 3KBHBAJEHTHOCTH, B KOTOpOM 3TOT
3JIEMEHT JIeXKHT, Ha3bIBAE€TCHA eCTeCTB8EHHbIM WNJIH KAHO-
HUu4eCKum. ﬂCHO, 4YTO €CTEeCTBEHHOEC 0'r06pa)Ke}me sAB-
JisieTCst HaJIOXXEHHEM.

B paccMOTpeHHHMX Bbilie Tpumepax umeeM: 1) m(x) — meuox,
B KOTOPOM JIeXHT 3epHO X; 2) m(x) = Ao, ecaH x yeTHO, H W (X)=
= A4, ecan X HEYEeTHO.

flopom orobpasenus ¢. A—B Ha3bBaeTcs OTHO-
leHue

Kerg={(x, x")|x", x" € A, ¢(x) =0 (x")}.

Herpyano mnpoBepuTtb, uT0 Ker ¢ — 3KBHBaJIEHTHOCTD.
CneaoBaTesibHO, MOXHO paccMaTpHBaTb (aKTOpMHOXe-
ctBo A/Ker ¢. UMeloT MecTo Teopema o 2omomopgusme
045 mHoxcects: ecan ¢: A — B — HajoxeHne u m: A—
— A /ker ¢ — ecTecTBeHHOe 0TOOpaXkeHHe, TO CYLIECTBYET.
B3aHMHO OJIHOZHauyHoe oToGpaKeHne y: B— A/Ker ¢ Ta-
xoe, uto m(a)=yx(p(a)) ans Bcex a= A, U Teopema
o ¢axropusayuu: ecin ¢: A—>B, p: A—>C u Kerg=
< Ker, 10 ycaosue y(@(x))=19(x) ans Bcex x&= A4
onpeaensier. orob6paxenne y: Imge— C. B uacThoCcTH,
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€CJH ¢ — HaJIOXKEHHEe, TO CYHIECTBYET TaKO€ 0T06pa)xe-

Hue y: B—C, uto ¢ (x) =19 (¢ (x)) aasa scex x = A. Itu
TEOpEMbl MOXKHO IPOHJLIIOCTPHPOBATb JHArpaMMaMH

¢
A - B A ? B
\ / u \,/
C

A/Ker ¢

cooTBeTCTBEHHO. POpPMYJTHPOBKH 3THX pe3y/]bTaTOB, HC-
NoJIb3YIOIHe TIPOH3BeleHHs] OTOOpaXKeHu#H, NpUBEIEHH
B 1. 1.4. Ecan, nanee, p ¥ 6 — 5KBHBaJIEeHTHOCTH Ha MHO-
x)ectBe A U p = 0, To Ha pakTopMHOXKecTBe A/p MOKHO
onpee/UTh OTHOILEHHE

Bp={Px), pW)Ix, y= A, (x, y) =86},

KOTOpOe OKa3biBaeTcs 3KBHBaJeHTHOCTblo. OrtoGpaxe-
Hue T, rae I'(8) = 0/p, ycraHaBJIHBaeT B3aHMHO OLHO-
3HaYHOe COOTBETCTBHE MeXAy 3KBHBAJEHTHOCTIMH Ha A,
colepXamuMH p, H 3KBHBajseHTHOocTssMH Ha A/p. Ilpu
atoM p =0 = 0” torza u ToNLKO TOTAa, Koria I'(6')=
=T(0”).

PedieKCHBHOE M CHMMETPHYHOE OTHOLIEHHE Ha3bl-
BaeTcsl TOAepanTHocTsbto. EciM T — ToNepaHTHOCTL Ha
mHoxectBe A H a = A, To noaMHoxecTBO {x|(a, x)= 1}
Ha3bIBAETCH KAACCOM TOAepaHTHOCTU. Kiacch TosepaHrt-
HOCTH 0o6pa3yloT nokphuiTHe MHOXKecTBa A. Ecan gaHo mo-
kpoitie {A,]v =3} mHoxecTBa A, TO OTHOlIeHHe

t={(x, ) |x, y = A, 151 uexotoporo & §}

OKa3blBaeTcs ToJiepaHTHOCTbIO. OfHAKO KJacchl 3TOH TO-
JIepaHTHOCTH He 0O0si3aHbl COBNafaTb C MHOXECTBOM
{A.|v= 3}. Hanpumep, eciu TOJepaHTHOCTb T Ompeje-
asiercst nokpeitieM {Ay, A, As}, rae As= A UA: w
A NAs = (puc. 1.3), TO K uHCJy KJIACCOB TOJIEPAHT-
HOCTH NMpHHajJeXHuT o6benuuenne A, ) Ay, a Az ka1accom
TOJIEpAHTHOCTH He ABJsercs. Kimace K TO/sepaHTHOCTH T
HasbiBaeTcss maxcumassuoim, ecin K= L, rpe L — He-
KOTODHIl KJacC TOJIEPAHTHOCTH T, BJedeT 3a coGoid
K = L. Tokputue {A,lv= 3} mHoxectBa A coBnanaer
C MHOXECTBOM BC€X MaKCHMaJbHBEIX KJIacCOB HEKOTOPOH
TOJIEPAHTHOCTH TOTJA H TOJbKO TOrAa, KOTrAa AJs JIOOIX
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=3 u =3 srmovenne A, = |J Ay Breuer 3a co-
xney

Goit ﬂy Av.<=A, ([15], c. 109, Teopema 3.9).
ne

Onpegnesenrie GHHapHOTO (HJIH ABYMECTHOIO) OTHOLIE-
HHS eCTecTBeHHO o6obuiaeTcs Ha n-MeCTHHIA cayuaf,

Al

2=
L

A'Z
il W ».

Puc. 1.3

eciu A — HeKOTOpOe MHOXECTBO, TO NOJAMHOXKecTBO P
npsiMoro npoussesenuss A" = AX ... X A HasbBaercs

n pas
n-aproim (MM N-MECTHOLM) OTHOUleHUeM WM npeduxa-
Tom Ha MHOoxecTBe A. Ecau mas mobuix aj, ..., @np,
b,cesA us (a, ..., @y, b)=P u (a, ..., ap,0)=

= P BhITeKkaeT, YT0 b =, TO OTHOlIeHHe P Ha3bBaeTcs
¢pynxyuonarernoim. Ecan npu stoM mas JobHX a, ...
v, Gy € A uMeeMm (ay, ..., Gy, a)E P 1as HekoTO-
poro a< A, To P oueBHAHHIM 06pa3oM OmpenensieT OTO-
6pakeHne MHOXecTBa A"! B A. YHapHoe (oxHOMe-
CTHOE) OTHOIIEHHWEe YacCTO Ha3HBaIWT ceolicreom. Hekoto-
phle ofliye CBOHCTBA n-apHHIX OTHOIIEHHH MOXKHO HaHTH
B [20], ra1. 9—12.

1.4. YMHOXeHHe COOTBETCTBHI M oTOOpa)keHwit. Eciu
p — COOTBETCTBHE MeXAy MHoxectBaMH A u B, a 0—
COOTBETCTBHE MeXAy MHoxectBamMu B u C, To ux npous-
8ederuem Ha3bIBaeTCs COOTBETCTBHE MeXJY MHOXKeCTBa-
Mu A u C, onpeznensieMoe Kak

pe={(a, ¢)|(@, x)=p u (x, )0
Aas HekoToporo x & B}.

B kawectBe npumepa paccMOTpPHM cayuail, xorga A — MHOXe-
CTBO JKeHIHH, B — MHOoxecTBOo MyXunH, C — MHOXeCTBO aBTOOY-
coB, (a, b) & p o3HauaeT, YTO XKEHIUHHA @ SBJIAETCS JXKEHOH MYyXK-
guHel b, a (b, ¢) € 0 —uro MyxuuHa b cuaur B asTobyce C.
Torna (a, ¢) € po o3HayaeT, 4TO KEHUHHA 4 MMEET MYXa, KOTO-
puifi cuauT B aBTOGYCE C.
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" Marpuua npousBeleHHsi ABYX COOTBETCTBHH paBHa
IpOU3BEAEHHIO MATPHLL COMHOXHTeJeH, eclu CJoXKeHHe
H YMHOXEHHe OCYLIeCTBJSATb MO CJAEAYIOIHM MpaBUIaM:
l1+41=140=0+4+1=1, 040=0, 0.0=0-1=
=1-0=0u 1-1=1. YMHOXeHHe COOTBETCTBECTBHIl ac-
COUHMATHBHO, T. €. (po)T==p(0T), NpHYEM M3 CYyUIECTBO-
BaHUs JIeBOH YacTH 3TOF0 PABEHCTBA BHITEKAaeT Cylie-
cTBOBaHHe npaBoi M HaoGopor. Orcioga ciaenyer, 4TO
Npou3BefieHHe HEeCKOJbKHX COOTBETCTBHH He 3aBHUCHT OT
paccTaHOBKH CKOGOK, YTO JaeT BO3MOXHOCTb HCIOJIb30-
BaTb 3alHChb PPz ... Pn (MOAUEPKHEM, YTO ONpejeseHO
JMIb [pOH3BeZeHHe ABYX cooTBeTcTBHil!l). Eciun p =
=AXB, To Asp=p=pAs HIH, YTO TO Ke caMoe,
140 = p = plp. CupaBea THBO TaKXe paBeHcTBO (po)” =
= 0*p®, npuueM onsTH CylleCTBOBaHHe OAHON M3 uacTeil
3TOr0 paBeHCTBA BJeyeT cyllecTBoBaHHe Apyrod. Coot-
BETCTBHE BCIOAY OIpefesieH0 TOorja H TOJbKO TOraa,
Koria A, < pp#, U okaspiBaeTcsi OTOOpa<eHHeM B TOM H
TOJIbLKO TOM CJy4yae, KOria, KpOMe TOro, ClpaBelJiIHBO CO-
OoTHOUleHUe O¥*p =Ag. [/ BCSAKOrO COOTBETCTBHS P
CIpaBef/IHBO BKJAKOYEHHE P S pp*p H CYyLIECTBYIOT Ta-
KHe oToOpakeHHs ¢ H ¢, uto p=@*yp. CooTBeTcTBUE
p = A X B HasnBaercss OUpYHKYUOHANbHOIM UK KBA3U-
O00HO3HAYHbIM, €CIH PP¥P = p, UTO 3KBHBAJEHTHO paBeH-
cTBy pp¥p =yp. PaBHOCHJbHE cJefyloulHe CBOHCTBa CO-
orBercTBHA p: (1) p nmpynxunoua.nbﬂo (2) ecau a’,
a” A up(a’)Np(a”)# B, 10 p(a’) = p(a") (3) ecau
b', 0" =B u o*(b)Np* (V") % O, TO p* (b’)=9“,(bf’)
([lO] c. 34, Teopema 1). '

Ecau ¢ M ¢ —vyacTuyHble oToOpaxeHuss u3 A 8 B u
u3 B B C cOOTBETCTBEHHO, TO, COrJacHO oflieMy ompe-
JesleHHIo,

Dom gy ={x|x =Domg u ¢(x) = Dom ¥}

H eY(x)=1v(p(x)) mas mwoboro x = Dom ¢y. ITocren-
Hee paBEHCTBO BBIMVIIAUT 0(oJiee eCTeCTBEHHBIM, €CJH
nucath X BMeCTO @(X): HMeHHO, Mbl HMeeM x(Qy)=
= (xq@)}. )Kenanue coxpaHuTb 3amuch obpa3a 3dJjeMeHTa
X npu oTO6pa*KeHHH ¢ B BHAe @ (X) NPHBEJIO K TOMY, YTO
MHOTHE aBTOPbl HCMOJB3YIOT NpOH3BeleHHe (MBI OyxeM
0603HayaTh €ro Kak o), OmpeaeasieMoe PaBEHCTBOM
@op(x)=¢(P(x)). HAcHo, uTO mpoussegeHHe ABYX uYa-
CTHYHBIX OTOGpa)KeHUi sIBJASETCS YaCTHYHBIM OTOGpaxe-
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HueM. To e camoe BepHO A/ MHOrO3HayHHX OTOGpa-
XeHHil M pedJieKCHBHHX OTHOWeHui. TpPaH3HTHBHOCTD
OTHOILEHHA p PaBHOCHJbHA BKJIOYEHHIO pp & p. ITpous-
BeJleHHe SKBHBaJleHTHOcTeH 6’0” oKa3nBaeTcss 3KBHBa-
JIEHTHOCTBIO TOTZAa M TOJIBKO TOTAa, Koria 6’ u 0” nepe-
CTanosounsl, T. €. 66" = 0”0’.

Hponsaeneﬂne IBYX OTOOpa>XeHHWH TakKXe OKas3h-
Baerca oTobpaxkeHueM. IlpousBeneHue ABYX BJIOXKEHHH,
HaJOXeHHWH HJH B3aHMHO OJHO3HAYHHIX OTOOpaXKeHUH
ABJSIETCS] BJIOXKEHHeM, HaJIOXXeHHEeM H B3aUMHO OXHO-
3HayHBIM oToOpaxkeHHeM cooTBeTcTBeHHO. Ecan oy
(HaH P o @) — BJIOXKEHHe, TO ¢ OKa3hIBAETCS BJIOXEHHEM.
Ecau @y (Hau ¢ o ¢) — HaJOXKeHHe, TO HAaJOXKEHHEM OKa-
3uBaercs 1. Bcsakoe orobpaxenHne ¢: A—B MoXHO
NpeACTaBHTb B BHJE @ = me, Tie s — HajoxeHne A Ha
Im @, a e — ecrecTBeHHOe BJOXeHHe Im ¢ B B. Orobpa-
JKeHHe @ SABJseTcs BJOXEHHEM TOrZa H TOJbKO TOTIa,
Korjpa @@* =1,, a HaJOXeHHEM — B TOM M TOJbKO TOM
cayyae, Korga @*@=15. Orobpaxenue . B—A Ha3H-
Baercsi oOpaTHoim oTobpasceHuro @, ecan @p=1, H
P == 15. O6paTHOe OoTOGpakeHHe CYlIECTBYET B TOM H
TOJIbKO TOM cJiyyae, KOriia ¢ B3aHMHO oJHO3HayHo. Ilpu
3TOM caMo o6GpaTHoe oToGpaXKeHHe OKa3bBaeTCs B3aHM-
HO OAHO3HA4HBIM. JlJf KaXJ0ro B3aHMHO OJHO3HAaYyHOro
0TO6paXeHHss ¢ CylIeCTBYeT TOJbKO ORHO oﬁparﬂoe
oTo6paXkeHue, YTO NO3BOJIsieT 0603HAYHTb €ro yepe3 ¢!
SlcHo, uto @~!=@*.

Ecau cp—0T06pa)erue KoHeuHoro MHoxecTBa A B cebs H,
ckaxem, A= {1, 2, ..., n}, To @ 3ajmaercs ABYCTPOYHOH MaTpu-
uei

(tvl(l) (v2(2) -9 (n))

O‘ro6pa>uel-me ¢ OKa3hiBaeTcd B3aHMHO OJHO3HAYHHM TOraa H
TOJBKO TOraa, Koraa B HHXKHeil CTPOKE HET OIMHAKOBHIX 4HCEeJ.

Ecan
(123) _(123)
*=\2 1 3) " =\ 3 2)

1 2 3 1 2 3
wo=veo=(5 > 2) wo we=eov=(, ; )

dToT npuMep MOKA3LIBaeT, YTO YMHOXeHHe oToOpaxennit (a TeM
Gosiee COOTBETCTBHHA) He KOMMYTaTHBHO.

T0
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Eciw ¢: A—>B, ¢: A—>C, y: B—>C, p. B>~D «
o: C— D, 10 MOXHO paccMOTpeTb AHarpaMMu

A— . A L4 B
\ / ¥ ' P
c D

I'oBOpAT, YTO 3TH AHAarpaMMH KOMMYTATUBHbL, €CIH § =
=@y H @p= 1o cooTBeTcTBeHHO. KoOMMyTaTHBHOCTb
orobpaxeHuii ¢ H ¢ MHoxectBa A B cebs o3Hauaer
KOMMYTAaTHBHOCTb AHAarpaMMH

A A
vl lt

A4

KoMMyTaTHBHOCTb ompejeJsiercs H I GoJiee CAOKHHX
auarpamm. I'py6o rosopsi, OHa O3Hayaer, YTO pe3y.bTAT
NocJIeA0BaTeJbHOrO ITepeMHOXKEeHHsT OTo6paxeHHA no
IIyTH, BeAylLieMy H3 OJHOH BepIIHHH B APYrylo, HEe 3aBH-
CHT OoT BH6Opa 3TOro myTH. $I3bLIK JHarpaMM 4acTo Mo-
3BOJISIET BHIPa3UTb OoJjlee HArJsAHO Te HJIH HHHE BHICKA-
3HIBaHHA, Kacalolluecs MNpoH3BeleHHH OTOGpaKeHHH.
B uyacTHoCcTH, TeopeMa O roMoMop(gpH3Me A MHOXKECTB
MoXeT OHTb c¢OpMyJaHpOBaHA Tak: ecin ¢: A—B—
HaJjoxeHHe, a m: A — A/Ker ¢ — ecrecTBeHHOe OTOGpa-
XKeHue, TO AJS MOAXOASIIHEro B3aHMHO OJHO3HaYHOTO
OTOpaXKeHHsl y, KOMMYTaTHBHA AHarpaMma

A LY

A/Ker ¢

Teopema o ¢akropuzaluuu Aonyckaer Takyw ¢opmyH-
poBKy: ecan ¢: A — B — Hanoxenue, ¢: A— C —npo-
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H3BOJIbHOE OTOGpaxkenne H Ker ¢ = Ker ¢y, 10 cyme-
CTBYeT KOMMYTaTHBHas JHarpaMma

A—2F B

(

IlpuBeneM emie OAHH MOJe3HHA pe3yJabTaT: ecaHn 0’ H
0” — 3KBHBAJIGHTHOCTH Ha MHOXectBe A H 0/ = 0", a
n: A—>AJ0, 2": A>Af0” u n: A0~ (A/08")[(07/6')—
ecTeCTBEHHbHIe OTOOpaXKeHHs, TO KOMMYTaTHBHa JHa-
rpamMma

A—T s AW
“'

AR —s (A8)/E"19)

rjle y— B3aHMHO OJHO3HayHOoe OTOGpaKeHHe, Onpese-
aseMoe paseHcTBOM (8”7 (a))=n(0'(a)) mas Bcex
acsA.

1.5. Yuenne o momHOCTH. KpaeyroJbHHM KaMHeM
3aeeb CJayXHT Teopema Kanropa—beprwrelna: ecau
CYIIECTBYIOT B3aHMHO OJHO3HauHHe OTOOpaxkeHHsi MHO-
JKecTBa A Ha MOAMHOXKECTBO MHOXecTBa B ¥ MHOXecTBa
B na noaMHOXecTBO MHOXecTBa A, TO cyllecTByeT
B3aUMHO OJHO3HaYHOe OToGpaXKeHHe MHOXecTBa A Ha
MHOXecTBO B.

MHoxectBa A u B Ha3sHBalOTCHA 3KBUBANCHTHOLIMU,
€CM CYyIIeCTBYeT B3aHMHO OJHO3HagHOEe OTOGpaXKeHHe
MHOXecTBa A Ha MHOXKecTBO B. MHOXeCTBa, 5KBHBA-
JICHTHHE MHOXeCTBY BCeX HATypPaJbHHX 4HCeJN, Ha3H-
BAIOTCS] CYETHbIMU.

Teopema Kanropa—DBepHiuTefina nossossier ycraHo-
BMTb TEOPEMY O CPABHEHUU MHOXeECT8: AJs MOOHX ABYX
MHOXecTB A M B cyulecTByeT OfHa H TOJbKO OJHAa H3
CJIeAYIOIMUX BO3MOXKHOCTEH:

1) A skBuBaneHTHO B;

2) A 3KBHBAaJIEHTHO NOAMHOXECTBY MHOXecTBa B,
HO B He 5KBHBaJeHTHO HHKAaKOMY MNOJAMHOXECTBY MHO-
x)ecTBa A;



32 [/ 1. OTHOWEHUS, OTOBPAXEHMSA, Y. Y. MHO)XECTBA

3) B 3KBHBAaJIeHTHO MOJAMHOXECTBY MHOXecTBa A,
HO A He 3KBHUBAJEHTHO HHKAaKOMY MOAMHOXECTBY MHO-
wectBa B.

B nepBoM csyyae rOBOPAT, YTO MOUW,HOCTU MHONECTS
A u B pasnet (MM 4TO 3THU MHOMKECTBa paeuonouwm)
u nuuyt Card A= Card B, Bo BTOpOM — YTO MOWHOCTb
MHoocecTéa A menbwie MOWHOCTU  MHOXecTéa B
(B samucu Card A << Card B), a B TpeTbeM — 4TO MOUy-
KocTo MHOJMcecT8a B menvwe mouynoctu muoxcecrsa A.
Jlerko npoBepuTb, UTO [JJIsT KOHEYHBIX MHOXECTB CpaBHe-
HHe [0 - MOUIHOCTH PaBHOCHJbLHO CPAaBHEHHUIO MO YHUCJTY
ajeMeHToB. OTMeTHM ADPYrodl BapHAHT TeOpeMbl O CpaB-
HEHHM MHOXKEeCTB: AJs1 JABYX MHOXECTB CYyU[eCTBYeT OAHA
H TOJIbKO OJHA M3 CJAeAYIOUIHX BO3MOXHOcTeil: 1) A 3k-
BUBa/NeHTHO B; 2) A oro6paxaercss Ha B, HO B He oro-
Gpaxaercsas Ha A; 3) B ortoGpaxaercsa ua A, Ho A He
otobpaxaetcs Ha B.

[TopuepkHeM, 4TO H3/10XKEHHOe BhILE He OMNpejesser
CaMO MOHATHE MOLLHOCTH, a TOJbKO OfecrneyuBaeT BO3-
MOXHOCTb CPAaBHHBATh MHOXKECTBA MO MX MOLIHOCTH.

UpesBbluallHO BaXKHBI CJeAyiouiHe ABa pakra: 1) mMour-
HOCTb JI0GOr0 MHOXECTBAa MeHblle MOLIHOCTH MHOXe-
ctBa Bcex ero nogmHoxects (t. e. Card A<<CardB(A4));
2) MOIIHOCTb MHOXECTBA BCeX KOHEYHBIX MOJAMHOXECTB
6eckOHeYHOro MHOXecTBa A paBHa MOIIHOCTH MHOXe-
ctBa A. Hepenko okasbiBaeTcsi noJie3HOH TeopeMa: ecqd
{A.|L = 3} —cemeiicTBO HEOAHOIJEMEHTHbIX MHOXECTB
nANA, = npu v %, T0

Card(E A) Card (“E3 t).

OTMeTHM ellle HECKOJbKO COOTHOLUIEHHH, KAacaloLUXCS
MolHocTe#t MmHoxectB A, B u C:

1) eciu CardA < CardB u Card B < CardC, 10
Card A << Card C; 2) eciu Card A < CardB u
CardB<<CardA, 10 CardA=0CardB; 3) ecan
CardA << CardB, t1o Card(AXC)<<Card(BXC();
4) ecau A 6GeckoHeuHo, a B cuerHoe, To Card B <<
< CardA u Card(AU B)= Card 4; 5) ecau A Gecko-
Heuno u A"=ANX ... X A, 10 CardA*»=Card A4,

n pa3
6) kaxaoe GeckoHeuHoe MHOXKecTBO A MOXHO MpejcTa-
BHTb B BH/Je 0GbelHHEHHUsS MOMApPHO He MepeceKaruiHxcs

3KBUBAJ/ICHTHBIX €My I[IOAMHOXeCTB, MNpuyeM MOUIHOCTb
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MHOXKeCTBa 3THX MOJMHOXECTB pPaBHA MOILHOCTH MHOXe-
ctBa A; 7) ecan A — GecKkOHeYHOe MHOXKECTBO, TO, Ka-
KOBO Obl HH Obl10 MHOXectBo B, Card(AU B) <
<< max{Card A, CardB}; 8) eciu A u B — Heny-
cThie MHOXKectBa, npHueM B GeckoHeuHo u CardA <<
<C Card B, 10 Card(A X B)= Card B.

Ha mowHocTs MHOXecTBa A MOXKHO CMOTpPETb H Kak
Ha 1OBBIH OGBEKT, OOBIYHO Ha3blBaeMbil KAPOUHAAbLHOLIM
yucaom wau kapounasom. Hapsny ¢ o6o3HaueHHeM
Card A uacro ucnoansyercst cumsos |A|. Taxum o6pa-
3oM, |A|=|B| Torma u TOMBKO TOrAa, koraa A u B
3KBHBaJIeHTHb. KapAHWHA/JbHBIM YHCJIOM KOHEYHOTO MHO-
JKEeCTBa CJAYXKHT 4HCJ0 ero 3JjeMeHToB. KapauHagbHoe
YHCJO CYETHOrO MHOXKecTBa o00O3HauaeTcs uepe3 N,
a KapAMHaJbHOE YUCJO MHOXeCTBa BCeX ero NOAMHO-
XKecTB (coBnajaloillee, KCTaTH CKa3aTb, C KapAHHAJbHBIM
YHCJOM MHOXeCTBa BCeX JeHCTBHUTEJNbHBIX YHCeN)— 4ye-
pes N;.

IIOJII'OQ‘ BpeMs OCTaBaJICA OTKPBITbIM BONPOC: CYLIeCTBYeT JIH
Takoe KapAHHa/bloe YHeo €, 4To o < ¢ < V. Okasaznocb, 0AHa-
KO, YTO KaK yTBepXKjJeHHe O CYyLIeCTBOBAHHH TaKoOro ¢, TaK H OTpH-
IlaHHe 3TOro YTBEepXKIAEHHS COBMECTHMO C Oﬁu.leanHﬁTOﬁ aKCHOMa-
THKOH Teopuu MHuoxecTB (cm. [8]). -

Ecau a, b, ¢— kapauHa/abHble yncaa, A u B — MHo-
XKecTBa, Takue, yto |A|=a u |B|=D), TO nojoxum:

a+b=]AUB| ab=]AXB]|,

a® — KapAHHaJbHOE YHCJIO MHOXKECTBA BCEX
otobpaxkeHuil MHOXecTBa B B MHOXecTBO A.

Torpa
a+0b=D0+4aq, ab = ba,
@+b)+c=at+(@+0), (@)c=a(),
a(db+c¢)=ab+ ac,
ab+e =qfac, bt = (a")f
a <24,
Ecnu a, & §, —KapauHaJbHble YHC/IA, TO MOJOXKHM
Z Q= I U AtI
(W=}
"
IIe= | H AL
te3

rae A, — TakHe MIHOXeCTBa, 4TO IA;I=G¢-
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Torna

Leu{ﬁnlueﬁ} ne &

(.
I a= ),
tEU{} Iuen} e Le:\‘_"

Qo (),

n | = Z
xe.ﬁ(te% ) feII{i} Ixe.ﬁ} *

AN

ﬂLES Ha

ve3

H, ecan a, < b, 1= J, T0

Z a, << ZSI‘L H ]:[al. H b,.

re3 ve3 Le3

OtmetuM Teopemy Kénuea: ecan I — GecKOHeuHOE
MHOXeCTBO H a, < b, 4451 Bcex 1= J, TO

ZaL<HBL.

e L3

B uacrtHocTy, ecti 1 < @, < @pyq, TO
a+ata4 L. <aas ...

Kongunanrenoi xapaxrep cf(m) kapauHaabHOro
yHcJaa m onpefensercss Kak HaMMeHbllee cpelH TaKHX
KapAHHaJbHBIX uYHcen b, uyTo HalAyTcs MHOXecTBO §
MolHOCTH b 1 orobpaxkeHHnc ¢ MHOXecTBa § B MHOXe-
CTBO KapAMHAJbHBIX YHCeJ, MEHbLIMX M, AJSA KOTOPHIX

Y. @()=m. Ecan cf (m)=m, To KapAHHAIbHOE YHCJO
red

m HasbBaeTcs peayaspHeim. KapanHaabHoe uyHca0, He
SIBJISIOLEECS DEryJsipHBIM, Ha3bIBAETCH CUHIYAAPHOIM.
Ecian m — kapinHasbHOEe YHCTO, TO HaHMeHbllee CpelH
KapAHHaJbHBIX YHces, OGOJbIUHX M, Bceraa peryasipHo.

BeckoHeyHOoe KapAMHaJbHOE YHCJIO m Ha3blBaercs
c1a60 HeOOCTUNUMbIM, €CTH OHO pEeryJasipHoO M AJS JIo-
6oro a <m cyuiecTByeT Takoe KapJAMHAJbHOE YHC.I0 b,
yto ¢ << b << m. KapanHaJsbHOe uMc/I0 m HasbiBaercsl do-
MUHAHTHOLM, ecau @ <<m Baever 2' < m. Caa6o Hexo-
CTHXHMOE KapAMHAJbHOE YHMCJIO Ha3bIBAETCS CUALHO He-
docTuXcuMbIM, €CM OHO PeryJsipHO W JoMHHaHTHO. Ecan
NPHHATL 0606UWeHHYl0 KOHTUHYYM-2UunoTe3dy, T. €. CUH-
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TaTbh, YTO HH AJI1 KA@KOro KapJAHHaJbHOrO 4YHUCJA @ He CYy-
LICCTBYET TAKOro KapAHHAJbHOTo yucaa €, yTo a < ¢ <

< 2%, TO Ksiacch c1a00 M CHJIbHO HeJOCTHXKHMBIX Kap-
JMHAIbHBIX YHCeJ COBMNAAAIOT.

KapanHanbHoe 4YHC/IO m  Ha3blBAGTCS UBMEPUMBLM,
€C/IM CYLIecTBYIOT MHOXectBo A, rae |A|=m, u ¢yHk-
uua f. P(A)—{0, 1}, rakue, uro f(A)=1, [({a})=0
Lisi Bcex as= A u

00 00
i(0x)=%rw
i=0 =0
4151 J11060H 10cjefoBaTeabHOCTH Xo, Xy, Xo, ... nMonapHo
HernepeceKaloLuxcst MOAMHOXecTB MHoxecTBa A. Kapau-
HaJbHOe YHC/10, GOoJjblilee HEKOTOPOTO H3MEPHMOrO Kap-
AMHAJbHOTO uHcaa, u3Mepumo. M3 uaMmepumoctn kapau-

HaJbHOTO uncaa 2" BbITeKaeT H3MepumocTb m. Kaxmoe
KapAHHa/J1bHOE YHCJO, MeHbllee MNEepBOTO CHJLHO HeNo-
CTHXXHMOTO uHcJ1a, HeusMepHuMmo. [lepBoe H3mepumoe Kap-
NHHAJILHOC YHCJIO CHJABHO HefocTHXKHUMO. [lepBoe cHibHO
HCAOCTHXKHMOE KapAHHaJbHOEe 4YHCJO HeH3MepHmo. Bo-
Npoc O CVUIGCTBOBAHHH H3MCPHMBIX KapAHHAJbHBIX UH-
ceq (MJaM, TOUHECE, O COBMCCTHMOCTH HX CYIIECTBOBaHHSA
c obOleNnpHHATOR 4KCIHOMAaTHKOH TCOPUH MHOXCCTB) OT-
KpbiT. M3BecTHo, OAHAKO, 4YTO NEpBOC H3MEPHMOEC Kap-
JHHAJAbHOE YIHCJIO HOJMKHO ObIThb HaMHOTro O6oJblie mep-
BOT'0 HECUETHOTO CH/bHO HELOCTHXHMMOTO KapAHHAJbHOTO
uitesa ([9], oo IX).

§ 2. YacTHuHO YynopsJOYEHHbIE MHOXECTBA

2.1. YactuuHo ynopsajaoueHhbie MHOXecTBa. Peduiek-
CHBHOE, TPAH3HUTHBHOE M AHTHCHMMETPHYHOE OTHOilICHHE
HasblBaeTcst nopadkom. DTO OTHOUIeHHe OBLIYHO 06O3Ha-
4aloT CHMBOJIOM << M uulytT a << b Bmecrto (a,b)e <.
Ecan < — nOpsif0K, TO OTHOUICHHEe <C& (HAMOMHHM, YTO
a<<"b ossauaer, uto b < a) TakXKe sBJIAETCH MNOPAA-
KOM, KOTOPBIH HasblBaeTcs OyansHolm WIH OB0UCTEEHHbLM
nopsaaky <<. DTOT ¢akT B.JCUCT CNPaBeNJHBOCTb NPUH-
yuna 080LCTBEHHOCTU: ecJli BepHa Kakas-1ub6o Teopema
0 YaCTHYHO YNMOPSJAOYCHHBIX MHOXKeCTBaX, cHOpMyJpo-
BaHHasi B OOIIEJOTHYCCKHX TepMHHAX H TepMHHaXx Io-
psiika, TO BepHA M ABOHcTBenHas cil Teopema, noJyudae-
Mast 3aMeKOil BCeX 3HAKOB NOpPAAKA << Ha = M 006paTHoO,
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npuyem o6uiesorHYecKHe TEpMHHBI OcTaloTcsi 6e3 HaMe-
HeHus. DTO, OJHAKO, He O3HavaerT, UTO CIpaBelHBOCTh
Kakoro-jiu6o yTBepKAEeHHs HJsi KOHKPETHOrO YacTHYHO
YHOpsiIOUEHHOTO MHOXEeCTBa BJIeUeT CrpaBeAJHBOCTDL IJs
HEero u IBOHCTBEHHOI'O yTBEPXKIEHHUS.

3anuch a << b o3Hauaert, YTo a << b W a*b. OrHo-
nieHHe << 4YacTO Ha3bIBaWT cTpozum nopadkoxr. Ias
TOro 4TOOBI OTHOLIEHHE P 0Ka3aJoCch CTPOrHM MOPSAKOM,
HeoOXOAHMO H AOCTATOYHO, YTOOB OHO OBIIO TPaH3HTHB-
HBbIM, aHTUpegiexcugroim (T. €. apa He UMeeT MeCTO HH
NPH KaKOM @) M CUALHO AHTUCUMMETpU4HbLA (T. €, HH
AJISl KAKHX @ M b COOTHOLUEHHst apb ¥ bpa He HMOTYT Bbl-
HNOJNHATbCH OZHOBpeMeHHo). O6benHHeHHe CTPOroro mno-
psllKa C JHaroHaJbl0 OKa3blBAeTCS MNOPSIAKOM. 3amHCH:
a{b u a<{b 03HayYalOT OTpPHUAHHE COOTHOLIEHUMH
a<<b u a<b coorBercreHHo. [loguepkHeM, 4YTO
a<{ b, BooGue rosopsi, He BJeveT b <C a. Ecau xe
a<{ b Breuer 3a coboit b << a, T. e. AJs JOGLX @ U b
HMeeT MecTO a@ << b WM b < a, TO NOpSA0K HasblBaeTcs
aunelinoim. Besakuil mopsilok Ha MHOXecTBe A, paccMar-
pMBaeMHIi Kak MNOAMHOXecTBO MHoxectBa A X A, sB-
JIfieTcsl NOJMHOXECTBOM HEKOTOpPOro JIHHEHHOro nopsiika
Ha A ([9], c. 267, Teopema 8). C nopsiAKOM TeCHO CBA-
33HO TepHAapHOE OTHOILUEHHE «MEXAY»:

(@ b, 0)5@<b<<e uan c<<h< a)

(cm. [3], c. 62—64).

Henycroe MHOXecTBO, Ha KOTOpOM 3a()HKCHPOBAH He-
KOTOpBbIH TNOpPSANOK, HaA3blBAeTCs HACTUHHO YNOpAdoueH-
Mo (a wHOrma M ynopsadoueHnem). Bcesikoe Henmyctoe
MHOKECTBO SBJSCTCS YACTHYHO VIOPSHAOYEHHBIM MHOXKe-
CTBOM C JHaroHaJjblo B KauyecTBe Nopsaka. Takoe ua-
CTHYHO YNOpPsOYEHHOE MHOXECTBO Ha3biBaeTcsi Tpusu-
anbhoim Mau duckpernoim. Ecauw P — yacTHyHO ynopsno-
YeHHOE MHOXKECTBO C MOPSIAKOM <X H J#= Q<= P, 1o Q
SIBJISIETCS YaCTHYHO YNMOPSJAOYEHHBIM MHOXKECTBOM C IIO-
psakoM (Q X Q)N <. B 3ToM cayuae, nonyckas Heko-
TOPYI0 BOJIbHOCTb p€YH, TOBOPAT, UTO Q sBJseTcs ua-
CTHYHO YMNOpPSJOYEHHHIM MHOXECTBOM C TOPSAKOM <<.
Takum o6pasoM, Ka)kJ0e HemycToe MNOAMHOXECTBO Ya-
CTHYHO YMOPSIAOYEHHOIO MHOXKECTBA SfBJSETCS YacTHYHO
YNOpsALOYEHHBIM MHOXKECTBOM C TEM e CaMbiM MNOpsal-
KoM. HacTHyHO ynopsiioueHHOe MHOXKEeCTBO C JIMHEHHbIM
NOPSAKOM Ha3blBaCTCsl AUHELUHO YNnopadoueHHoiM MHO-
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socecTsom MM yenovro (noapobree cM. m. 2.3). Ecan ans
JI06BIX 371€MEHTOB @ H b 4aCTHUYHO yHnopsiiO4€HHOro MHO-
¥)ectBa P Halgercs Tako#t sneMeHT c= P, uto a<<c U
b<<c [uto ¢ <<a u ¢ << b], To P naseiBaercs nanpas-
aennoim 88epx [enus]. WHorpa B 3TOM cayuae roBopsir,
yto P ¢huseTpyercs snpaso [6.4e60].

~ Hpumepn. 1) (N, <) — MHOXKeCTBO HaTypa/bHBIX 4icen C
o6uiunbiM mopsgkoM; 2) (N, |) — MHOXeCTBO HAaTypaJjbHBIX YHceJ,
rae ‘a << b o3Hayaer, 4TO a JAeJdHT b (T.e. b = ac A1 HEKOTOpOro
HaTypasbHOoro uucaa c); 3) MHoxecTBo P(M) Bcex MoaMHONKecTB
HekoToporo MHoxectBa M, rac A << B osuavaer, uro A < B;
4) MHOXCCTBO BceX JeHCTBHTEJbIIbIX Q)yHKLmu Ha otpeske [0, 1]
ric [ << g osuauaer, yTo f(x) << g(x) ans Bcex x &[0, 1]; 5) MHo-
KECTBO BCeX TOYeK IJOCKOCTH, rie P < Q osHauaer, 4To uan P=Q
Hw P#=Q n PQ—Bep,Tm(a.anaﬁ l'lpﬂMaﬂ LlenaMH OKa3bIBalOTCA
(N, <) u B(M), ecnu M — oaHo3/1eMeHTHOE MHOXecTBO. Bce yka-
3aHHble YaCTHYHO YIOPSJOYEHHBlE MHOXECTBa, KpoMe MOC/IeLHero,
HampaBsJieHbl Kak BBEPX, TaK H BHH3.

YacTHyHO ynopsiIOYeHHbIM MHOXECTBOM, 080UCT8eH-
Hotm (MM OYyaabHbeIM) YACTHYHO YNOPSALOUEHHOMY MHO-
XKecTBy P ¢ NopsiAKOM << HAa3bIBaeTcs YaCTHYHO ymopsd-
JlOueHHOe MHOXXecTBO P ¢ mopsiakom <T ¥,

Pe¢dnekcHBHOe H TPaH3HTHBHOE OTHOUIEHHe Ha3bl-
BaeTcsi K8a3unopsadkom WA npednopadkom. Henycroe
MHOXeCTBO, Ha KOTOpPOM 3a(pMKCHDOBAH HEKOTOpHIH KBa-
3UMOPSIAOK, HA3HIBAETCS KBA3UYNOPAOOUEHHBIM.

B xauecTBe mpuMepa KBa3HYNOPSJAOYEHHOrO MHOXKECTBAa, He sB-
JISIOIUErocst YacTHYHO YHOPSAOYEHHBIM, YKaXeM MHOXeCTBO Bcex
1eqAblX 4YHcesd, TAe a << b o3Hauaer, 4yTO a JAeJHT b: 3mechb, HampH-
mep, 3K —3 u —3 < 3, Ho 3 #* —3.

Ecan Q — KBa3uynopsiloueHHOe MHOXKECTBO, TO OTHO-
LHIeHH e

0={(x, y)|x, y=Q, x<<y n y<x}

0Ka3blBaeTcsl 3KBHBaJIeHTHOCTbI0. [Ipu 3tom dakTopMHO-
XKecTBO Q/0 MOXHO MNpeBpaTUTb B YaCTHYHO YMOPAJLO-
YeHHOe MHOXKeCTBO, MOJIOXKUB 0(x) << 0(y), ecan x Ty
(KOppEKTHOCTb 3TOrO OMpeAeJeHHs JIerKO NMpoBepsercs).

PedsekcHBHOE H aHTHCHMMETPHYHOE OTHOLIEHHE Ha-
3bIBAETCS TYPHUPOM.

DJieMeHTHl @ H b 4YaCTHYHO YHNODPSAAOYEHHOTO MHOXKe-
cTBa P Ha3bIBAIOTCS CPABHUMBIMU, €CJIH HMEET MeCTO
a<<b umi b<Ca. JIBa 3ieMeHTa TPHBHAJLHOTO ua-
CTHYHO YMOPSAOYEHHOTO MHOXKeCTBa, OYEBHJHO, CpaB-
HHMBI TOI'Za M TOJBKO TOT[a, KOTJa OHH coBmajaloT. [1po
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HecpaBHMUMble 3JIeMEHTH. @ H b YacTO FOBOPSAT, YTO OHH
nepaasesvner W nuuyTt allb. Henycroe noaMHOXECTBO
YaCTHYHO VIOPSACUEHHOrO MHOXECTBA HA3bIBAIOT EfiolD
[anruyenesro], ecan nobule ABAa 3JeMEHTA H3 3TOrO TGA-
MHOXECTBA CPaBHHUMBI [MJIH paBHBI, HJIH HeCpaBHLwIi}.
Llenb C B yacTHYHO YNOpSIIOYEHHOM MHOXecTBe P iia-
3BIBAETCS MAKCUMAAbHOU, ecan pisg Jwoboro x e PN\.C
noamuoxecrso CU{x} uemnnio yxe He sBasercs. Ha-
CTHYHO YMNOpPsNOYEHHOE MHOXECTBO, He COJepikallee HH
6CCKOHEYHBIX lened, HH OeCKOHEeYHbIX aHTHIeneH, Ko-
neuno. I'oBopsaT, uTo Oauna |wupuna]l yacTHYHO ynops-
NOYEHHOro MHOXecTBa P paBHa n, ecau B P’ cyuiecTByer
Lenb, cojep:kalias n -+ 1 sjleMeHT [aHTHIeNb, cOAepxKa-
uiasi n 3JeMeHTOB], W HeT ueneit [auTHueneii], coxmep-
JXauux 6oJblilee YHCIO 371EMEHTOB.

Lenbio B uyacTHyHo ymopsmodeuHom wmuoxectse (N, |) (npu-
Mep 2) Bbiwe) sBJAseTcs NoAMHoXecTBo {2%|n =0, 1, 2, ..},
AHTR'IENBIO — MHOXECTBO BCeXx NpOCThIX uucest. [lpumepom maxcu-
MaJIbHOM LenH CAYyXUT Jio6Gasi BepTHKa/lbHas npsiMasi B npuMepe 5).

YacTHuHo ynopsloyeHHOe MHOXeCTBO P Ha3mBaercs
C8A3HbIM, €CJU A5 Jo0bX a, b = P HalayTcs Takue
X, ..., Xxn € P, uto a=x;, b =x, ¥ X; CPaBHUM C Xip
npui=1, ..., n—1.

DJieMEHT v YacTHYHO YIOPSIOYEHHOrO MHOXKecTBa P
HasblBaeTcs Hauboabwium, ecau x << v IJs Bcex x < P.
Ecan xe u << x aasa Bcex x = P, To 3JleMeHT u Hasbl-
BaeTcs Haumerbuwium. Hanbonbuinii ssieMeHT 4acTo Ha3H-
BawT edunuyer, a HauMeHbWHH — Hyaem. KoHeuHo, ua-
CTHYHO YNOpPSAOUYCHHOE MHOXECTBO MOXET He COJAepKaTb
H¥ HYJSl, HH eAMHHUUb. TakKuM, B yacTHOCTH, OyAeT HeOol-
HO3JIeMEHTHOe TPHBHAJbHOC YaCTHYHO YNOpsLOYeHHOe
MuOXxecTBO. OaHako GoJee OQHOrO HaubOJbUIEro 3.e-
MECHTA YaCTHYHO YIOpsIJOUEHHOe MHOMXKECTBO COLCPKATh
He MoxeT. To :Ke caMoe BCpHO M AJ51 HAHMeHbIlIero 3.1e-
meHTa. HacTHuHO ynopsiioyeHHOe MHOXecTBe, ob6Jafalo-
niee HauGOJBWINM [HaHMEHbLIMM] 3JCMEHTOM, Ha3bIB2CT-
CS O2PAHUYEHHbIM CBepXxYy [cHU3y], a YacTHYHO yNopsio-
YeyHOe MHOXXEeCTBO, OrPaHHUCHHOE KaK CBepxy, TakK H
CHHU3Y, IIPOCTO USPAHUYECHHOIM.

Hau6cqabuiimM 371€MEHTOM B YacTHYHO YIHOPSAOYEHHOM MHOMe-
cree (N, |) cayxur 0, a Haumenbwum — 1. B wacTuyso ynopsio-
ycHHOM MHoxkectBe R(M) stH poau wurpator M 1 & cooTBETCTBEH-
Ho. He coaepxat Hi Han0OJbLIErO, HH HaHMeHbUIETO 3JeMeHTa
YacTHYHO YHOPSILOYCHHLIC MHOXKeCTBa npumepos 4) i 5) Ha c. 37.
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Yactuyno ynopsigoyentoe MHomecTBo (N, <C) COAEPKHT HaHMelb-
il snement 0, a HauGOJIBHICTO 3/MEMENTA He COAEPIKHT.

J/NeMeHT @ YacTHYHO YHOPSAOYEHHOrOo MHOXecTBa P
Ha3bIBAETCS MAKCUMAAbHbIM, €CJIH H3 W << X [Js HEKO-
Toporo x & P BeiTekaeT w = x. Ecau u3s x << m aas He-
KOTOporo x & P cJjenyer, 4TO X ==m, TO m Ha3bIBAETCS
MUHUMAAbHOLM 3eMeHTOM. Jlerko nposepsiercs, 4To BCA-
KHii HaubOJbIIUH 3JEeMEHT . ABJSIETC MAaKCHMAaJbHBIM,
a BCSIKHH HaWMeHbUIMH 3JeMeHT — MHHUMaJuabHbIM. O6-
paTtHoe, BooOlle roBops, Mecta He HMeer. Tak, Hanpu-
Mep, B TPHBHAJbHOM YaCTHUHO YNOpPSIJOYEHHOM MHOXKe-
CTBC BCSIKMH 3JICMCHT SIBJSETCS KaK MaKCHMAaJbHbIM, TaK
U MUHHMaJbHbIM. Bcsikoe KOHeuHOe YacCTHYHO yMOpsiao-
YeHHOe MHOXEeCTBO COAEPXKHT KaK MaKCHMaJbHble, TAK U
MHHHMAaJIbHblE 3J1€MEHThI.

[Tycte P — kBagpat ¢ BepTHKANbHLIMH OOKOBBIMH CTOPOHAMH
H NOpAAKOM, ONHCaHHLIM B mnpumepe 5) na c. 37. Toraa Bce

TOYKM BepxiHeii [1KHel] CTOPOHBI 3TOr0 KBafpara MaKCHMaJbHbI
[Muttumanbhn].

OTJAHYHBIH OT MHHMMAJbHOTO H MaKCHMAaJbHOTO 3Je-
MEHT YacTHYHO YMOpsJIOYEHHOr0 MHoXecTBa P Hasbl-
BaeTcsl Taauel, ecJU OH CPaBHUM C JIOOBIM 3JEMEHTOM
u3 P.

B uwacruuuo YNOopAAOYEHHOM MIOXKecTBe

Tanuei CAYXHT INIEMCHT A. B uenu Bce 3/JEeMEeHTbl, KpoMme HauOO/b-
mero H HaHMEHbLIero, sABJAATCA TaAJHAMH.

Ecau A 1 B— noaMHOXKecTBa 4YaCTHYHO YNMOPSNOYEH-
HOro MHOXecTBa P, TO roBopAaT, 4T0 A KOHPUHAALHO
[kounuyuarvno] B, ecau ans Jawoboro b e B nailigercs
takoil aseMeHT a = A, uto b << a [4T0 a << b]. TloamHo-
KecTBO, KOH(QHHa/JbHOe [KOWHHUMaAbHOe] camomy P,
HA3bIBAETCH KOHPUHAAbHOLM [KOUHUYUANbHOLM] .

Ecau A — HenycToe NOJMHOXECTBO 4YaCTHYHO yropa-
JIOUCHHOTO MHOXccTBa P, TO gepxHum [HudxcHum] KoHy-
com MHOXecTBa A HaszbiBaeM MHOXECTBO BCEX TaKHX 3Je-
MCHTOB X P, uto a<<x |[x<Ca] ans Bcex as A.
BepxHuM [HHXXKHHM] KOHycOM MyCTOro MHOXecTBa Oyacm
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CYMTaTb CaMO MHOXKeCTBO P. BepXHHH M HHMXHHI KOHYCHI

MHoXxecTBa A 6y11eM o6o3nauath cumeoiamu A° u A
COOTBETCTBEHHO. DJIeMeHTHl, MpHHaJJeXalllie BCPXHEMY

KOHYCY A% [HH)KHeMy KOHYyCY AV] Ha3bIBAIOTCS MAMO-
pauramu [munopantamu] MHoxkectBa A. [ToaAMHOXccTBO
A HasbiBaeTcsl OepanuyeHHolMm csepxy [cHy3yl], ecau
A*# @ A7 = o).

B yactHuHo ynopsinouenHoMm muoxectBe (N, |) nmeem

{18, 12}2 = {muoxecTBo Bcex uHcea M3 N, sensuiuxcs na 18 u
12 onHoBpemenHo} = {36n|n =0, 1, 2. ..};

{18, 12}V = {muoxecTBO Bcex umcen H3 N, geasmux 18 n 12

oaHoBpemenno} = {1, 2, 3, 6}.
B uacTHuHO ymopsAOYeHHOM Muomecnae yHKUHA (npmvxep 4)

Ha c. 37) Bepxuumii Komyc {sin x, cos x}® — 310 Bce (yHKWIH, rpa-
(HKH KOTOpbIX JieXaT B TFOPH30HTAJLHO 3aLITPHXOBaHHOH 06JacTH

4 \ f(.r) =sinz
l‘r g(x)=cosz

(el

Puc. 14

Ha pue. 1. 4. T'padukn ¢yHKUHH, BXOASIHX B HHXKHHH KOHyC
{sin x, cos x}V, Jexar B O6JacTH C BepPTHKaJbHOH LITPHXOBKOH Ha
TOM e PHCYHKe.

Ecau A wu B—HO}IMHO)KeCTBa YaCTHYHO Yynopsapo-
YeHHOro MHOXecCcTBa P, TO HMEIT MeCTO CcJeayrlnue
yTBepxKieHus: a) ecau A = B, to A= B* u A‘7 = BV;

A A A
1) (AUB)>=A°N B> e) (AdB)V—AVﬂBV ,1,) 3J1e-
MeHT a & P makcuMmaJeH [MUHHMaJeH] TOrLa M TOJiIbKO
Torza, Korga ¢ = {a} [korna avV = {a}].

Eciun a, b—3JeMeHTH YacCTHYHO YNOPSAOYEHHOTO
MHOXecTBa P, TO MHOXECTBO

la, blp={x|x=P, a<x< b}

Ha3bIBAETCSl 3AMKHYTOLM WUHTEPBALOM (mm IPOCTO UH-
repsasom). SICHO, YTO @ — HAMMEHbUIHH 3JIEMEHT HHTEp-
Bana [a, b]p, a b— cro HaHGOJBIIHA 3JCMEHT. 3aMETHM
eme, uto [a, b]p =a®Nbv. Ectu a=2b, 10 [a, blp =
={a}. Ecau a0b, Ho [q,b]r ={a,b}, TO Tako# HH-
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TepBal H&3LIBACTCSA NpPocTeis. B 3TOM cayyae rosopsr,
yto b nokpeieaer a. PaccMaTpHBAaIOTCH TaKXKe NOAYOT-
KpbiTole UHTEPB8AAbL KW NOAYURTEPBALbL

(@ blp={xixEP, a<x<b}
la, ) p ={x|x=P, a<x < b}

H OTKpbITbLL UHTEPBAL
(@ b)p={xlx=P, a<x<b}.

Ecin  [a, b]p — npoctoit  uutepBasa, 1o (a,b)p=.
Huxuult koHyc aV, rae a = P, Ha3biBaercs UHULUAAbL-
KoM HIH HAYAAbHOLIM UNTEPBAAOM, 4 BEPXHHH KOHYyC
a® — gunanvroim untepsarom. VIHHUHaAIbHEIA HHTEpPBAJ
HHOrjaa o6o3Hayaercsl KakK (<, alp HaH (—oo, a]p,
a ¢uHaJbHbIA — yepe3 [a,—)p WM [a@, + o0)p. Ecan P
€COAEPXXUT HauMeHbWIHH 3aeMeHT 0, TO HayaJbHBIA HH-
tTepBaJ avV coBnapnaer c [0, a]p. [1pu Hasuuun HaHGOJb-
wero sJjeMeHTa |, ¢uUHaAbHBLIA HHTepBaJd a® paBeH
[a, 1]p. UHpekc P B 0603HauYeHHsIX WUHTEPBAJIOB YacTO
onyckaercs.

DJieMeHTHl, NOKpbIBalOUIHe HAaUMEHbUIHHA 3JeMeHT ya-
CTHYHO YNOpPSJOYEHHOr0 MHOXecTtBa P (ecsau, pasymeer-
csl, OH CYLIeCTBYyeT), Ha3bIBalOTCA aromamu (HHOT]IA,
TOYKAMU), a 3JIeMEHTh], MOKPbIBaeMble HAHOOJbIIUM 3JIe-
MEHTOM — KoaTomamu WJIH dyassreimu aromamu. Ya-
CTHYHO YTOpsJIOYEHHOE MHOXecTBO P Ha3bIBaeTcst arom-
Hotm [KoaTomneim], ecau pas mo6oro a u3 P, oTaHYHOrO
OT €ro HauMeHbliero [HauGoJsbliero| sjgemeHta, HaHaeT-
ca atoM p << a [koatoM ¢ = a]. ATOMBI SBJASIOTCS MH-
HHMaJbHBIMH 3JeMeHTaMu MHoxectBa P\ {0}, a xo-
aTOMbl — MAaKCHMaJbHBIMH  3JIeMeHTaMH MHOXeCTBa
P\ {1}. fIcHO, 4yTO yacTHYHO yMOPSAOYEHHOE MHOXKECTBO,
JAyaJbHOEe aTOMHOMY, KOATOMHO.

IlpuMepaMy aTOMHBIX YaCTHYHO YMOPSAOYEHHBIX MHOXECTB CJAY-
xkat (N, <) u (N \ {1}, |). B nepBoM ciy4yae uMeeTcsi €IHHCTBEH-
HBli aToM |, a BO BTOPOM aToMaMH SIBJSIOTCH BCe IPOCThie UYHCIA
H TOJBKO OHH (CM. mpuMepbl Ha c. 37).

Henb ao<<a; << ... < a, npHHalJexallas ua-
CTHYHO YNOpPsILOYEHHOMY MHOXKecTBY c HyJeM 0 u eau-
Huuel 1, HasbiBaercs KOMAOZUYUOHHOIM pPACOM, €CJH
ay =0, a,=1 u Bce uHTepBansl [a; ai], i=0,1, ...

., h—1,—npocrteie. PasyMmeercsi, KOMMNO3HLHOHHLIH
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psii cyulectsyer He Bcerja. Yuncno n HasbiBaercsd Oau-
Hoil KoMmnosuuuoHuoro paga. Uenp C, Jexamias B ua-
CTHYHO YMOpSIIOYEHHOM MHOXKecTBe P, Ha3blBaercst Heyn-

notHsemoll, ecan u3 toro, uto CU{a}, rareacs P~ (C*U

UCY), sBisiercs uenbio, BhiTekaeT, uto a = C. Ipy-
TMMH CJIOBaMH, MeXAy JIOOBIMH JABYMsl PasjHYHBIMH 3Je-
MeHTaMd 1end C HeT 3/JEMEHTOB, He MNpHHANJeXaUHX
C. B uyacTHOCTH, KOMMO3HUIHOHHBIA psiJ SIBJASIETCS He-
ynJaoTHsieMOd 1uenbio. Ecau ke H3 KOMMNO3HIIHOHHOIO
psaa yxaaute O uam 1, TO BO3HHKaeT HeylJIOTHseMas
LeMb, He SBJAIOLIASCH KOMIO3HLUHOHHBIM DPSIIOM.

YacTHyHO ynopsiioyeHHOe MHOXeCTBO P Ha3blBaercs
2padyuposanHesim, ecau 3aJaHo OoToGpaxkeHue h MHOXe-
cTBa P B MHOXECTBO LeJIBIX YHCeJ ¢ OOGbIYHBIM TOpAA-
KOM, 06J1a11a101ucc cleaylomuMu cBolictBamu: 1) ecau
X, yeP M x <<y 10 h(x)<h(y) 2) ecaH x NOKpHI-
Baetr y, T0 h(x)=~h(y)+ |. Bcsixoe Takoe MHOXeCTBO
yaosJerBopsier ycaosuwo )Kopdana—Jledekunda: Bce
KOMNO3HIHOHHBIE pPsilbl JI0GOr0 3aMKHYTOTO WHTepBana
HMEIOT OJIHY U TY XKe JJHHY.

[TonmHOXecTBO V 4YaCTHYHO YNOPSAOYEHHOrO MHO-
wecTBa P Ha3bIBaeTCs BLINYKABIM NOOMHOXCeCTBOM, udea-
A0M U PuabTpom (yacto OyasbHoim udearom), eCiu
CnpaBelJIHBb HMIJIHKALHH

(@, beV)&ixr=sP)&la<x<h)=(x=s),
(aes&@ExeP)&(x<a)=>xkesV)

(a=V)&xesP)&@ex)=(xesV)

cooTBeTcTBeHHO. [pyrumu caoBaMu, uaean [dbuabrp]—
3TO MOJMHOXECTBO, COAepiKalllee BMeCTe C JioGbLIM 3Je-
MEHTOM @ Becb HHXHHA KOHYC aV [BepxHuii KOHyc al].
K u4Hcay BbINyKJIBIX NOAMHOXKECTB NPHHALJEKHUT J060i
uHTepBaJs. [IpuMepamu uieana U ¢GUIbTpPa CAyXKaT HHHU-
UHaJbHbIHE ¥ (UHANbHBIA HHTEpBaJbl COOTBETCTBEHHO.
Kak wnpeasn, tak u ¢uabtp, a TakKe HX INepeceyeHHe
OKa3bIBAlOTCS BHINYKJIBIMH MHOXECTBAMH.

YacTHYHO YMNOpSIAOYEHHOE MHOXECTBO Ha3blBaercs
KOHEuHO c800600Hb6IM, €CIM BCe cOjJlepiKalliecs B HeM aH-
THIENH KOHeYHbl. Takoe YAaCTHYHO YNOpsSAOYEHHOE MHO-
JKEeCTBO MOXKET COJAepXKaTb JHLIb CYETHOE MHOXECTBO
nonapHo He cpaBHUMBIX uiaeanos ([20], §§ 4.3, 7.2).
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Hinpoko npumensieMast B MaTeMaTHKe TpaHCHUHHTHAS
HHAYKUHA 6Gasupyerca Ha TOM (akrTe, YTO CJeAyloliHe
CBOMCTBA YaCTHYHO yNOPSAAOYEHHOrO MHOXecTBa P pas-
HocuabHbl: (1) (ycrosue munumaserocTu) BCsIKOe He-
nycToe NOJMHOXECTBO MHOXKecTBa P siBJsSieTCs YaCTHYHO
VIIOPSIAOYCHHBIM MHOXECTBOM, COJEpKallUM MHHHMMAaJb-
HBIE 3aseMeHT; (2) (ycaosue uHOYKTUBHOCTU) eclH Bce
MHHHMAaJbHBIE 3JEMEHTBl MHOXecTBa P o6sajaloT Heko-
TOPBLIM CBOHCTBOM & H H3 TOrO, 4TO BCE 3JEMEHTH X H3
P, yiaoBneTBOpsOLIHE YCJHOBHIO X < @, 06/1a1alOT CBOii-
CTBOM ¢, BLHITEKAaeT, YTO 3JIEeMEHT a Takike o6Jaxaer
CBOHCTBOM &, TC CBOHCTBOM & 00.1aJal0T BCE JEMEHTHI
MHOXectBa P; (3) (ycaosue obpstea ybeieaoujux ye-
ned) AAs BCSAKOH NOCJTEfOBATEIbHOCTH ) == Qg == ...

= a, = ... 37eMeHTOB U3 P Haljercs Takod HOMep
n, NTO Ap = lpp = Qpyp =

Hias uacTuuHO ynOpsiACYEHHOro MuoMecTBa P 31BU-
BaJCHTHB i Takue cpoicrtBa: (1) (ycaosue maxcumane-
HOCTU) BCSKO€ HENyCTOC MOJIMHOXKEeCTBO MHoXecTBa P
SIBJASETCH YaCTHYHO YNMOPSAAOYEHHBIM MHOXKECTBOM, COACP-
MalUIUM MaKCUMaJbHBIH 3JeMeHT; (2) (ycaosue obpuisa
goapacrarowux yenet) IJsi BCSIKOH OCJI€10BaTENbHOCTH
a<<a, << ... < a,<< ... ajgementoB u3 P Haiigercsa
TakoH HOMep n, UYTO G == Qpy| == Qpye == ...

UacTHi4HO YNOPSIAOYEHHOE MHOXKECTBO, YAOBJIETBO-
psiolice YCJOBHIO MHHHMAaJbHOCTH, HHOTL2 Ha3biBalOT
QpTUHOBLIM IV (PYHOUPOBAKHOIM, a YIOBJETBOpAIOLiee
YCJIOBHIO MaKCHMAaJIbHOCTH — HETépogseis. Héreposoim
Ha3bIBAIOT TaKXe YacTHYHO YIIOPALOUEHHOE MHOXKECTBO
P, vRoBJeTBOpAIOLEEe TAKOMY YCJIOBHIO: IJsi JIOGOH no-
CJe0BaTeNLHOCTH ay, d2, ... JEMEHTOB W3 P Ha#ayTcs
Takue yHeaa [ M j, uto { << j W a; = a; ([7], c. 356).

Llenb, vioBaeTBopsoulas VCJIOBHIO MHHHMAaJbHGCTH,
Ha3biBAaeTCH  B8NOAHE  YNOPAOOUEHHOIM — MHONECTEOM.
K uncay BnonHe ymopsiiOUeHHBIX MHOXECTB MNpHHalJe-
AHUT Lefdb HATypaJbHBIX uHceJ C OGBLIYHBIM MNOPSAKOM.
IMogpoGuee cM. m. 2.4.

BaxHyl0 poJb BO BCeH TEOPETHKO-MHOXECTBCHHOH
MaTeMaTHKe HWrpalT cJeayloliie 35KBUBaJeHTHbIE Apyr
apyry ytBepxaenus: (1) (akcuoma ceibopa) nisi Bed-
KOTOo HemycToro MuoxectBa M cyllecTByer Takoe OTO-
6paxeHne ¢ MHOXeECTBA BCeX INOAMHOXECTB MHOXKECTBA
M B muoXecTBO M, uto @(A)= A AJst BCAKOro NMOAMHO-
wectBa A= M; (2) (reopema I[lepmeno) Ha BcsAkOM
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HEMYCTOM MHOXKeCTBE MOXKHO 3ajaThb NOPSIAOK, NpeBpa-
LIAIOUIHI ero BO BIOJHE YNOPSIJOYEHHOE MHOXKECTBO;
(3) (reopema Xaycdopga) Bcskas 1enb J1060T0 4aCTHUHO
YOOPSIAOYEHHOTO0 MHOXKECTBAa MOXKeT ObiTh BJOXKEHA B
MakcuMmaJbHylo uenb; (4) (aemma Kyparosckoeo—ILop-
Ha) ecJd BepXHHH KOHyC JI000H LenH 4acTHHHO yHOpSs-
JIOUYEeHHOro MHoXecTBa P He mycT, TO P COLEpPKUT Mak-
cUMaJibHble 3JIeMeHTDbl; (H) ecaH BepXHHH KOHYcC J1060i
BIIOJIHE YNOPSAOYEHHOH LeNH YaCTHYHO YHNOPSJOYEHHOIro
MHOXecTBa P He NycT, To P COZEpXXHT MaKCHMaJibHbIe
ajseMeHThl; (6) ecaum mo6Gasi uenb YaCTHYHO YIOPSLO-
YeHHOIO MHOXecTBa P HMeeT TOYHYIO BEpPXHIOI T'DaHb,
TO P colep>XHT MakcHMaJjbHble 3JjeMeHTnl; (4%) Ecau
HHXXHHH KOHYC JI0OOH LeNnH YaCTHYHO YyNOpsiAO4YeHHOro
MHOXXecTBa P He mnyct, To P COepXHT MHHUMAaJbHBIE
3JIeMEHTHI.

[ToaguepkHeM, 4YTO yTBepXAaeTcsi 3IKBHBAJEHTHOCTb
NpHUBEJEHHBIX BHILLIE YTBEpIKAEHHH, a He CpaBeAJHBOCTDb
KaKoro-iu60 U3 HHX. .

YacTuyHO ynopsjgoyeHHOe MHOXECTBO, B KOTOPOM
BEepXHHH KOHYC J/10060H 1eNH HemycT, HHOrAAa Ha3bIBAIOT
UHOYKTUBHOLM.

Oro6pakeHHe ¢ YacCTHYHO YMOPSAOYEHHOTO MHOXKe-
ctBa P B uacTHYHO ynopsiloueHHOe MHOXKeCTBO P’ Ha3hl-
BA€TCsl U30TOHHOIM [QHTUU3OTOHHOIM] eciu & << b BJe-

ver ¢(a) < @(b) [ (b)) < @(a)]. .

Ecnu P <- MHOXKeCTBO MOJIOXKHTEJBHBIX LeNbIX 4HCe, YNOpsio-
YeHHoe mo jJeauMocTH (cM. npuMep 2) Ha c. 37), a P'— 1o xe
MHOXECTBO ¢ OObIYHbIM MOPSAKOM, TO TOXKIECTBEHHOEe OTOGpaKeHHe
1, usotonHo. M3soTonnbiM okasbiBaercs oroGpakeHue ¢@: P(M)—
—(N, <), rae @(X) —uncao 3/1eMeHTOB mojaMHoXecTBa X = M.
B kayecTBe TNpHMepa  AHTHH30TOHHOIO  OTONPaXKEHHS YKaXKeM
@: B(M) > PB(M), rae @(X) — RonojHeHHe NOAMHOKECTBA X=M.

YactuyHo ynopsiioueHHbie MHOXectBa P u P’ Ha3bl-
BaIOTCSl UBOMOpPHoIMU [aHTuuzOMOpPHOIMU], ecau cy-
miecTByeT usomoppusm [anruuszomopgusm] P Ha P’ 1.e.
Takoe B3aHMMHO OJHO3HayHOe OTOGpaxeHHe ¢ MHOXKe-
crBa P Ha MHOXecTBO P/, 4yt0 @ =L b uUMeeT MecTo HJ
a, b= P Torja u TOJNbKO TOTAa, Koraa ¢(a)<< @(b),
[e(6)<<9(a)] B P’. IOns npakTHuecKHUx uesell 4acto
OKa3blBaeTcsl NOJIE3HBIM CJeAylollee yTBEpKIAeHHE: eCH
P u P’ —vyacTHYHO ynopsilouyeHHble MHOXecCTBa, ¢: P —
—- P’ — HajloxxeHHe U a << b B P TOorja u TOJIbKO TOrAa,
koraa ¢(a)< ¢(b) le(b)<@(a)] B P, TO @ — H30-
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MopdusM [aHTHH3OMOPGH3IM] YACTHUHO YNOPSIAOYEHHOTO
MHOXecTBa P Ha P’.

B3auMHO 0aHO3HauHOE H30TOHHOE OTOGpaKeHHe MOKET He GbiThb
naomoppuamom. [eiicteuTensHo, ecan P — HeoJHO3JieMEHTHOE ua-
CTHYHO YNOpsIJOYEeHHOE MHOXECTBO C TPHBHAJbHEIM TOPSIAKOM, a
P’ — 10 e caMoe MHOXECTBO C HETPHBHAJbHLIM MOPAAKOM, TO
TOXAECTBeHHOe OTOGpakeHHe MHOXecTBa P Ha ce6si — 3TO HM30TOH-
HOe W B3aHMHO OJQHO3HauHoe oToGpaxkeHne P Ha P’, He siBasmOUlee-
csi H30MOP(QHU3MOM.

Ecau ¢: P— P’ — n3oroHHOe 0TOGpaKeHHE, TO MOJ-
Hblfi mpoo6pas Ja060ro sjeMeHTa U3 P’ oka3niBaeTcsi BHI-
NYKJBIM MOAMHOXecTBOM. I[Ipou3BeneHHe [BYyX H30TOH-
HBIX 0TOOpaxKeHWH H30TOHHO. MI30TOHHO M NMpoH3BejleHHe
IBYX aHTHH3OTOHHBIX oToOpaxeHuil. B uacTHocTH, mpo-
H3BelleHHe JIByX AaHTHH30MOpP(PH3MOB OKa3bIBaeTCsl H30-
mMopdusmoM. Ecau usotoHHoe orobpaxeHue ¢: P— P’
CIOPBEKTHBHO, TO 06pa3 HAeasa, GUJIbTPA M BBINYKJIOrO
MHOXKecTBa H3 P SIBASIETCS COOTBETCTBEHHO HJeaJsoM,
GHUIBTPOM M BBINYKJBIM NOJMHOXECTBOM MHOXecTBa P’
Jlns ClOpbeXTHBHOTO aHTHH30TOHHOrO OTOGpaxKeHus 06-
pasbl uieana, GUIbTPAa M BHIIYKJOIO MHOXECTBa SB-
JS10TCS (QUILTPOM, HAeaJOM H BBINYKJBIM MHOXECTBOM
COOTBETCTBEHHO.

HsoronHoe oToGpaxenne @: P — P’ Ha3biBaercs pe-
3u0YyasbHbIM, €CJH CYILeCTBYeT TaKoe -H30TOHHOE OTO-
6paxenune @: P'—P, uto x<<@'(@(x)) nana Bcex
xEP u ¢(¢ (x))<< x” ans Bcex ¥’ = P’. Hsomopdpusm
ABJsIETCS YaCTHHIM CJydyaeM pesHJyaJbHOro otobpaxe-
Husi. COBOKYNHOCTb BCeX pe3HAYyaJsbHBIX OTOOpaKeHHH
YyacTHYHO YMOPsIAOYEHHOrOo MHOXecTBa B cebs obpasyer
NoJyrpynny, CBOKCTBA KOTOPOH TECHO CBSI3aHBl CO CBOii-
CTBAMH 3TOr0 YaCTHYHO YNOPSJOYEHHOTO MHOXKeCTBa
(cm. [16]).

H3oToHHOe [aHTHH30TOHHOE] OTOOGpa)KeHHe YaCTHUHO
YIOpsI0UEHHOTO MHOXecTBa B cebsi HasbiBaeTcs 39HJ0-
Mmoppusamom [anTusHOOMOPPU3MOM] 3ITOrO MHOXKECTBA.
Hsomoptuoe [aHTHH3OMOpGHOR] O0TOOpaxKeHHE YaCTHYHO
yNopsiAOYEHHOr0 MHOXKeCTBa Ha cefs Ha30BeM ABTOMOp-
¢usmom [anTuasromopgpuzmom]. COBOKYIMHOCTb BCEX
sugoMophH3MoB [aBTOMOP(DH3MOB] uYaCTHYHO YNOPSRO-
YeHHOTrO MHOXecTBa P sBJsieTcss NOJYrpynnoi [rpymn-
noii], koTopylo ycjosumcs 06o3HayaTh uyepes End P
[sepes AutP]. YactuyHo ynopsaoyeHHOe MHOXKeCTBO
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Ha3blBAETCS HECTKUM, €CIH TOXAECTBEHHOE OTOGpaXKeHHe
SIBJISIETCST €ro €AMHCTBEHHBIM AaBTOMOP(HH3MOM.

[Tycte k— HaTypaabHoe uyucsao. HacTHyHO ynopsigo-
€HHOE MHOXKECTBO P Ha3blBaeTCs R-TPAH3UTUBHOIM, eCJH
IJisi JIIOOBIX ero k-3J1eMeHTHBIX MOoAMHOXxKecTB A U B, uso-
MOpOHBIX KaK YaCTHYHO YMOpsiAOYEHHble MHOXECTBa, Cy-
wectByer ¢ & Aut P rtakoit, uto ¢(A)= B, 'u k-00no-
poduoim, ecau 06Ol H30MOPDH3IM k-2JIeMEHTHOTO MOA-
MHoxecTBa A =P Ha k-3/eMeHTHOe TNOAMHOXECTBO
B = P npojonxaercs 10 aBTOMOp(dH3Ma YaCTHYHO YMO-
psxoyeHHoro MHoxectBa P. Ecau P k-TpaH3HWTHBHO
[£-opHOpPOIHO] I/ Bcex HATypaJibHBIX R, TO OHO Ha3bl-
BaeTCsl W-TPAH3UTUBHbIM [0-00HOpoOHbiM]. W3 k-omHO-
POMHOCTH, OUEBHAHO, BbITEKaeT KR-TpaH3UTHBHOCTb. OO6-
paTHoe, BooOile roBopsi, HeBepHo. i1 GeCckoHeuHOi
venn C npu k2 == 2 3KBUBAJIEHTHBI CJelylOlllHe CBOHCTBA:
(1) C k-tpansutuBHa; (2) C k-opHopozna; (3) C
@-TpaH3uTHBHA; (4) C He cOJAEpXKHT HH HaUMEHbIUEro, HU
HaubGosblIero 3JjeMeHTa M Jiobble JBa ee HEORHO3Je-
MEHTHBIX HUHTepBaJja u3oMopdHbl. Ecam 2 =2 u P — He-
TPUBHAJbHOe GeCKOHEYHOe Kk-TPAH3UTHBHOE YaCTHYHO
ynopsiioueHHOe MHOXKecTBO, TO CHPaBeAJHBO OJHO H3
ciaenyolltel yTBepxaeHuii: 1) P — opAHHaabHasA cyMMma
autuuenux A, B u C, npuuem 1 <<|A|+|C|<k—1;
2) P — nu3BIOHKTHOEe 00beJHHEHHe MNOMapHO H30MOpQ-
HbIX OECKOHEeUHbIX 2-TpaH3HTHBHBIX uenei’l C, rae 135,
npuyem 1 <|F|<|P| n xlly, eccru x=C, uy= C,, rae
v5£4%; 3) ecaiu C — HeoJHO3JeMeHTHAasi MaKCHMaJbHast
penb H3 P, To C GCCKOHCYUHA, 2-TPaH3UTHBHA H BHINOJ-
HAeTCS OAHO H TOJbKO OJHO H3 CJeAYIOLIUX YCJOBHIA:
a) P uszomopdHO JexcHKoOrpaHUYecKOMYy MPOH3BCAEHHIO
CX m, rae m— TpHBHAJbHO yNOpPSJOUEHHOE MHOXKECTBO
MOL(HOCTH it = 2; 6) P — Au3DBIOHKTHOE OObegHHEHHC
MHOXeCTB Q M R, Kax1o0e M3 KOTOpbIX H30MOP(HO JeK-
cukorpaduueckomy mpousselennto C X m, npuuem x|y
st Jobex x&E Q v Yy R, m=2 u 2m— 1 < k&
B) P=QUIP(P) u QNIP(P)=, rae

IP(P)={x|x=P u x|y axa scex y= P\ {x}} #+= O,

a Q usomoppHOo mMHOxceTBYy CXm, raem +|IP(P) | <<
<< k; 4) P cBSI3HO M COLEPXKUT OeCKGHEeuHyIo LeNnb H
MHOXecTBO {X,y,z}, rae x <<y, x|z, yllz; npu 3TOM BBI-
MOJIHACTCA B TOYHOCTH OAHO M3 C. ‘YIOLIHX YCJ/OBHH:
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a) ecan a, b = P, to HalijeTcs ¢ = P takodl,utoc << a, b
n av — yenb; 6) ecau a, b = P, To Haligerca c = P ra-
KOH, 4TO @, b <{c W a®— 1lenb; B) CYLIECTBYIOT 3Je-
MEHTHl @i, ag, b1, bs, C1, co & P Takue, 4to a,||b;, asllb,,
a<<a, by u a; by<<c,. YacTuuHo ynopsigoyeHHOE
MHOXECTBO, YAOBJeETBOpsiOUlee YCJAOBHIO 2), ®©-OLHO-
polHo. Ecin P — GeckOHeYHOEe YaCTHYHO YnopsoueHHOe
MHOXKeCTBO, M — KapJHHaJbHOe uHcI0 H 2<<m <|P|,
TO 3KBHUBAaJIeHTHB yTBepxKiaeHHs: (1) ecau A, B=P
u |A|=|B|=m,To A u B uzomopdHsr; (2) eciu A,B =
=P u |A]|=|B|=m, To A u B 31eMeHTapHO 5KBHBa-
JieHTHBl; (3) BBHIMOJHEHO OAHO W3 CJEAYIOIMX YCJIOBHM:
a) P tpusuambHo; 6) P—uenb 1 m < Ny B) |[P|=m,
1 P uzomopoHo uau nenu [0, a), rie o — HaUMEHbLIUH
TPAHC(UHHT MOUIHOCTH M, MJAM LeENH, ABOHCTBEHHOH eH
([19], §§ 3, 4).

Mycte {P.| & I} — MHOXKeCTBO MomapHo He mepece-
KalOUHUXCH YaCTHYHO YNOPSIJOYEHHBIX MHOXECTB, NpHYEM
3 TakXKe YaCTHUHO YMOPSiAOuYeHO. YnopadoueHHol cym-
MOU YAaCTHYHO YMOPSAOYEHHBIX MHOXeCTB P, Ha3biBaercd

AH3BIOHKTHOE OGbenunenne P = (] Py, rie a < b aas
te3

a, b = P o3Hauaer, 4TO HJH @a, b = P, 1is HeKOTOpOro
v =Suwa<bp P,umasP, bsP, n <<% ¥Yno-
psAOYEHHAs CyMMa HasblBaeTcsl KapOHHAJbHOH, ecsH
3 — TpUBHAJLHO YNOPSAJAOYEHHOE MHOXKECTBO, H 0pou-
Haabrod, ecnidn §—uenb. OpauHaibHasi cymma uenei
oKasbiBaercsi uenblo. YacTHYHO yrmopsiioueHHOe MHOXe-
CTBO, He MpeACTaBHMOEe B BHIe OpIHHAJbHOH [Kapiu-
HaJbHOH] CYMMBI OTJHYHBIX OT HEro MOZMHOXECTB Ha-
3piBaeTcs OpOUHAAbHO [KAPOUHAALHO] Hepa3AoHUMbLLM.
Bcsikoe 4acTHYHO YNOpPSIAOYEHHOE MHOXKECTBO SIBJSIETCS
OpJHHAJbHOH [KapAHHAJAbHOH]| CyMMOH CBOMX OpLHHAJb-
HO [KapauHaJbHO| HepassoXuMbX MoaMHoxecTs ([11],
§1,2 :

lpameim npoussedenuem muoxecrsa {P,|ie 3} ua-
CTHYHO YNOPSIAOYEHHBIX MHOXECTB Ha3hlBaeTcsl NpsiMoe
NpOH3BeJeHHEe 3THX MHOXKECTB C NMOPAJKOM <, TAe a << b
s a, be ]:I3 P, osnauaer, uto a(i) << b(1) Aasa Bcex

e

v=35. Ecau §—vuvacTHyHO ynopAAoYeHHOE MHOXKECTBO,
yIOBJETBOpSIONlee YCJAOBHIO MHHHMAaJbHOCTH, TO ynops-
dodeHHoIM npoudgedenuem UYacCTHYHO YMOPSAOYEHHBIX
MHO)xecTB P, Ha3biBaeTcsi NIpsiMOe IpOH3BeJeHHEe 3THX
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MHOXKECTB C HNODPSIIKOM =<, Tle a < b onpepaeJasiercs yc-
goBueM: ecad a(iv) Kb (1), To a(x) << b(x) nJs HEKOTO-
poro % <<i. Eciu 3 — BnosHe ynopsiZioueHHOe MHOXKe-
CTBO, TO YNOpsiAOYeHHOE NpOH3BeJeHHe Ha3blBaeTcs .ek-
cuxkoepaguueckum. B 3ToM caydyae a < b O3Hauaer, 4TO
1Jsi HekoToporo x & 3 umeeM a(v)=b(1), ecan v <%
K a(x) << b(x). Jlexcukorpaduyeckoe npousBeeHHe Iie-
neff okasblBaeTcsl LENblo, a JeKCHKOrpadHuccKoe MpPOu3-
BeJeHHe KOHEYHOI'0 YHCJ/a BIOJIHE YHOPsSAOYEHHBIX MHO-
KecTB BrnoJiHe ynopsitoueno ([11], § 1, 2).

[Tycts cHoBa {P,|i & J} — MHOXKECTBO MOMapHO He
fepeceKaloUMXcsl [4aCTHYHO  YHNOpsJIOYEHHBIX] MHO-
JKecTB, J — HalpasJeHHOe BBEPX MHOXECTBO H AJS JIO-
6bIx |, ¥ = 3, rae v << %, onpejesaeHo [M30TOHHOE] 0TOGpa-

Kenue p.: P ->P, , npuuem p = lPl HL<Cx< A Bie-

4et p.p,, =P, B 3TOM cjayuae TOBOPAT, 4TO 3aAaH
npamoli cnextTp WMJIH UHOYKTUBHAA CUCTEMA MHOIKECTB.

Ha muoxectBe P = U P, 3ajaquM 5KBHBAJEHTHOCTh ==,
3

noJsaras, Yyro x==y, rpe x P, u y = P,, ecau naii-
JeTCsl HHIAEKC U & § Tako#H, 4To % T U, A TR H Py, (1) =
= ppu(x). dakTopMHONKecTBO P/= Ha3biBaeTCsi UHOYK-

TUBKRbIM  HIH APAMLIM npede,wm T Rpamoeo  cnekrpa

{P., p,} n obosnauaerca kak li__r)n{Pt, P} nan l_i_r»nPt.

Ecan P, — yacTHYHO ynopsifioyeHHble MHOXECTBA, TO
nas KjaaccoB |a], [b] = P/= nonaraem [a] <[b], ecanu
4 4 4 4

a’' < b" nns Hekorophix a’' € [a] u b =[b]. dTo onpe-
JlesleHHe OKa3blBaeTCs KOPPeKTHLIM H npespaulaet lim P,

—>

B YaCTHYHO ynopsjgoyeHHoe MHo)kecTBo. Ecau p — ecte-
cTBeHHOe orTo6paxenne P Ha P/=, To uepes p 0603-

HayHM orpaHuvyeHHe p Ha P,.
Ecan {P, p,} — npswmoii cnektp n sajans [n30ToH-

Hele] otobpaxenns @: P —>Q, rie +&J, Q — HekoTo-

poe [4acTHYHO YHOPSJOYEHHOE] MHOXKECTBO H L%
BJeyeT 3a coboit p,@, =@, TO CyLleCTBYeT OJHO H

TOJBKO ORHO [H30ToHHOe] oToGpaxenne ¢: limP, —Q

Takoe, uro P Q=@ AAA BCeX L E . OToépa—;(eHue )

OKa3blBaeTcsl HaJIOXKEHHEM TOrja M TOJbLKO TOrja, Koraa

Q= Uslmqnt, a BJIOXKEHHEM B TOM H TOJIBKO TOM CJy-
e

yae, Korga nJas Jwoboro L& S cooTHoweHHd Xx & Py,
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y=P u ¢ (x)=q, (y) BIeKyT 3a co6oil CyllecTBOBaHHe
Taxoro xneEJ, uro L% p,, (x) =p, ().

ITycts onsate {P.|t & I} — MHOXKECTBO MOMapHo He
nepecekaiouiuxcsl [UaCTHUHO YHNOPSLOUEHHbBIX] MHOXKECTB,
§ — HampaBJ/ieHHO® BBepX MHOXECTBO H MAJdA JIO6GHIX
L, x&J, rie v (%, onpeaeseHo [u30ToHHOe] oToGpa-
KeHHe ! Py — P, npuuem my=1lp, a 1<{x<<A
BJICUET fpylly, = Mj,. B 3TOM cJyyae roBOpSAT, UTO 3ajaH
0bparHell cnexkTp WJH APOEKTUBHASL CUCTEMA MHOMECTB.
[Tpoexrusnoim nau obparnoim npedesom 3TOrO CHEKTpa
Ha3bIBAETCS MHOXECTBO

liEPt={ala HPL, a (V) = 1y (a (%)), ecan t<x}

Ecin Q — HekoTopoe [4acTHUHO YmopsigoueHHoe] MHO-

K)ectBo, @ Q—> P, L & §, — [u30ToHHbBlE] OTOGpaKEHHS

M Q =@Q,mn, MpH L X, TO CYIECTBYeT OJHO H TOJIBKO

oxHo [u3oroHHOe] oToGpaxenune @: Q — lim P, Takoe,
-

uto @ (x) (1) =@, (x) Ara mobEX L& H x=Q, niy,
yTo TO e camoe, W @=@, T[Ae 7, — eCTeCTBEeHHAs

NpoeKIHs 11 P, ua P.. Otob6parkeHHe @ 0Ka3blBaeTcs BJIO-
JKeHHeM B TOM M TOJbKO TOM CJyuae, KOrga aJs JoObIX
passHuHbIX X, y & Q HallgeTcsi Tako# HHAeKC (< §,
uto @ (x) %= @ (y) ([4], III. 1.L10—III. 1.12; cm. Takxe
n. VII. 2.2).

[Tyctb P — yacTH4YHO YNOpsIAOYEHHOE MHOXECTBO H
A = P. Haumenbwinit [HauGosblunii] 3JeMeHT BepXHEro
[unxHero] koHyca MHOXKecTBa A (ecJu OH CylLlecTBYeT)
Ha3bIBACTCS TO4HOL BepxHen [HunHel] epansro MHOdCe-
crea A. B yacTHoCTH, TOUHOH BepxHeH [HHXKHeH] rpaublo
[yCTOr0 MHOXeCTBa CUYHTaeTcsl HauMeHbLIMH [HaubGoJsb-
WHA] 3JeMeHT YacTHUHO YNOpsJAOUCHHOro MHoOXectBa P.
TouHylo BepXxHIOIO [HHXKHIOIO] rpaHb MHOXecTBa A B ya-
CTHYHO YNOpsiA0YCHHOM MHoXecTBe P 6ylem o6o3HayaThb
supp A [infp A]. Bnpouem, nugekc P uacto Gyaer omy-
ckatbesi. [Topuepkuem, uto supp A u infp A (ecsu oHH cy-
IECTBYIOT) — OJM@3HAYHO ONpeje/eHHble dMeMeHThl MHO-

xectBa P, ub6o, kKak ObLIO OTMeYeHO BhHIllE, A® [AV]
COJepKHUT He GoJiee OQHOrO HauMeHblIero [Han6oJbilero]
snemenTa. OnpejaesieHde TOYHOH BepXHEH IpaHH MHOXe-
crBa A MOXHO nepedpa3upoBaTh Tak: u = supp A B TOM
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1 TOJbKO B TOM CJyuae, ecJH a <l y A Bcex a = A u
HMeeM u << x BCSKHH pas, Korga a << x IJs J16oro
a = A. Ananoruunyio nepedpa3upoBKy AONYCKaeT U OI-
peleseHHe TOYHOH HMKHeH rpaHu. OTMETHM, YTO TOYHas
HUXKHSISL FpaHb JIBYX pasJIMYHBIX aTOMOB BCerja cyiie-
CTBYeT M paBHA HaMMEHbIUEMY 3JI€MEHTY, a TOYHasi BepX-
HAASl TPaHb JIOGBIX ABYX Pa3JUUHbIX KOATOMOB COBNAjacT
C HaubGosbIWIHM 37eMeHTOM. a5 M06bIX ABYX 3/€MEHTOB
a ¥ b 4YacTHYHO YNOPAZOYEHHOrO MHOXecTBa P pas-
HOCHJIBHBI caenylowe ycaosus: (1) a<<b;, (2) a=
= inf{a,b}; (3) b =sup{a, b}. Tounyio BepxHIOIO [HHXK-
HIOIO] TpaHb JIBYX 3J€MEHTOB YacCTO Ha3BIBAIOT UX 00-
edunenuem [nepeceueruen). *

INNpumepw. 1) supy, <){4, 6} =6, inf(N_ {4, 6} =
2) supy, l){4’ 6} =12, infy l){4’ 6} = 2; 3) B wuacrtuyso ymops-
noyeHHoM MHOXecTBe P(M) TouHas BepXHAA rpahb COBNAfaer ¢
oGbeJHHEHHEM, @ TOYHAsi HHXKHAsA CPaHb — C NepeceyeHueM, a B ya-
CTHYHO YMOPsAJOYEHHOM MHoXecTBe (YHKuuMil (npumep 4 Ha c. 37)
umeem sup{f, g} = h, rae h(x) = max{f(x), g(x)} maa Bcex
xe|[0, 1]

YacTHyHO ynopsiloyeHHOe MHOXecTBO P Ha3blBacTcs
OJepesom, ecJH KaXJ0e ero ABY3IJeMeHTHoe (a 3HAuuT,
U J1060e KOHEeYHOe) NOAMHOXKECTBO HUMe-
eT TOYHYI0 HHXKHIOIO TpaHb W JJs Jio-
6oro a < P HHXHUH KOHyC aV sBJfA-
erc uenbto. [lpumep nepeBa cM. Ha
puc. 1.5.
Ecan P —uyacTHuHO YynopsiiouyeHHOe
MHOXectBo, A, B=P u A<=B, 710
supp A <suppB u in[p B<infpA B
cJyyae, KOrja yKa3aHHble TOYHble paHH
Puc. 15 cymectByor. Ecau A= P u A* = @,
T0 supp A =inf, (A*), npuuem u3 cyure-
CTBOBaHHMS OJHOH M3 yacTed 3TOr0 paBeHCTBA BbITEKaeT
cymiectBoBanHe japyroi. To Xe camoe cnpaBeisNBO H
115 paBenctBa infp A =supp (A7), ecan AV £ .
O6obuennan accoyuarusrocts. Ecau {A. | J}—
HEKOTOpOe MHOXECTBO NOAMHOXECTB YaCTHYHO YNops-
JoYeHHOro MHoxectBa P u A = U{A [ve 8}, 10 B cay-
Yyae CylleCTBOBAHUS TOUHBIX rpahell supp A u supp A, AR
BCEX L & J HMeeT MecTO PaBeHCTBO

supp A=supp {supp A L = 3},
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a B TNpEANOJIOMEHHH CYLIECTBOBAHHS TOYHBIX Tpaueil
infp A u infp A, anst Bcex = I — paBeHcTBO

infp A == lnfp {infp AL ,l, = S}.
OTMeTHM Takxe HEpaBeHCTBO

sup {inf {xu}} << inf {sup {xu}},
el eI

L3 e

clpaBeaJIHBOE B cJlyyae CYLIeCTBOBaHHS ero o6enx yacreil.

Ecin A m Q — noJAMHOXKeCTBa YaCTHYHO YHOpSiAOYEH-
Horo muHoxectsa P u A Q # J, 10 B cayuae, korjga cy-
LIeCTBYIOT TOYHble BepxHHe rpaHH suppr (ANQ) u
supe (ANQ), 10 supp(ANQ)< supo(AN Q). Ecan xe
cywectByer supr(ANQ)= Q, 10 supr(ANQ) =supg (AN
1 Q). AHanoruyHo B cJjyyae CYILeCTBOBAHHS TOYHBIX
HixXHUN  rpaHed infp(ANQ) u infe(ANQ) umeem
infg(ANQ)<< infp(ANQ), a B cayyae CyLUeCTBOBaHHUS
infp(ANQ)= Q noayuaem infp(ANQ)=infue(ANQ).

3aMerum, yTto H3 cyulecTBoBaHus supo A, rae A = Q = P, Bo-
oGule rosopsi, He BbiTeKaeT cyuiectBoBaHus supp A. Hanpuwmep,

d P={a, b, c, d},
Q={a, b, ¢},
supg {a, b} =c,
a b supp {a, b} He cyluecTByerT.

Bonee Toro, o6e TOuHBIE rpaHH MOrYT CyIIeCTBOBaTb, HO He COB-
nagate Apyr ¢ ApyroM. Hanpumep,

g P={a, b, c, d},
Q={a, b, d},
supp {a, b} =c,

a b supq {a, b} =d.

Eciu ¢ — H30TOHHOe OTOOpaXkeHHe YacTHYHO YIOpPA-
JIOUEHHOTO MHOXecTBa P B YacTHYHO ynopsiAOYeHHOe MHO-
KectBo P’ © A — nogMHOXecTBO MHOXecTBa P, To

supp (4) < q (supp 4)
@ (infp A) infp- @ (4)
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IpH YCJAOBIIH, YTO YKa3aHHble TOUHbIE TPAHH CYLIECTBYIOT.
[lpuBeseHHble HepaBeHCTBA YacTO OKa3bIBAlOTCS CTPO-
rumu. Hanpuwmep,

1 =
9(0)=0, o(l)=1,
p@=9o®) =c,’
a b c @(suppfa, b})=¢(l)=

=15 c==supp {c, c}=

= supp-{¢ (@), 9 (5)}.
0

OnHako ecayu @ — H30MOPPH3M, TO
@ (supp A) =suppg(A) n (inip A)=infp ¢ (4)

BCAKHH pas, KOrja COOTBETCTBYIOLLHEe TOYHble 'PaHH CYy-
mectByloT. C TOH e OroBOpKOH s aHTHH30MoOpdH3Ma
@: P— P’ umeer MecTo

¢ (supp A) =infp-9(4) u ¢ (infp A) =sup, g (4).

[Iyctp P — yacTHYHO YNOpsSiAOYEHHOE MHOXKECTBO C
HysaeMm u I'(P)— MHOXecTBO ero Bcex HHTepBaJoB. [lo-
JIOXKHM
Io(P)={la,b]]|[a,b]=T(P) u [a,b]— apTuHoBO

YaCTHYHO YNOpsJOYeHHOe MHOXECTBO}

H
T (P)={la, blila, 5T (P)
M ecsn a<{ ... < b, << ... b <,

TO CcylllecTByeT Takoe n, 4TO AJs Jwoboro i>>n numeeM
[bis1, bl U ra<P>}.
p<a .

Ecau I'(P) =T« (P) nnsi HekoTOpOro TpaHchuHUTA o, TO
rosopsit, uto P umeer pasmepuocte Kpyaas. Hanmenn-
llee U3 TaKHX o Ha3biBaeTcs pazmeprocToro Kpyars ua-
CTU4HO YnopsaodouerHo2o MmwuoscecTeéa P W o603Hauaercs
yepes K-dim P. HMeioT MecTo ciepyloliue yTBepXae-
Huda: 1) K-dimP < B Toraa u TO/IbKO TOrAa, KOrja cy-
IEeCTBYeT Takasg I[OCJAeJOBaTeNbHOCT Q] > Ay > ...,
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yro K-dim[a,41, an] << B A5 Beex AocTaTouHO GOAbLINX
n; 2) Ecan K-dim P = a, 10 aas Jqo6oro f << o cyuue-
CTBYyeT TaKas MNOCJEAOBATEJbHOCTb @) > Qy >> ..., YTO
K-dim{[an41, an] = p mns xaxnporo n; 3) Héreposo ua-
CTHYHO YNOPSAOYEHHOE MHOXCCTBO HMECT Pa3sMepHOCThb
Kpyaas; 4) P He uMeer pasmepHoctd Kpysauas toraa u
TOJIbKO TOTAA, KOTAa OHO He COAEPXKHT uenuH {2m —
—n|lmeZ, ne N} ([24], § 3.1).

2.2, Uenu. YacTHuHO ynopsioueHHOe MHOXecTBo P
Ha3blBAETCH Yenvi0 WU AUHEUHO YnopAaoOYeHHbIM MHO-
amecrsom (a Takxke total ordered set wuaum simple
ordered set), ecsiu so6ble ABa ere 3jeMeHTa CPABHHUMBI,
T. €. A48 JIoOLX @, b & P uMeer MecTO MM a << b, HJH
b < a. [IpyruMu cJj0oBaMH, LeNb— 3TO HEMYCTOE MHOXe-
CTBO, Ha KOTODOM 3aJaH HEKOTOpbIH JIHHeHHBIH MOpSAINOK.
Bcsikoe NoAMHOXKecTBO LenH caMo siBJsieTcs uenbio. Bes-
KHH MaKCHMaJbHbIH |[MHHHMaJbHbBIA] 3/eMeHT lLenu sB-
Jgsiercsl HaubosbluuM [HauMeHblIHM]. Llens, cocrosimas
H3 n 3JeMeHTOB, H3oMopdHa uenu {1, 2, ..., n} c o6blu-
HBIM nopsigkoM. [Ins Ka)A0# MOLIHOCTH ¢ CyLIecTByeT
Takasl 1enb MOLUHOCTH (, YTO BCE€ LENH MOLIHOCTH ¢ CO-
AepxaTcs B Hedl B KauectBe nopaueneit ([9], c. 333, Teo-
pema 1). Ilns ycraHoBJeHHsI U30MOPGHOCTH Lenci moJe-
3eH caeayowui ¢akrt: ecau uenb C’ H3oMopdHa Hayab-
HoMy otpesky uenu C”, a uens C” — cduHanbHOMY
otpesky wenu C’, 1o wenu C’ u C” usomopoHb ([25],
c. 22, reopema 1.44).

Llenb C HasbiBaeTcst nAoTHOU, ccan Aas Jo6bX a,
beC, rae a < b, naiigerca takod sjgeMmentr x & C, uto
a <x <b. JpyruMu cJOBaMH, NJOTHOCTb LeNH O3Ha-
yaer, YTO MeXAy JI6GbIMH [BYMs ee pa3IHYHBIMH 3Je-
MeHTaMM pachnoJjaraercsi OTJHYHBIH OT HHX 3JEMEHT HJH
YTO OHAa He CONEepPXKHT INPOCTHX HHTepBasoB. Paccmar-
pHBAIOTCH TaKXKe M-IIOTHBE wenu, rae Ja060H HeodHO-
3/IeMeHTHBI HMHTepBaJ uMeeT MowHoctb m (cM. [20],
[25]). JlioGasi cueTHas MJOTHas lenb, He HMePOWAsi HH
Hau6o./bllIero, HH HaMMeHbIUero 3JeMeHTa, H3oMOp(Ha
uenu pauHMOHaJbHBIX 4Hces] ¢ O6blYHbIM mopsakom ([9],
c. 222, teopema 2). OTCioa MOXHO BBIBECTH, YTO KaX-
Jas OeCKOHeYHas IJIOTHAst MHeNb COAEPKHT IMOJUelb,
H30MOp(MHYIO LleNH palHOHAJIbHBIX YHCEJ.

ToBopst, uto noaMuHoxecrso M uenu C naorno 6 C,
ecau aJas Jo6Hx a, b = C, rae a << b, Haiigerca Takoi
ajeMeHT x € M, uto a << x << b. Hanpumep, paunoHnap-
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Hble 4YHcJa o0pa3yloT MNJOTHOE MOAMHOMKECTBO B LEMH
JefCTBUTENbHBIX YHces ¢ OObYHBIM nopsakoM. [Ipo naor-
HYIO lleflb MOXKHO CKa3aTb, YTO OHa NA0THA 8 cebe. Jlio-
6ble JBa MJOTHBIX NOAMHOXKecTBa Uend C KOH(pHHaNLHBL
H KOMHUHAJbHBI O1HA APYTOil.

Llenb, He copepxauiasi GeCKOHCYHBIX IIOTHBIX MHOJ-
MHOKECTB, Ha3blBaeTcs paspexceHHod (WJIH paccesH-
Hoid). B kauecTBe NMpHMepOB YKaxXeM MHOXECTBO LeJbiX
unces H MHOXKecTBO {l/n|n= +1, £2, ...} c o6bluHBIM
nopsaakoM. Kaxnas uens C gonyckaer mNpeacTaBJeHHe
C=Y{C.[v= S} B BHAe OpAHHAJIbHON CyMMEI, rae C, —
paspexeHHble ueny, a uenb J naotHa ([9], c. 220, Teo-
pema 5). JlioG6oe MHOXKeCTBO pa3peKeHHBIX lienell KBa-
3HYNOPSAAOUYEHO OTHOCHTENbHO BJIOXKHMOCTH, NpHYEM ya-
CTHYHO YyNOpsZOYEHHOE MHOXeCTBO, COOTBETCTBYIOLLEE
3TOMY KBa3HYMOPSAOYEHHOMY MHOXECTBY, BIOJIHE YIOpS-
nouexo [20], m. 8.4.4.

Bcesikas cueTHas uenb BJAOXKHMA B 1enb Q panHoHaJb-
HBIX YHCeJ C ecTeCTBeHHbiM nopsinkoM. Llenw, coaeprxa-
1138 CYETHOEe NJIOTHOE MHOXECTBO, BJOXKHMA B LleNb ACHs
CTBHTE/bHBIX uYHcesa. Ecau uenb COREPXKHT MNOZICNb
10, &) nas kaxnporo TaHCUHMTA o CYETHOI MOILLHOCTH,
T0 OEa cojepxut Q ([20], § 5.3).

Ecau uenb COREpXHT CyYeTHOe NJOTHOE ITOJMHCIHe-
CTBO, TO JI060e GecKOHeYHOe MHOXKECTBO NOMapHO , He
nepeceKalolUXCs HEOAHO3JEMEHTHbIX HHTEPBaJOB 3TOH
uenu cuetHo. ['mnoresa CycsHHA yTBep:KIaeT, YTO clipa-
BelJuBO ¥ o6paTHoe. OJHAaKO OKa3aJoch, YTO KaK 3Ta
THIOTe3a, TaK M ee OTPHUAHHE COBMECTHMBI C OGBIYHOH
akcuoMaTHKOH Teopuu mHoxects ([3], § VIII. 12; [20],
§ 5.6).

Ceueruem uenu C HasbiBaeTcsi ee pa3bueHue Ha ABa
norMuoxKectsa A U B Tak, uto a << b aasa Jwobux a= A
ii e B. MHoxectBa A ¥ B Ha3blBAIOTCH HUNMCHUM H
SEPXHUN KAQCCOM CeHeHus COOTBETCTBEHHO. ' a3/IMyaloT-
cs1 cAeldYIOU[He THIB CEUEHHS: CKAYOK — B HIXKHEM K.ac-
ce KMeercss HauGOJIbUIMH 3JIEMEHT, a B BepXHEM KJjacce —
HauMeHbUINHH, JedeKUH0080 ceeHue — B HUXKHeEM [Bepx-
HeM| kJacce uMmeeTcss HauGoJblUMi [HanMeHbLIMi]- aae-
MEHT, HO B BepXHeM [HHXHeM] KJiacce HaHMeHbLIEro
[HanGosbuiero] asemeHTa HeT, wjeas — B HHXKHEM KJjac-
ce HeT HauboJ blllero 3JeMeHTa, a B BepXHeM — HaHuMeHb-
wero. llens HaswBaercst HenpepolgHOU, ecau Bce ee ce-
YeHHs JAeleKHHAoBH. OTcloga BBITEKaeT, 4TO AJfA JlO-
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60ro Hemycroro MOJAMHOMKeCTBA HeNpepbIBHOH Lenu cy-
HIeCTBYeT KaK TOYHasi BEepPXHsAs, TaK M TOYHASA HHXKHSSA
rpand. Ecan HempephiBHas uenb, He cojepXkamas HH
HauboJbLIero, HH HaHMeHbIUEro 3JeMEeHTa, COAEPKHT
CYeTHOe IJIOTHOe IOAMHOXECTBO, TO OHa Hu3oMopdHa
genH JAeHCTBUTE/bHBIX 4YHCeJ C OOGBIYHBIM MOPSAKOM
([25], c. 37, Teopema 2.30). Kaxaasi uenb BKJIaabiBaeTcs
B HENpPEpPLIBHYIO lleNb C COXpPaHEHHEM BCEX CYLIECTBYIO-
mHX B HeH TouHblx rpaHeit ([9], c. 218, cnencreue 3;
cp. n. 2.3).

Ecan ¢ — usotonHoe HaJsoxeHue uenu C Ha uenb X,
to C mnpeicraBJasieTcsi B BHAe OpPAMHAJbHOH CyMMBI

C=Y{p"'(x)|x=X},
' (x)={zlzeC, ¢(2) =x}.

rjpe

BpiGpas B KaxaoM HHTepBaJje ¢~!'(x) 1Mo OZHOMY 3Je-
MeHTYy, Mbl nojyuum noauens X’ uenu C, uszomopodHyio
uenu X. [Tpu arom wusomopdusm uenu X’ Ha X ocyure-
CTBJISieT OrpaHHueHne otobpaxeHus ¢ Ha X’. [1puBeneH-
Hoe BhIlle pa3fueHHe SABJAETCH SAPOM OTOONAKEHHA .
Ilpu uccnenoBaHHM CTPOEHHs llenell BaXHYI pOJb HI-
palT H30TOHHBlE OTOOGpaKeHHs, CMeXHble KJacchl sjep
KOTOPBIX ONpeleasiioTCs CJAeAYIOHM o6pa3oM:

cr(a)={yly=C, [a, ylc — KoHeuHOE MHOXECTBO},

cy (@ ={yly=C, la, ylc — BNOJHe ynopsmoueHHOE
MHOECTBO},

cs@)={yly=C, [a, ylc — paspexeHHOe MHOXKECTBO}.

Henb C Hasbizaercsl k-TPAH3UTUBHOU, eCau AJS JIO-
6bix ec moamHoxects {ai, ..., a,} " {by, ..., b/}, rae
fgk, a <<a << ...<<a # b1<b2<...<br,
cyulecTByer Takod astomopousm ¢ uenit C, uro @(a;)=
=b; npui=1,2, ..., r. Onncanue cTpoenus l-Tpansu-
THBHBIX Leneidl MOXHO Ha#iTu B ([25], c. 123, ciencrsue
8.6). Bcskasi 2-TpaH3MTUBHas Lenb OKa3blBaeTcs MNJOT-
HOH W k-TPAH3HWTHBHOH 1Js J060OIro Rk, a CNHCOK KOHEY-
HbIX M CYETHBIX 2-TPAaH3UTHUBHLIX ILleNeHd HCYepNbIBaeTCS
ONHO3JIEMEHTHOM LEeNbl0 H LeNbl palHOHAJbHBIX YHCes
¢ o6bluHbIM mopsinkoM ([25], c. 31, caeactBue 2.13, npea-
Joxenue 2.14). SlcHo, uyto I-TpaH3UTHBHas, a 3HAuHT,
M k-TpaH3HUTHBHAs lenNb He MOXET HMeTb HH HauGoJb-
uicro, HM HauMeHbliero 3/jeMeHTa. B cBsisH ¢ 3TUM
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eCTeCTBEHHO omnpefeneHue: uenb C UHTEPBAALHO OOHO-
podxa, eciu oHa H30MopdHaA JIO60OMY H3 CBOMX HEOAHO-
3JIEMEHTHBIX HHTepBaJjoB. [TOJHBIMH HWHTEPBAJIbHO OXHO-
POAHBIMHM LEMAMH SAB/ISIOTCA OAHO3/1EeMEHTHast M ABYy3Je-
MeHTHasi LenH, a Takxe orpe3ok [0, 1] melicTBHTENbHBIX
yuces ¢ OOBIYHBIM NOpPSIAKOM. MomHocTh J11060H HHTep-
BaJibHO OJHOPOAHOH LENH He MPEBOCXOAHT MOHIHOCTH
koutHHyyMa (Cxopusakos JI. A.//Aare6pa. —M.:
Hsg-Bo MI'Y, 1989. — C. 142—183).

Ecau B uenu C o6BSBHTb OTKPBLITBIMH MHOXECTBaMH
camy uenb C, a TakXe BCe ee OTKpBITble, HauaJibHble H
¢uHaIbHBIE HHTepBaJbl, TO C CTAaHOBHTCS HOPMAaJbHBIM
XaycJopGhOBBIM TOMOJOTHYECKHM MPOCTPAHCTBOM. 3ITO
TOINIOJIOTHYECKOE MPOCTPAHCTBO KOMIAKTHO B TOM H TOJb-
KO TOM cayudae, koraa uenb C noana (1. e. infcA u
supc A cyuecTByoT Ajs Jio6oro nogmHoxectsa A = C).
Tononornueckoe mpoctpaHctBo C CBSI3HO TOTAA H TOJIb-
KO Toria, koraa uenb C naoTHa B ce6Ge H YCAOBHO NOAHG
(1. e. infc A u supcA cyuecTByOT AJ5i KaxAoOro orpa-
HuyeHHoro noaMHoxectBa A = C (cMm. [3], §§ X. 7, X.8).

enb, B KOTOpOH KaXAoe HeNyCTOe MOAMHOXECTBO
COLEpPXKHT HaUMEHbLIMH 3JIEMEHT, Ha3blBaeTCs B10AHe
ynopadouennoim muoxcecreéom (well ordered). DaeMeHTsl
BIIOJIHE YMNOPAMOYEHHOrO MHOXECTBA HAa3blBAlOT TPAHC-
uruTamu, a TakmKe TPAHCHUHUTHOLIMU 4ucaamu, nopad-
KOBBIMU 4UCAGMU, OPOUHQAABHOIMU 4UCAAMU W OpOU-
Haiamuy.

Bro/ase ymopsifOueHHBIM MHOKECTBOM SIBJASETCS BCAKAas KOHeu-
Hasi uenb. EcTecTBeHHBIM 06pa3oM yNopsiioueHHOE MHOXECTBO Ha-
TypaJibHbIX 4YHcesNl TaKXe BNOJHe YynopsgodeHo. MuoxecTBo Bcex
ueJbIX YHce He SBJAsSETCS BIIOJNIHE YNOPSAOYEHHBIM OTHOCHTEJNbLHO
€CTeCTBEHHOTrO MOPAJKA, TaK KaK OHO He HMeeT HaHMeHbllero 3sJe-
meHTa. OiHAKO OHO CTAHOBHTCSl BNOJHE YNOPSAJAOYEHHBIM, €CJIH yCTa-
HOBHTb MOPSAAOK CJelyouHM o6pa3oM:

1<2<3< ... <0< —-1<—-2<K—-3< ...

Jlpyrum npuMepoM He BIOJHE YMOPALOYEHHOM WENMH CJAYKHT OTpe-
30K meicTBHTENbHBIX yHcea [0, 1].

OrMeTHM npocTedlliMe CBOACTBA BMOJIHE YNOpSAOYeH-
HBIX MHOXeCTB: |) BIOJIHE yNoOpsAOYEHHOE MHOXEeCTBO
He MoxeT OBbITb H30MOD(GHO cBOeMy HauyaJbHOMY 'OT-
pe3Ky; 2) ecau uenb C W uenb, ABOACTBEHHAas el, BIOJIHE
ynopsigoyedsl, To C KOHe4YHO; 3) BcsiKas ULelb COAEPKHT
KOH(HHaJbHOE BIOJIHE YNOPAAOYEHHOE MHOXKeCTBO.
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W3 ompeneneHuss BNOJNHE YNOPSAOYEHHOTO MHOXKeECTBA
BBITEKAET, UTO OHO BCerja COJAEPKHUT HaUMEHbLUHH 3Je-
MeHT 0. [locnenyrouine sneMeHTH ecTeCTBEHHO 00603Ha-
yaTb uepe3 I, 2, ... u T. 4. Eciu o — HeKoTOpHIl TpaHc-
OuHHT, TO HHXKHHH KOHyC @V, H3 KOTOpPOro YyjaJjeH
3JleMeHT o, Ha3bIBAETCs HAYAAbHbLIM OTPE3KoM W 0603Ha-
yaercsi yepe3 [0, @). Cumsoa |0, 0) noHumaercst kak my-
croe MHoxecTBo. Ecii a0 ¥ HayaabHBIH OTpe3oK
[0, @) He comepxHT HauboJsbllero 3jJeMeHTa, TO TPaHC-
GOUMHHT o HasbiBaeTcs npedeavHoim. [IpuMepoM mpenenb-
HOro TpaHCc(HUHHUTA MOXKeT CJAYXKHTb uyucsao 0 B paccMoT-
PCHHOM BbIllle BMOJIHE YIOPSAOYEHHOM MHOXXECTBe L{eJbIX
yuces. s BcsiKOro TpaHcHHHTA o cpeld TpaHcHHHH-
TOB BEepXHEro KoHyca a®, OTJMYHBIX OT o, CYyLIeCTByeT
HauMeHbLIHH, hoTOpHIEl GyleM o6o3HauaTb yepe3 o + I.
Ecan a — npegenbHblii TpaHCPHHHUT, TO

[0, 9y = J [0, B).
B<a

Bcesikuit TpaHchHHHT a npelcTaBUM B GopMe o = g + k&,
rfie oo— npefenbHbld TpaHchuuut uau 0, a k— HeoT-
pHuiaTesbHOe uesnoe yHcjo. Ecaum Q — BnogHe ymnopsino-

YyeHHOe MHOXeCTBO H B = Q, TO HJH U [0, §)=Q, wuJaun
teg

U [0, &y=[0, @) nas HekoToporo a & Q.
te2

Pewaomum ¢pakroM, o6ecrneydBaOIHM BO3MOXKHOCTb
CpaBHHBAaTb MHOXECTBA, SIBJASIETCSl Teopema O CPABHeHUL
8NOAHe YNOPAOOHEHHbIX MHOJNCEeCT8: AJS ABYX BIIOJIHE
yrnopsiioueHHBIX MHOXecTB P u P’ ocyulecTBasieTcst ojHa
H TOJbKO OJHa H3 CJAedYyIOLIHX BO3MOXKHOCTeH:

1) P usomop¢Ho P’;

2) P usomopdhHO HayaJlbLHOMY OTpE3Ky MHOXKecTBa P’;

3) P’ usomop(HO HayaJbHOMY OTpPe3Ky MHOXecTBa P.

Ecin o — HEeKOTOpBbIi TpaHCOHUHHUT, TO TPAHCOHUHUT-
HOU nocaedo8aTeAbHOCTHI0 TUNA o UJIH o — nocaedosa-
TeAbHOCTbI0 Ha3biBaeTcsi oToOpa)KeHHe ¢ HayaJbHOrO
orpeska [0, ) B Kakoe-1u60 MHOXectBOo A. Ecau MHO-
*KectBO A cocTouT M3 TpaHCHUHHTOB (HeJb3sl CKa3aTh
NOAMHOXKECTBO MHOXeCTBa TPaHCHHHHTOB, HOO COBOKYII-
HOCTb BCeX TPAaHCHHUHHTOB MHOXeCTBOM He sBjsercsl!), u
3 B < y < a caeayer, uto ¢(B) << @(y), To TpaHcPHH-
HHTHAsl 1OCJelOBATENbHOCTb HAa3bIBACTCA 803pacTaro-
weti. Ecin ¢ — Bo3pacraouiast g — HOC/JAeJ0BaTeJbHOCTD,
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rie o — npefeNbHbli TPAaHCPHHHT, TO HAHUMeEHbIUHH H3
TPAaHCHHHHUTOB E, YAOBJIETBOPAIOUINX YCJHOBHIO: @(y) << &
sl Bcex y << @, Ha3blBaercsi npedesom HOCAe008aTeb-

HocTu @ H obGo3Hauaercs kak lim @(y). Tosopsit, uro
v<a
TPaHCQUHHT A KOH@UHAeH TpelelbHOMY TPaHCHUHHUTY

o, ecJiM A SIBJASIeTCS IpeJieJOM HeKOTOPOH BO3pacTaroulei
o — nocJjefoBaTeNbHOCTH. TpaHcHUHHT, KOHGHUHAMBHBIH
npeacIbHOMY, caM siBJsieTcsi NpefetbHbIM. TpaHcduHUT
A KOH(HHaJeH npeaeJbHOMY TpaHCOUHUTY o TOrAa H
TOJIbKO TOTJAa, KOrja HaudaJbHbIH oTpe3ok [0,A) coxmep-
JKHT KOH(HHaJbHOE NOAMHOXKECTBO, H30MOp(dHOE Hauabh-
HoMmy oTpe3ky [0, ).

Ecnu ¢ v ¢ — Bo3pacraiouiie TpaHChHUHUTHBEIE NOC/e-
JOBaTeNbHOCTH, A — MpeAc/bHbll  TpaHCHHHUT H
d=IlimY (y), To limg(E) = lim ¢ (P (y)). OTcioga BhITe-

y<h E<8 y<i

KaeT, 4TO ecJH NpelesabHBI TpaHCPHUHNIT a KOHHHAJIEH

npejieJbHOMY TpaHCHHHHTY P, a § KOHDHHAJIEH Npeleb-

HOMY TPaHCOHHHTY 7y, TO o KOH(HHAJeH y. TpaHchHHUT-

Hasi NocJe]0BaTeJbHOCTh THIA o HA3bIBAETCS Henpepols-

Hoi, ecaun ¢ (B) =l§irr‘13cp(§) ST KaXJAOro MpefesbHOro
<

TpaHchuuuta P << a. TpaHcPuHut §, agast KoTOpOro
@(6) =0, Ha3BIBACTCSl KPUTUYECKUM TPAHCHUHUTOM TIO-
CJIe10BaTCILHOCTH .

TpaHChHHUT Ha3bIBaeTcst pecyisipHbIM, €C1H OH He
KOH(HUHAJNeH HHKaKOMY MeHbleMy TpPaHCQUHHUTY H CUH-
2YAsApHbIM B IPOTHBHOM cJay4ae.

Bo MHOrux cayyasix TpaHcuHUT o yaoO6HO paccMmar-
puBaThL Kak BIOJHe yrnopsiioueHHoe MHoxecTBo [0, a).
B uacTHOCTH, 3Ta TOUYKA 3pEHHUs [MO03BOJISET TFOBOPHTh
0 MOWHOCTU TpaHcpunuta . HaumeHbwuii cpean TpaHc-
(UHHTOB JaHHOH G6eCKOHEeYHOH MOLIHOCTH Ha3blBaercs
HauasbHoim. HauabHbI TpaHCOHHHUT CUGTHOH MOLUHOCTH
Kak MpaBuJo 0603H4auyaercst 4epes o HaAM oo. Kak uemnb
OH H30MOp(QeH HenH HaTypa/jbHBIX UYHCEN C eCTEeCTBEeH-
HBIM TOpSIAKOM. MHOXeCTBO BceX HauaJbHbiX TPaHCPH-
HHTOB MOIUIHOCTH, MeHblleH NaHHOM, CKaxkeM M, BIOJIHE
YyNOpsilIOYeHO U NOTOMY MOXKET OTOXAECTBIATHCA C He-
KOTOpbIM TpaHchuuutoM o. Hauanbublti TpaHCOHHUT
MOIIHOCTH M 0603HAUAETCS Yepe3 q. I paHCPHHHT a Ha-
3BIBACTCS UHOCKCOM HAHAALHO20 TPAHCHUHUTA MOULHOCTU
m. PasauunbiM HauasbHBIM TPaHCHHUHHUTAM COOTBETCTBYIOT
pasauynble uHAexchl. KakAbli TpaHCHHUHHT SBJIACTCA
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MHAEKCOM HEKOTOpPOTo HayaJbHOro tpaHcpuuurta. B ya-
CTHOCTH, ®; — 3TO NepBbIi HecueTHBIH TpaHcHuHUT. Bes-
Kasi HeCUeTHas pa3peXXeHHas Lenb COLEpPXKHUT MOALEMNb,
nsomophuyio o; uan o (cm. [25], c. 87, teopema 5.28).
TpaHCOUHATBH Wgt1 PEryJsipHE NpU Jo6oMm a (cMm. [9],
c. 307, TeopeMa 1). Kaxabl#f npelneibHbl TpaHCHHHUT
o KOHHHAJeH HEKOTOPOMY HayaJbHOMY TpaHCHHUHHTY.
JtoT TpaHcHHHHUT OKa3blBaeTcss HAHMEHbUIMM CpelH
TpaHC(HUHTOB, KOHOHHANBHBIX . B uyacTHOCTH, CUeTHHIE
TPAHC(UHHTBl H TOJbKO OHH KOHOMUHAJBHB .

HauasbHbllt TpaHCOHHUT ©, Ha3bIBaeTcs cA4abo He-
docTuscumslm, €ClIM OH peryJsipeH, a o — IpefeJbHbIH
TpaHcHHHT. Hanpumep, © = wp ¢aa60 HELOCTHKHUM,
a 0., OyAyud CHHTYJSADHBIM, cl1ab60 HEJOCTHXHMBIM He
sBasiercsi. Ecan oo > 0, T0 wy caab0 HELOCTHXHM TOTAa
H TOJIbKO TOTAa, KOTAa o= wg = cf(a), rae cf(a)—
HaUMeHbIINH CcpeAy TaKHX TPAaHCHHHHUTOB E, YTO o KOH-
thuHaNeH wg.

[TockosbKYy OpAHHAJbHAS CyMMa H OpAHHAJIbHOE Npo-
H3BeJleHlie BIOJIHE YNOPSLAOYEHHBIX MHOXECTB BIIOJIHE
YNOpsiiOUeHbl, TO CcyMMy o - f H npousBeieHne off
TPaHCHHHHTOR @ U [ MOXKHO ONpPENeJNHTb YCJOBHSAMH

[0, @) + [0, B) =[0, a + B)

it

[0, @) - [0, B) =[O, ap)

COOTBETCTBEHHO, Tle -+ O3HAauaeT OPAMHAJIbHYIO CyMMY,
- — Op/AMHaJ/IbHOEe NPOU3BEACHHE, a PaBEHCTBO — H30MOp-
t¢usm ueneld. KoppekTHocTb onpefeseHHs BLITEKAaeT H3
TEOpeMbl O CPaBHEHHH BIIOJIHE yNOPSAOYEHHBIX MHOXKECTB.
Hcnosnbsyss TpaHCHUHHTHY:O HHAYKLHIO, MOXHO OmNpeje-
JHTb CTENEeHH TpaHCOHHHTA o, NON0KHB al==1, abt!=

=’ -auad=1ima" ecin §— npeleabHbl TPaHCHUHHUT.
n<ig
IMycrs, nadgee, ag=1, o =00, oy= 0% o=/ (%)
n 1. g Tlpenen 3Toit nocaemoBatenbHocTH lima, sB-
<o

Js1eTCsl HAHMEHbIUUM CpeiH TpaHcHUHHTOB E, YJIOBJETBO-
PAIOLIHX COOTHOWIEHHIO @t = E. TpaHCPHUHHUTH €, s KO-
TODBIX BHINOJIHSETCS PAaBEHCTBO ©° = €, HA3LIBAIOTCH 3il-
CUNOH208BIMU HIH g-0pOUHANAMU.
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Onepaunu Hajy TpaHchUHHTaMH 006/1aKal0T caelylo-
LHMH CBOHCTBaMH:

1) Ectu <y, To a+pf<a-ty.

2) Ecn a <P, T0 a+vy<<B+ 7.

3) Ecan a << f, TO cyuiecTByeT OJHH H TOJbKO OXHH
TpaHCHHHUT y TakoH, 4To § = -+ y (3TOT TPAHCHHHHT
o6o3Havaercsa Kak ff —a).

4) Ecin y<la<B, TOa—y<p—y.

5) Ecom y<{fp<Ca, o a —f<Ca—y.

6) Ecin <y u as=0, To aff <ay.

7) Ecan a <P, To ay << Py.

8) Ecam y<<B, 10 a (B —v) <af —ay.

9) Ecau B 5= 0, To nas Jawoboro a HaHAyTCA TakHe Y
up, uto a=fy+p u p <B. ,

10) DkBuBaJeHTHH cJ/elylollHe CBOMCTBA TpaHCHH-
Huta a=0: (1) o addurusno Hepasdaosum (T. e. He
npeicTaBUM B BHAe a =B + vy, rae B, y < a); (2) £+
+ a=oa aas xkaxjporo £ < a; (3) a=w" aadg HeKo-
toporo £ (cM. [9], c. 261, Teopema 7; [23], c. 457, Teo-
pema 7; c. 462, teopema 3).

11) HauvanbHble TpaHcHHHHTBH aJAUTHBHO HepasJo-
XKHMBL (cM. [9], c. 282, Teopema 9).

12) TpaHCOHHHUT o MYAbTUNAUKATUBHO HEPA3AOHCUM
(1. e. He mpeacraBuM B BHAe o =By, r'ie B, y<< a)
B TOM H TOJbKO TOM cJyuyae, KOTja HJIH o« — NPOCTOe
HaTypaJbHOC YHCJO, HJH o =0l s HEKOTOpOro
TpaHChHHHTA P, HIH oo = 0P 4+ | 1JIS HEKOTOPOro TpaHC-
¢dunuta p (cM. [23], c. 467, Teopema 8).

13) Ecan a<B u y>1, 1o y* < yB.

14) Ecan <y, 10 af <av,

15) af+v = abay,

16) (aP)Y=aBv,

Bo3BeneHne B cTeneHb MOXHO HCHOJb30BaTh JJIsl
npeAcTaBieHHs] TPAHCGUHHTOB B BHAC, HANOMHHAlOLIEM
NpeAcTaBJeHHC HATypaJibHBIX 4YHCeJl B JAECATHYHOH CH-
CTcMe: HMeHHO, ecan y > 1 u 1 <<a < 9% TO cyme-
CTBYIOT HaTypaJibHOe YHCJO0 A H [OCJeNOBaTeNbHOCTH
B, B2 ..., B, u O, 8y, ..., 8, Tarue, uToO

O<Bl<v’ 6n<"'<62<6l
H

a=v"B, + v+ ... + 1",

Pasnnunbie acnekTsl TeopHu ueneit otrpaxeus B [3],
[9], [20] u [25].
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2.3. Noanpte pewerkn (CTpyKTypbl). HacTHuko yno-
PAIOUCHHOE MHOXECTBO HAa3bIBAETCS MOAHON peulerxoi
HJIH NOAHOL CTPYKTYPOIUl, eciH BCSIKOe ero MoAMHOXKe-
cTBO (B TOM uHCJe MyCcTOE) HMEEeT TOYHYI0O HHXKHIOW H
TOYHYIO BepXHIOI0 FpaHH. BnpoueM, npHBeleHHOe ompe-
JesNleHHe OKa3blBaeTcs H3OLITOYHBIM, TaK KaK clpaBel-
JIHBAa TeOpeMa: €eCJH BCSiIKOe TMOJMHOXECTBO UaCTHYHO
YHOpsIIOUEHHOro MHOXecTBa P (BKJ/MOYas MycToe) HMeer
TOYHYIO HHXKHIOIO [BepxHIow] rpaHb, To P — nosHas pe-
nIeTKa.

IMoaubiMu peweTkaMu sBasioTcs orpe3ok [0, 1] ¢ o6biunbiM TO-
PSIJIKOM, MHOXeCTBO BcCeX MNOJAMHOXeCTB HEKOTOPOro MHOXKecCTBa,
ynopsaaoueHHOe 1O BKJ/IIOYWEHHIO, BCSIKasg KOHe4YHas uelb. Hs C(I)Op'
MleHpOBaHHOﬁ Bbllle TE€OpEeMbl BBLITEKAET, YTO ITOJHBIMH pelIeTKaMH
OKa3biBAKTCA MHO/MKECTBO BCeX NoArpynn JaHHOH rpynnei, MHO-
XKeCTBO BCe€X 3aMh VTBIX NOAMHOXKECTE TOINOJOrHUYECKOro InpoCTpaH-
CTBa, BCsJKO€ BIIOJIHE YynopsaaoyenHoe MHOXeCTBO C Hau6OoJIbUIHM
3JIEMEHTOM H [p. ’

Ecan ¢: L— L’— u3oMop¢hu3M 4YaCTHUYHO YNOpPSILO-
YEeHHbIX MHOXEeCTB, fIBJASIOLIMXCS TNOJHBIMH pelleTKaMH,
TO AJs Jgio6oro A = L nuMeer MecTo

@ (sup, A)=sup, ¢(A) n o(inf, A) =inf, @ (4).

Jlio6o# uutepsan [a, b], noauoft pewerku L siBasercs
NIOJIHOH pelleTKOH, npHueM

sup, yA=sup, A u inf, , A=inf, A

oas  Jaw6oro Hemyctoro moAMHoxectBa A =|a,b]p.
Kaxnoe u3otoHHoe oTobpaxkeHHe ¢ NOJHOH peweTkd L
B ce6s1 o6/aflaeT HENOJBH>KHOH TOUYKOH, T. €. CylUeCTByeT
Takasi Touka a € L, uto ¢(a)=a. Eciu Xe Kaxjpoe u30-
TOHHOe OToGpaKeHHe 4YacCTHYHO YNOPANOYEHHOrOo MHO-
xKectBa P B ce6s ob6sajaer HENOJABHIXHOH TOYKOH, TO
BCcsikasi MaKcHMaJibHasi Lenb W3 P siBAsieTcs MOJHOH pe-
LIETKOH.

[IpsiMoe mnpou3BejleHHe IHOJHBIX PpEUIETOK SBJSAETCH
TOJIHOH pelleTKOH. YmopsjoueHHasi cyMMa [ynopsiioyeH-
HO€ NpOoH3BeJCcHHe]| MOJHBIX pellleTOK OKa3hlBaeTcs IMoJ-
HON pelUCTKOH, ecJi MHOXKECTBO HHIEKCOB SIBJSETCS 110J1-
HOIl peweTko# [M yZOBJIETBOPSET YCJOBHIO MHHHMAaJib-
HOCTH] .

HsoTtonHoe oToGpaxKeHue ¢ YaCTHYHO YMOPSAOYEH-
HOro MHOXecTBa P B cebsi Ha3blB4eTCH 0Neparopom 3a-
moikanus, ecad x << @(x) u @(@(x))= @(x) ana Bcex
xe P.
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MMpumepw: 1) P—nonnas pewetka BCeX INOANPOCTPAICTB
TOMOJIOrHYeCKOro mnpoctpaHcTBa, @(X) — 3aMblKaHHe TMOANPOCTPaH-
crBa X; 2) P — nosHasi peweTka BCeX HeMyCTbIX MOJMHOKECTB .Tit-
HellHoro MPOCTPAHCTBA HaZ HeKOoTOpuIM moseM, @(X) — auHeiinas
o6os0uka MHoxecTBa X; 3) P — yacTHYHO YMOPSAAOUEHHOE MHOXe-
CcTBO ¢ HauGosblIMM 3jeMeHTOM 1, @(x)=1 aas Bcex x = P.

Ecnu ¢ — onmepaTtop 3aMblkaHWsl Ha YaCTHYHO. yNOpsi-
qoueHHOM MHOXecTBe P 1 x= P, 10 ¢(x) HaswbiBaeTcs
P-3aMbIKAHUEM IJIEMEHTa X, a 3JeMeHT X, AJS KOTOpPOro
@ (x) = x, Ha3bIBaeTCA QP-3AMKHYTOLM.

B NMPpHBEeJEHHbIX BbIWIC MNpHMepax (@E-3aMKHYTBLIMH 3JieMeHTaMH

OKa3bIBAIOTCS 3aMKHYTbLie MOANPOCTPAHCTBA, JHHeldlle MOANpocTpall-
ctBa H | cooTBeTCTBENHO.

Ecaun ¢ —onepatop 3aMblkaHHsi Ha MOJIHOH pelleTke
P, To uacTHyHO ynopsigoueHHOe MHOXecTBO L Bcex
(@-3aMKHYTBIX 3JeMeHTOB M3 P, paccmMaTpuBaeMoe Kak
MOAMHOXECTBO YaCTHYHO YNOPSIIOYEHHOTO MHOXeCcTBa
P, takxe siBnsercs mosHoH peuetrkod. [Ipu 3ToM Hau-
60/IbUIMK 3JeMEHT MOJIHOH pellcTKH P npuHamgexur L
H IS BCAKOIO HEINYCTOro MoAMHOXecTBa A MHOXeCTBa
L nwmeer Mmecto

inf, A=infp A u sup, A=¢q(supp A).
Kpome Toro, st Bcsikoro x & P cnpaseJiuso
e(x)=infp{ulus P, x<Tu=g)}.

Orciofa BBITEKaeT, 4TO AJS paBEHCTBA OlNEpaTOpPOB 3a-
MBIKaHHS ¢ M ¢ Ha MOJHOH peulleTke P Heo6X0AHMMO H
NOCTATOYHO, YTOOBI MHOXECTBA - H P-3aMKHYTHIX 3Je-
MeHTOB coBnaja/nu. [loaMHOXecTBO L MOJHOH peleTKH
P coBnajaer ¢ MHOXECTBOM BCEX @-3aMKHYTBHIX 3Je-
MEHTOB [JIsl HEKOTOpPOro ornepatopa 3aMblKaHHs ¢ Ha P
B TOM M TOJBKO TOM cCJyuae, Korja L colep>XHT Haubo./b-
IIHA 371eMeHT noJiHo# pewetkH P u infp A= L ans ao-
Goro noamHoxectBa A = L.

[Tyctb Temepp M — yacTHYHO YNOpsSAOYEHHOE MHOXe-
CTBO C HauMeHbUIMM 3JjeMeHTOM 0 M HaubOJbLIMM 3Je-
MeHTOM |. P — nogaHas pelueTka BceX MOJMHOXKECTB MHO-
xectBa M, cogepxauux 0, u

L={X|X& P, XoV == X}.

Has xaxporo x & M noJoxum
0 (x) = x2v
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(3necy ¥ panbule He pasauuyalores x u {x}). Torna L —
noJHasi pelleTka, a 0 — H30MOP(H3M YAaCTHYHO ynops-
JIOYeHHOro MHoXecTBa M Ha NMOAMHOXECTBO INOJHOH pe-
wetku L. IIpu 3TOM cnpaBelIMBBl CJAeAylOLIHE YTBep K-
aenusi: 1) eciu F5+=A <=M u infy A cywecrsyer, To
0(infy A)=ini,0(A); 2) ecoimu F#*=A<=M u supud
cyuwecrsyer, 10 0 (supm A)=sup.0(A); 3) eciu XL,
TO HafiiyTcs TakHe MoiMHOXecTBa A U B MHOXecTBa M,
yto X = sup. 0(A)=inf, 6(B). Takum o6pazom, mwboe
YaCTHYHO YNOPSAOYEHHOE MHOXECTBO  BKJIaAblBaeTcs
B mnoJHyl peuwerky. OnMcaHHAas KOHCTPYKUHS Ha3bl-
BaeTCsl NONOAHEHUEeM ceueruamu (a TaKXKe NONOAHEHUEeM
Maxneliaa). OHa siBaseTcs AajleKo HAYLWIUM o6o6uieHneM
M3BECTHOTO MOMNOJIHEHHS 1leNH pauvoHaJbHBIX YHCEN ceye-
HUSIMH H $§BJsi TC B HEKOTOPOM cMbic/ie HauboJee
3KoHOMHOH. HMmenHo, ecai M, L U 0O HMewT TOT XKe
CMBICJ, YTO M Bblle, a @ — M30MOp(}HU3IM YaCTHUHO
YHOPSIOUEHHOrO0 MHOXecTBA M  Ha NOAMHOXECTBO
HEKOTOpOH mnoJHOH pelletrkd V,. To cyulecTByeT Ta-
KOH HM30MOpPGH3M 1P HacTHYHO YNOPSAOYEHHOrO MHOXKe-
ctBa L Ha nOAMHOXeCTBO NOJHOH pelierku V, uto
P(O(x))=0o(x) ans scex x M. Eciu M, L u 0 umetor
TOT e CMbica, a V — nosHas peulerka, conepxauas M
B KayecTBe YaCTUYHO YMNOPAAOYEHHOrO IOJMHOXECTBA,
TO JAJS CYLIeCTBOBAHHA H30MOp(HU3Ma  MNOJHOH pe-
eTKH V Ha noJHyio pewerky L Takoro, 4to ¢ (@(x))=
= x AJs Bcex x = M, HCOGXOAHMO H JOCTATOUYHO, YTOOHI
V o6aagana caepywoliuMu cBoiictBaMu: (i) ecan 0%
vV, To HalileTcd Takoe HeNycroe MOJAMHOXKECTBO
A= M, uto v=supyA; (ii) ectu 1=veV, 10 Hali-
JIeTCsl TaKoe HelmycToe MOoJMHOXecTBO B <= M, uto v =
=infy B ([11], § 3).

ITonionHeHHe ceueHHAMH LeNH sBJseTcs uenblo. [lo-
NoJIHEHHe CeueHUsIMH MPSMOro MpPOU3BENEHHS [BYX ua-
CTHYHO YMOPSOYEHHBIX MHOXECTB, KaXA0e H3 KOTOPbIX
06/1a1a€T HauMMeHbUIMM W HauOOJbUIUM 3JIeMEHTaMH,
H3oMop(HO npsMOMYy NpOH3BedeHHIO MOMOJHEHHH ceue-
HUSMH COMHOXHTeJell. Tpe6oBauHe cyllecTBOBaHHs Hau-
60oJLLIMX M HAaHMCHBUIHX 3JeMEHTOB CYLIeCTBEHHO.

Konkpernoim npedcrasierHuem TNOJHOH pelIeTKH Ha-
3biBaeTC ee H30MOPGH3M Ha TNOJHYI DelIeTKYy Bcex
(-3aMKHYTBIX NOJMHOXeCTB NOJHOH pewleTkn P(M) Bcex
IIOAMHOXECTB HekoToporo MhuoxectBa M. Onepatop
3aMbIKaHHsl @ Ha moJIHOHM peuleTKe P Ha3blBaeTcd



64 TJ. 1. OTHOWEHHS, OTOBPAXEHHI, Y. ¥. MHOXECTBA

anrcebpauneckum, ecaun AJsi Jawo6oil nenu C <= P umeer
mecto @ (U{X|X e C}=U{e(X)|X = C}. dnemenr ¢ u3
MOJIHOH pelleTKH L Ha3bIBaeTCs KOMHAKTHbIM, €CIH ¢ =
=sup. A, rne A = L, saever 3a coboit ¢ =sup, F nJs
HEKOTOPOro KOHCYHOro noaMHoxectsa F = A. [loauas
pellleTKa Ha3bIBaeTCsd a4eebpaudeckoli, eclu Kax Il ee
3JIeMCHT pPaBeH TOYHOH BepXHel rpaHu HEKOTOPOro MHO-
J)KecTBa KOMIMAKTHBIX 3JeMcHTOB. AureGpanueckue pe-
IIeTKH H TOJbKO OHHM OO6/1aflaloT KOHKPETHBIMH MNpej-
CTaBJIEHUAMH C areGpanyeckiM OMepaTopoM 3aMbIKaHHS.

Anreﬁpau\lecxuM OKa3biBaeTcs BTOpOﬂ H3 MNpHBEACHHLIX BblIUE
onepaTopoB 3aMbIKaHHSA. PeweTka BCex NMOANMPOCTPAlICTB JINHel Hor o
npoctpaHcTBa ABJAsieTcsi  aareGpadueckoil. Ee KoMmakTHbiMu 3Jje-
MEHTaMH CJYy>XXaT KOJIEYHOMEpHble TOANPOCTPAHCTBA. Aﬂre6pauqe-

CKOH pelleTKoii oKa3biBaeTcsi Takxke wenb (N, <C), nponoJsiHeHHas
HaUGOJIbUIHM 3/JEMCHTOM.

[ToxpoGuee cM. [11], § 3. Cm. Takxe n. V.5.1.

[TockosibKy nepeceyerue JI0GOro MHOXKeCTBAa 3IKBH-
BaJIeHTHOCTeH Ha (GHUKCHDOBAaHHOM MHoXecTBe M oB-
JIIeTCS 3KBHBAJCHTHOCTBIO M CYILeCTBYyeT HaubOJblIast
9KBHBAMEHTHOCTb Vy =M X M, TO COBOKYNHOCTb BCeX
3KBHBaJleHTHOCTell Ha M oKkasbiBaeTcsi MOJHOH peller-
KOH, KoTopywo OGypem o6Gosxauate uepes EqM. Ecau

[l

E<EqM, 10 supgqmE ={(a,b)|a,bsM u cyue-

CTBYIOT 3JIEMCHTH Xo, X1, ..., Xn &M ¥ 3KBHBaJeHT-
HOCTH O, 0y, ..., 0,1 = E Takue, UYTO a = Xy,
(xi,xip1)=0; npu (=0,1, ..., n—1 u x,=>}. dksuU-

BaJIEHTHOCTb SUPgqm B SABJSETCS TPAH3HUTHBHBIM 3aMBbl-
KaHHeM MHOXKecTBa & H coOBNajaer ¢ oObeJAHHEHHEM
BCEBO3MOKHbIX KOHEUHbIX NpPOH3BENEHHH 3KBHBAJIEHTHO-
creii u3 E. Ecan E ={0, ..., 0.} kKoHeuHo u 0,8, =
=8;0; npu awbbix i, j={l, ..., m}, TO SUpPgqm E =
—_—91 Bm.

CBfI3H TEOPHH YACTHUHO YMNOPSIJOUYEHHBIX MHOXECTB
C pasauuHbBIMH 00J1aCTSIMH MaTeMaTHKH pPacCMOTPEHB
B [18].
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FJIABAII
TPYIIbI

B Hacrosiuie#i rIJiaBe H3JI0XKEHbB BONpPOCH, OTHOCS-
mHecss K o6uielf TeOpUM TPy, a TakXKe K TEOPHUSM YIO-
PALOYEHHBIX M TOMOJOrHYeckux rpynn. Koneunnle rpym-
uel, rpynnel JIu, JguHeliHBe M anreGpaHuecKHe TpYMIH,
a TakXe TeOpHs INpeACTaBJEHHH TIpynm 3Jecb He pac-
cmaTpuBaioTcs. PesyabraTh, crneuuduyeckne agas abe-
JIEBHIX TPYII H TPYNNOBBIX KOJell, MOXHO Haitu B a1 I
CucTeMaTHYeCKOe H3JI0KEHHE OCHOB TEOPHH TPYMN MOXK-
HO HaiiTu B MoHorpacdusix [17], [28], [65], [109].

CeefleHusi O HOBEHIUHX pe3y/bTaTax TEOPUH TPYNIL
MO2KHO nouepnHyTbh M3 063opoB BUHUTH (cm. [3], [6],
[29], [42], [44], [47], [55]).

§ 1. OCHOBHBIE NOHATHA TEOPHM TPy

1.1. OnpejeneHuss H OCHOBHbie cBoiicrBa. BurapHod
onepayueil Ha MHOoxecTBe M=~ (J HasnBaercsi 0ToOpaxe-
HHe a: M X M— M. Onepauusi CONOCTABJSIET YNOPSAO-
yeHHOH nape (my, mg) 3Je€MeHTOB MHOXecTBa M 3jeMeHT
m3 = o.(my, mg) TOro Ke MHOoXKectBa. OGbYHO GHHAap-
HYIO onepauuio 0603HAaYalOT KaKHUM-JUGO 3HAaKOM, Ha-
npuMep, o, HCIOJB3ys HNPHU 3TOM 3allUCh Mz == M, o Ma.

Ecau onepauunst o accoyuarusxa, T. e.

(my o mg) omy =
=myo(myom;) nuad Bcex meM, i=I, 2,3,

To mapa (M, o) Ha3sbiBaercss noayepynnotd. B moayrpyn-
e HeT HeOGXONMMOCTH YKa3hBaTb IOPSJAOK BHIIOJHE-
HHSI ONMEepalHH, T. €. MOXHO IIHCATb MjoMge ... ©Hp,
MBICJIEHHO DacCTaBJsisi CKOGKH IPOH3BOJILHBIM 00pasoM.

ITonyrpynna (G, o) Ha3biBaeTcsi epynnoi, €Cjld BH-
NOJIHEHH! CJIe[yIoUIHe YCJIOBHS:
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CYUIeCTBYeT HelTpanbHoul arement e < G, AN KOTO-
poro gee =e¢eo g = g npH Bcex g € G;

JI060H 3JjieMeHT g & G uMeer bbparHuiii, T. €. TAKOH
3JleMeHT g—'e G, uTo gogl =glog=c.

3aMeTHM, YTO KaXpaas rpynna COXEepXKHT B TOYHOCTH
ONMH HEHATpaJbHBIA 3JeMEHT H /5 KaXXIOro 3JeMeHTa
TPYNIB CYLUeCTBYeT TOYHO OAHH 06paTHHI. ,

Hnorpa ymo6HO cuHTaTh, YTO Hapsay ¢ OHHapHOM
onmepauuefi B rpynmne onpejeseHb HyJbapHas omepauus,
OTMeyaKIiasi HeHTPaJbHBIH 3J€MEHT, U yHapHas onepa-
uusi B3ATHS obpartHoro ~!: G— G, g~ g~'. Cnpasen-
ARBH GOPMYJIH:

(@) '=g (g°8° ... °g,) ' =g;'og;lio.. . og7".

EcrecTBenHo Ol'lpe,iIeJIHlOTCﬂ neJabie CTCNEHH 3JeMeH-
TOB C OUeBHJAHBIMH CBOHCTBaMH:

g = gogeo ... og (n pas),
g€ "8 'egle ... og7! (npas), neN;
g5e groght=grtm, (@EW"=g", n,mel.

IlepecTaBaaTh MHOXHTENH MeCTaMHM B Tpynmax, BO-
obuie ropops, Heab3s. DJeMeHTH g U f rpynns G Ha3sHl-
BaIOTCSl NEePECTAROBOUHBIMU U KOMMYTUDYIOUWUMU, €CTTH
gof=1{fog. Eciu no6ue fBa 3neMeHTa rpynne G KOM-
MyTHPYIOT, TO rpynna G Ha3bIBaeTCsi KOMMYTATUBHOU
HJH abeaesoil. -

Omnepauusi B rpynmne yacro o603HayaeTcs CHMBOJIOM
+ [cuMBoJIoOM -] u HashBaeTcs Caoxcenuem [ymrooce-
Huem]. Ilpn >TOM rpynna Ha3uBaeTcsi a0OUTUBHOL
[mysoTunasukarusnoii], ee HeliTpasbHBLIH 3JIEMEHT Ha3H-
Baetrcs Hyasem [eOumuyed] w obo3Hauaercs cumBosoMm 0
[cumBotom 1]. B apautuBHOH rpynne sjieMeHT, o6par-
HEI K 3JIEeMEHTY @, Ha3hIBalOT NPOTUBONOAOKCHbIM H 06O-
3HavalT —a; BMecTo a*, n < Z, nduyT na. B MyabTH-
NJAUKATHBHOH rpyInne BMecTo f-g YacTo MUWYT fg.

MNpumepw agauTuBuux rpynm 1) (Z, +), (Q +),
(R, +), (C, +) —addurusnsie epynnor koavya Z u noset Q, R, C
cootserctBenHo. Iluwyt npocro: Z, Q, R, C. 2) Ilpoussoannoe
Kossio K mo cioxeHuio — a6eseBa rpynna. B 9acTHOCTH, KOJBLO
MHorousneHoB P[xy, %3, ...] ¥ komsuo M(n, P) KBajpaTHex Mart-
puu mopsigka n Hajg mnoisem P — aGenepn rpynnu. 3) Bextopuoe
npocrpancteo R?, ne N, paBHO Kak H IIPOH3BOJIbHOe JIHHEHHOE
npoctpaHcTBo V' Hajg mosiem P OTHOCHTEJBHO CJI0OXKeHHA — abesieBhl
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rpynnel. B uacTHOCTH, JHHefiHBle INPOCTPAHCTBA BceX (YHKUHA
F[a p) H BCEX HeNpepbiBHBIX byHKuHi C[a, p» 33MaHHBIX Ha HHTEP-

BaJe [a, b],— no cyoxenHo abeseBbl TPYMNIIbL.

IlpumMepn MYJABTHOJAHKaTHBHHX rpynm 1) QF
R*, C* — myavTunaukarusnole epynnet noaeti Q, R, C coorser-
CTBEHHO, T.e. MHOXECTBAa HX HEHYJEeBHIX 3JIEMEHTOB OTHOCHTEJNbHO

yMHOXeHus. B ob6uem cayuae P'd=ef (P \{0}, -)— myavrunauxa-

TugHaa epynna noas P. 2) K* — myaerunauxarusnas epynna (ac-
counaTtuBHoro) xossya K ¢ eduwuyed, T.e. MHOXecTBO ero obpa-
THMBIX 3JIEMEHTOB OTHOCHTeJbHO yMHOXeHus. Hanpumep, Z*={=+1},
Plxy, x2, ...]* = P* M(n, P)* = GL(n, P) (P — none).

B nanbHefilieM MBI, KaK NpPaBHJIO, TOBOPHM O MYJb-
THIIMKATHBHBEIX rpynnax. Peub HaeT, eCTeCTBEHHO, TOJb
KO 0 ¢opMe 3allHCH, He yMaJjsooueld o6UIHOCTH paccyx-
nenuii. [loutn Bciomy rpynna o6o3Hauaercss OAHOH Oyk-
BoH 6e3 yKa3aHHS oNepalyH.

MHoxecTBO Bcex 3JeMeHTOB rpynnel G HasblBaeTcs
OCHOBHBIM MHOXXECTBOM TIpYNIB H OOBIYHO 0GO3HayaeTcs
TO# ke 6ykBoil G. B 3aBHCHUMOCTH OT TOfO, KOHEUHO HJIH
HET OCHOBHOe MHOXeCTBO, rpynna G Ha3biBaeTcsl KOHe4-
Kol wunu 6eckoreurod. Yucao snemeHToB n = |G| Ko
HeyHOH rpynnbl G Ha3biBaercsl ee nopsadkom. I'pynna
nopsnka onuu E =={e} Ha3biBaeTcss eOuHUUHOU WJIH TPU-
suaaorot. [oBopsiT, uTO GeckoHeyHas Tpynmna HMmeer Oec-
KOHeuHBIH mopsanox. Efi MOXHO conocTaBUTb KapAHHaJb-
Hoe uHCI0 % =|(G|— MOIHOCTb OCHOBHOIO MHOXeCTBa
rpynns G.

[TycThb MHOXKeCTBO BceXx MPOCTHIX YHCeJ, AesLIUX INO-
psinok |G| KOHEYHON Ipynnbl, COAEPKHUTCS B MHOXeCTBe
npocthix uuces g. Torga rpynna G HasbiBaercsi (KOHeu-
HO#) m-epynnod. B wactHoM cayyae m={p} rpynna G
Ha3bIBaeTCsi KOHEYHOH p-2pynnol.

B no6oit rpynne G paspeliMMbl ypaBHeHHs xa = b,
cy = d, pelileHHsl KOTOPBIX €AHHCTBEHHH: X = ba~!, y=
= c~ld.

[Iyctb M, N — nonMHoxecTBa (OCHOBHOIO MHOXe-
crea) rpynnsl  G. [Ilosaraem M ' sa{m™ |mEM},
MNZ{mnlmeM, neN}=G.

Iodepynnoii H rpynnel G Ha3biBaeTcsl ee NOJAMHOXe-
CTBO, caMO sBJsiOlleecss TPYNNOH OTHOCHTE/NbHO HHIY-
LHPOBaHHOH onepauuu yMmMHoXeHuss B G. [loamMHOXKeCTBO
H = G sBasiercss moarpynnoii B TOM M TOJBKO TOM CJY-
yae, eciM e H w H 3aMKHYTO OTHOCHTEJIbHO yMHOXe-
HHsl M B3siTus o6patHoro, T. e. HH = H, H-' = H (aerxo
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BHJAETh, YTO HAa CaMOM Jese 3TO paBeHctBa). [Ipumem
Ajs noArpynnel obosHavenne H << G.Iloarpynna H << G
HasplBaercs cobcreennoi, ecnu H = G, uto 3anuchBaem
Kak H << G.

[Tepeceuenne 1060# COBOKYNHOCTH MOATPYNIl KAaHHOH
rpynnsl — cHoBa nojrpynna. O6beiuHeHHe ABYX MNOJA-
rpynn 6yAerT NOArPYNNoH B TOM H TOJBKO TOM CJyuae,
€CJIM OJlHA H3 HHX COJepKHUT Apyryio. O6bennHeHHe BO3-
pacrawolief (BO3MOXHO, TPAaHCHUHHUTHOH) 1eNH MNOA-
rpynnt Hy <<H, << ... << Hy, << ... — cHOBa noArpynna.

Ilycte M = G — HekOTOpOe NOJAMHOMXKECTBO TPYIIIEL.
ITpo muoxectso Mg 55 {mg|m & M} =G rosopar, uTo
OHO moJyuyaercs npasoim cosueom M Ha sneMenT g = G.
Ananoruuno, gM 5 {gm|m = M} — mHoxecTBO, mOJY-
yaemoe sesoim cosueom M Ha ge= G. Ecmu H<< G—
noxarpynna, to Hg—npaBui#l, a gH — neBulit cmedncHole
Kaacco, rpynnel G mo noarpynne f. DieMeHT g Ha3H-
Baercsi npedcrasuresem Kak Hg, tak u gH. Slcho, uro
g=eg=ge= Hg\gH. PaBeuctBa Hg, = Hg,, f1H =
= foH BBHIMOJHEHB B T€X M TOJbLKO TeX CJayuasix, KOrua,
COOTBETCTBEHHO, g9 = Mg, fo = fihy IAA HEKOTODPHIX 3Je-
MeHTOB h,, hy = H. JTio60# 3J1eMeHT, BXOASIUIHH B CMEX-
HBIH KJjacc, MOxeT ObITb BHIOpPaH ero npejicTaBHUTEJeM.
PasuocropoHHHe CMexXHble Kaaccel Hg, fH MoryT mepe-
cekaTbcsi cOGCTBEHHBIM 06pa3oM. ONHOCTODOHHHE CMeX-
Hble xaaccel Hg,, Hg, (wau fiH, foH) an6o coBnapalor,
aubo He mepecekatotcsl. [loarpynna H sBasiercs kax Je-
BBIM, TAaK H NPaBbIM CMEXHBIM KJaccoM (C NpeJcTaBH-
TeseM e). Jlpyrux DOATPYNI CpPeAd CMEXHBIX KJdcCOB
no f1 Her. Bce cMexXHBle KJ&cChl HMEIOT OJLHHaKOBYIO
MOIIHOCTb, paBHylo |f|. I'pynna G pasGuBaercs B 00b-
eJlHHEHHEe HEMepeceKaUUXcsd OJHOCTOPOHHHX CMEMHBIX
KJ1aCCOB OJAMHAKOBOH MoliHOCTH. MouHocTs |G : H| MHoO-
JKEeCTBA Pa3jIMYHBIX OJHOCTOPOHHHX CMEXHBIX KJacCOB He
3aBHCHT OT BbIGOpa CTODOHE H Ha3bIBaeTcsl uxdeKcom
nodepynnst H 8 epynne G.

KoHeuHnle HMHAEKCH 06/ajaloT CAeAyIOLHM CBGH-
CTBOM MyJbTHIJMKaTHBHOCTH: eciH K< H <G, ToO
|G:H||H:K|=|G:K|. B uacTHOCTH, CIpaBeJJuBa
reopema Jlaepansca: nycts H — NOArpynna KOHEUHOH
rpynnel G, Toraa uMmeer Mecto GopmyJia

|Gl=I|HIIG:H]|
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Kax cnencrBue teopemul JlarpaHxka mosyyaeM: NoOpALOK
mo60ft nOArpynnsl KOHEYHOH TIPYNOH JeJMHT MNOPSIAOK
IpYINK; MOATPyNNa (KOHeuHoHl) s;-rpynnel cama 6yner
(xoieuHOM) m-TpYONOH.

Teopema Jlarpanxa, BooOllle roBopsi, He XONYCKaeT
o6paiuenus. Ecan uncno m neaut nopsinok |G|, 3to eme
He 3HAYMT, 4TO cyulecTByeT noarpynna H << G mopsaka
m. Bnpouem, ecnu m = p! — cTeneHb NPOCTOrO YHCJAA, TO
Takoe obpalieHHe uMeeT MecTo (cM. Teopemy Cujosa).

Ilycts H,, He— nmoarpynnel rpynnsl G. /[soinoeim
cmencnolm Kaaccom Tpynnsl G no ynopsiIOYeHHOH nape
noarpynn (H;, Hy) c npeacrasuteneM g & G HasbBaeTcs
MHOXKecTBO 3JeMeHTOB H,gH,={mgh|h, = H;, i=
=1, 2}. iBoiiHble CMeXHbe KJacChl N0 (pUKCHPOBaHHOM
nape noxarpynn (H,, H;) au6o cosnapaior, Ju6O He Ie-
pecekalorcs. HMx umeao (MomHoctb) o6Go3HauuMm |G
(Hy, Hy)|.

Iycte G —rpynna, g, h& G. dnement gh hgh™*
Ha3LIBAGTCS CONPANCEHHbIM K 3JEMEHTY g C IOMOUIbI0
3JleMeHTa h.

CkaxeM, 4TO diemeHT g G conpascer ¢ diemeH-
Tom g2 G B rpynne G, ecau Haljerca ajeMeHT h € G,
aast kotoporo gt =g, Toraa u ajemeHT g, CONpsiKeH

C 3/IEMEHTOM g B CHJIy DPaBEeHCTBA g, ———gg_'. ComnpsixeH-

HOCTb — OTHOLIEHHE SKBHBAJEHTHOCTH Ha MHOXKECTBE 3Je-
MeHTOB rpynnel G. Bce aneMeHTH pa3GHBAIOTCS Ha He-
IepeceKalrouIuecss KJaaccel 3KBUBAJIEHTHOCTH [g], koTophe
Ha3bBaloTcs xaaccamu conpaxcernoctu, Cpefu HHX 06s-
3aTeJbHO €CTb XOTA Obl OJMH OJHO3JEMEHTHHIH KJacc
[e]. Tpynna G Toraa u TOMIBKO TOrAa aGeseBa, Korjaa
BCE €e KJACCH COIPSIXKEHHOCTH OZHO3JEMEeHTHHIE.
Ilycte M = G — nogmMHoxectBo rpynnbl. Ilosaraem
Mé ={mé|me M} n HazniBaeM ME nodmuoscecTsoM,

conpsaxcetnoim ¢ M nocpencTsoM sjneMeHTa g & G. AHa-
JIOTHYHO TNpeAbIAYIIEMY MHOXKECTBO BCEX NOJAMHOXKECTB
rpynnsl G pa3GuBaeTcss Ha HemepeceKaloluecsl KJaAacChl
conpsixenHoctn [M]. )

duement g = G yenrpaasusyer 3neMeHT h < G, ecau
h€ = h wuam, yto TO XKe camoe, gh = hg. llentparusa-
rop Cg (M) noamuoxectBa M = G omnpepeasiercs Kak
MHOXKEeCTBO BceX 3JeMeHTOB g & (G, eHTpaJH3yUHX
KaxJHi u3 sjementoB m & M. 3amerum, uro Cg(M)—
noarpynna B G. Eciu M={h}, 10 C;(h) HasmBaercs
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yentpaauscropom asementa he G. Ecnu M =G, To
noarpynna C (G) 3 Co (G) HaswBaeTCss YeHTPOm TPYIIH
G. Uentp C(G) cocTOMT H3 TeX H TOJbKO Te€X 3JEeMeH-
TOB, KOTOphle MepecTaHOBOYHB! C JIIOGHIM H3 3JIEMEHTOB
rpynns G.

TCoBopsAT, uTO 3JeMeHT g & G HOpMAAU3YeT TOLMHO-
wectBo M= G, ectu M€= M. Dto 3HauyutT, YTO MpH
aioéoMm m e M uMeeM m€ & M H, KpoMe TOrO, AJSA KaxXK-
Joro m; & M cyumecrByer mg & M Tako#, yTto m§=m,.
Hopmaausarop Ng(M) onpelensiercss Kax MHOXKeCTBO
Bcex 3JieMeHTOB g & (, HopMmaausywouux M. B qio6om
cayuae Ng(M)—noarpynna B G. Ecaiu H << G, o H <<
< Ng(H). Slcno Takxke, uto Cgq(M)<< Ng(M).

Has saementa g G umeem Cg(g)= Ng(g). Un-
nekc |G:Ng(g)| coBmamaer ¢ MomHocTbi0 Kiaacca [g]
CONpPSI)KEHHRIX C g 3JEMEHTOB rpynnel G. AHaJOTHYHO,
uuaekc |G :Ng(M)| coBnajaer ¢ MOIHOCTBIO MHOXKe-
ctBa [M] Bcex compsxkeHHHX ¢ M MOAMHOMKECTB
rpynnut G.

Oro6paxenue ¢: G— H rpynnet G B rpynny H Ha-
3bIBaeTcss 2omomopgusmon, ecan ¢ (gi1g2) = @(g1)@(g2)
IJist Bcex g1, g2 = G.

M3 omnpenenenus caenyer, urto ¢(e)=-e, @(g!)=
=@ (g)~'. Utak, ¢ — roMmoMop}u3M B TOM H TOJBKO TOM
clyuae, ecJH ¢ MEPECTAHOBOYHO C PPYNIOBHIMH OIlepa-
nussMia. KoMnosuuus romomMopdusmMoB ¢: G — H, §: H—
— K — rakxe romomopdusm ¢¢: G— K. O6pa3 noa-
rpynnsl A << G mpu romomoppusme ¢: G— H —nmox-
rpynna ¢ (A)<< H. TNonuuit npoobpas noarpynnsl B <C
<< H — noarpynna ¢~ (B) << G.

B3zanMHO oJHO3HauHHH roMoMopdusMm ¢: G — H Ha-
3niBaeTcs usomopgusmom. Ias usomopdusma ¢ cyue-
cTByeT o6partHoe otob6paxeHne ¢—!': H— G, Takxe sB-
Jisoleecss H30MOp(pU3MOM.

Fpynnu G n H Ha3wBawrcsa uzomopproimu (0603Ha-
yenue: G =~ H), ecau cyniecTBylOT H30MOP(H3IMEH, Mepe-
BOAsfIHE OAHY Ha Apyrywo. H3omopdusm rpynn siBasieTcst
OTHOIIEHHEM 3KBHBAJIEHTHOCTH B KJacce BCeX [DYIIL.
HszomopdHble rpynnbl HMeOT COBEPIIEHHO OJMHAKOBHIE
anre6panueckue CBOMCTBA (€C/H, KOHEUHO, He paccMmar-
pHBaTb KaKuUe-TO [OMOJHHTEJIbHO ONpeie/ieHHbie Ha HHX
CTPYKTyphl). B aGcTpakTHOH TEOPHHM TIPYNN K HUM OTHO-
CATCS KaK K OJHHAKOBHIM OOBHEKTAM.
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Ilpumepwn. 1) I'pynna GL(n, P) oTto6Gpaxaerca Ha MYyJIbTH-
nHKaTHBHYI0 rpynny P* noass P romomopduamom det: GL(n, P)—
— P* A+ detA. 2) Apautusaas rpynna R m3omopdna MyabTH-

*
TJIMKATHBHOMH rpynime R+ TNOJIOXKHTEJbHbIX JHEHCTBHTEJBHBIX uHCeJ

*
B cmny Hiomoppuama exp: R—>R,, r—>e’ (samernm, uro
exp—t = In). '

’

T'omoMopdu3M, saBAAOLIHACA OTOGpaXKeHHEM <«HAy,
Ha3blBaeTCs CIOPBEKTUBHbLIM TOMOMOPGOHU3IMOM HJH 3NU-
mopgusmom. B cayuae rpynm sto coraacyercss ¢ Teope-
THKO-KaTerOpHHIM onpejeieHdeM snumopdusaMa. Ecau
romoMopdu3M oTobparkaer rpynny Ha ee o6pas B3aHMHO
OJlHO3HAYHO, TO OH Ha3bIBAETCS UHBEKTUBHbIM TOMOMOP-
(QU3MOM, HJH MOHOMOPPU3MOM, HIH Ba0sxceruem. [Ipu
MoHOMOpGHU3Me o6pas rpynnsl H3oMopdeH el caMoii, MO-
XKeT ObITb C HeHl OTOXK/IECTBJIEH, YTO ONpaBJALIBaeT Tep-
MHH «BJOXeHHe», Jliwobas moarpynna H << G BJoXeHa
B G kak abcTpakTHasi rpynna.

I'omomopdusm ¢: G— G rpynnsl B ce6Gst Ha3bIBaeTcs
andomopguamom. MHOKeCcTBO BCeXx 3SHAOMOpHH3IMOB
rpynnel G o6o3nauaercas End G u saBasiercs noayrpym-
NMOH OTHOCHTEJbHO KOMMO3HUHH. M3oMopduaM ¢ rpynns
G Ha cebs HasbiBaeTcsi asromopdusmom rpynnel G. OT-
HOCHTEJIbHO KOMIIO3HIHH MHOXXECTBO BCeX aBTOMOp()H3-
MoOB rpynnel G sBJisieTcs TpynnoH, KoTopasi Ha3blBaeTcs
e2pynnoii asromopgusmosg rpynnel G H o603Hauvaercs
Aut G.

Cpenu Bcex aBToMop¢u3MoB rpynnsl G BhIessOTCH
8HYyTpenHue asTomopduamo. o4, g = G, ompenessieMmbie

ycsoBueM o, (h) = h® nus Bcex h = G. Jlerko npoBepHTb,

=—g-! — = -
uTo 0 ,—1=0;", o(glg2) 1 =0g-10,-1. IMostomy oto6pa

xenue o1 G—>AutG, rae o(g)=o0,-1, okasuiBaercs

roMmomopdusmoM. O6pa3 rpynne G npu roMmomopdusme
O HasblBaeTcs 2pynnot BHYTPEHHUX 08TOMOPPU3MO8
rpynnel G u obGo3navaercs Inn G. I'pynna G abesnesa
TOrja H TOJMbKO Torpa, koraa Inn G ={ids}, rae ide —
TOXJECTBeHHbII aBToMopduaMm rpynne G.

[Noarpynna A << G HasniBaercs swdomopghro dony-
CTumod (WU BA0AHE XAPAKTEPUCTUYECKOLU), eCcau IS
Jwboro ¢ = End G umeem ¢(A)<<A. Toarpynna A <<
< G asromopgro JdonycTuma (xapaxrepucTuqua), €Cin
¢ (A)=A nas mo6oro ¢ = Aut G.
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Cosokynuocts {g"|ne& Z} cremeneit snemenra g
rpynnel G siBasierca noArpynnod B G. OHa HasbiBaercs
yurxauweckol nodepynnoil, NOPOHNOeHHOU INeMeHTOM g,
U obGosHavaercs (g). Iloarpynna (g) xoHeuHa B TOM H
TOJIbKO TOM cJydac, ecjli g"=¢ AJas HekoToporo n & N,
Ecan n— MHHHMaJIbHOE 4YHCJO C 3THM CBOHCTBOM, TO
OHO Ha3bIBaeTCs] NOPAOKOM aemeHTa g ¥ 0603Hauaercs
|g|. Jlerko Bumerb, uto gk =g! k, |=Z, torna u
TOJBKO TOrja, korga k= [modn. I[lostoMy |g|=
=|(g>|. Ilo Teopeme Jlarpanxa mopsajok JoGoro sJe-
MeHTa KOHeUHOH rpynnsl G AeJHT MOpsaok rpynmnsl. Ecau
aas awoboro ne N umeeM g'=~e, TO Bce cTenedu gt
ne Z, pa3auyHel MexXAy coboii. B atom cayuyae mnopa-
rpynny {g) Ha3bBaloT OeCKOHeuHOU YUKAUYECKOl U To-
BOPSIT, UTO g — 3JIeMeHT bOeckoreynozo nopsadka. I'pyn-
na, B KOTOpPO#i HeT HEeIHHHUYHBIX 3JEMEHTOB KOHEUHBIX
NopsIAKOB, HasblBaeTcs epynnod 6e3 kpyuenus. I'pynma,
B KOTODOH MNOPAAOK JI060rO 3JieMeHTa KOHeuyeH, Ha3hl-
BaetTcsi nepuoduueckot. I1ycTb 5 — MHOXECTBO NPOCTHIX
yyceJ1, BKJIIOUAIOLEe BCE BO3MOXKHbIE IIPOCTHE AeTHTENH
NOPSAAKOB 3JI€MEHTOB nepHoguyeckoi rpynnsl G, torga G
HasbiBaerca m-epynnod. Ecan n = {p}, To G HaswBaeTcs
p-epynnodi. Ecniu mopsiiku BceX 3JEMEHTOB NepHoAHye-
ckoit rpynnsl G jeasatr yuciao n < N, To n HasbiBaeTcs
nepuodom (3kcnonerntori) rpynnsl G.

I'pynna G Ha3biBaeTcsl yukAuweckou, eciu cylle-
CTByeT 3JieMeHT g (G TakoH, uro G = (g). SieMeHT
g Ha3blBaeTcss B 3ITOM CJydyae nopoxoaroujum 3;eMeH-
ToM rpynnel G. Bece uHk/Janueckde rpynns nopsaka n = N
naoMopHbel Mexay coboii M o6osHauatorca C(n) uIn
Z(n) (cpeau HUX aJJHTHBHBIE TPYIILI BHYETOB 110 MO-
LyJi0 1 H MYJbTHIJIMKaTHBHBIE I'PYNNBl BCEX KOMIMJIEKC-
HbBIX KOpHe# H3 1 cTemeHH n). Bce muk/uyeckue rpynnst
6eCKOHEYHOro MNOpsfiKa TaKXe H30MOP(HH MeXKAy CO-
60ii 1 o6o3Hayawrca C(oo) uan Z, Tak Kak cpeld HHX
COJlepKHTCA aAAHMTHBHAs IPyNIa LeEJhX YHCeJ.

Jlio6as moAarpynna UHKJIHYECKOH TIpymnbl — CHOBA
uukauyeckast rpynna. Ecau E 5= A < (g), T0 A= (g™),
rae m=min{|k|%0|gt= A}. Tlpu {(g) ~Z unmeeM
A ~1Z; npu (g) ~Z(n) nonyuaeM A==Z(n/m).

Jlio6asi rpynnma npocroro mopsijika p SIBAseTCS LHK-
anveckod rpynnoit Z(p). ToabkKO B TaKHX Irpynmax HeT
COGCTBEHHHIX HeeIHHHYHBIX MOATPYIIL
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Ilycte G — xoHeyHas rpynna, p* — HauGoJbluias cre-
HeHb npoctoro uucna p, peasimas |G|. Cregyomue y1-
BepK/JCHHUS COCTaBJSIOT H3BecTHYW Teopemy Cuaosa.

1) [Has mo6oro uucina 0 << [ <C k B rpynne G Haii-
netcsi moarpynna H; nopsaka pt.

2) Eciu 0 < /<< k—1, To mobas noarpynna H; no-
pALKa p' copepKuTca B HexoTOpoii noxprpynne My, no-
psixa pitl.

B yactHocTH, NMOArpYNNH NOPSiAKA P* M TOJbKO OHH
ABJSIIOTCS MaKCHMaJbHBIMH p-noArpynnaMu rpynns G.
OHY Ha3HIBAIOTCSl CUAOBCKUMU p-nodepynnamu rpynnn G.

3) Bce cusoBckue p-moiarpynnel rpynnsl G comnps-
JKEeHLl MeXAy co6oi.

4) UYiicio cunoBckux p-noarpynn B G CpaBHHMO
C eIVHHLEH 10 MOAYJIO p H JeJUT NOPSAOK rpynnu G.

Iloarpynna H <C G Ha3nBaercst HOpmaAavrol noo-
2pynnoii WU HOpMaAbHoIM OeaurTesem Tpynnsl G, 4TO
o6o3nauaercss H ]G, ec/iu BHIOJHCHB CJIEAYIOLIUE SKBH-
BaJIEHTHBIE YCJIOBHSA:

(1) H¢=H pas moboro g G, 1. e. G= Ng(H);

(2) Hg=gH nas moboro g = G;

(3) h¢e= H pna mobuix he H, g=G.

Ecmn H ] G — co6cTBenHas NOArpynna, To MHLIEM
HG.

I'pynna G Ha3miBaeTcsi npocroii, ecii B HEeH HeT He-
€JIHHHYHBIX COOCTBEHHHIX HOPMaJbHHIX NMOArPYIMH.

ITepeceuenue 1060 COBOKYNHOCTH HOpMaJIbHHIX MOA-
ITpynnm B Ipynme ecTb HopMaJibHas mnoarpynma. OGpas
HOpMaJIbHOA NOATPYNNH NPH 3MNHMOP(pH3Me HJIH NMOJHHH
npoo6pa3 npH TroMoMop¢u3Me — CHOBA HOpMaJbHHIE
noarpynnsl. Ecin H G, 10 Ci (H) G. Tloarpynna
H < G Bcerza HopMaJbHa B CBOEM HOpMaJH3aTope
Ng (H)— naunGosbiueit cpean Bcex moarpynn rpynns G,
cojepxauiux H B KauecTBe HOpMaJbHOH moarpynmal. Ile-

peceuenve Hg 75 ﬂ Hf ects HanGoJsblllasi HOpMaJbHas
: fea

noarpynna B G, gexamas B H. Hasosem Hg cepdye-
eunoid mnoarpynnel H (mo-aHramiickn core of a sub-
group H). Ecin HJG, K<G, 1o KNH K.

Ecnu A, B— noprpynnu B G, To AB He o6s13aTeJbHO
noarpynna. Ecau oasa u3 moarpynn A, B HopMaJbHa
B G, To AB=BA —noarpynna B G. Etin A, B — nop-
MaJibHble moArpynnbn B G, T0 AB = BA — takXe HOp-
MaJbHas moarpynna B G.
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CBOHCTBO «OBITb HOPMAJBHOH NOATPYNNOi» He TpaH-
3uTHBHO: H3 Toro, yTo H I K, K G, eme He caenyer,
yuto H<JG (cm. mpumep Ha c. 90). Ecan K G,
TO conpsxeHue og: K— K 3sjqementroM g<= G onpége-
asier asromopcdusm rpynnel K. Ecmu H << K— aBro-
Mop(pHO pomycTHMas noarpynma B K, To oHa gonycrtuMa
H OTHOCHTECJLHO BCEX Og, § & G, YTO PaBHOCHJIbHO HOp-
mansroctn H G.

IIpumepn. 1) Bce moarpynnei aGeneBofi rpynnet A Hop-
MaJbHe B A. Bce moarpynnsl u3 nextrpa C(G) rpynnst G HopMalb-
Hut B G. 2) Tlogrpynna SL(n, P) marpuu c omnpeienureneM 1 Hop-
maabia B GL(n, P) (P —none). 3) Uenrpanusarop Cs(M) noxz-

MHOXectBa M =G Hopmazen B Hopmaauzatope Ng(M) Toro xe
IOJMHOXKeCTBA.

ITosneiit npoo6pa3 exuHuyHOH noarpynnu E << H npu
romomopdusme @: G— H HasznBaerca a0pom 20MOMOp-
¢usma ¢ u o6osnavaercsa Ker ¢. fnapo Ker ¢ — Hopmassn-
Hast noarpynna rpynne G. dnumopdusm ¢: G—H 8-
JsieTcsi U30MOppU3IMOM TOTAA M TOJBKO TOrAa, KOrja
Ker p = E.

Mycrs H <G — nopmanbhas  noarpynmna. Muoxe-
CTBO BCEX pa3/IMYHEIX CMEXHBIX kJaccoB {Hg|g = G}
C omepauued ymHOXKeHus Hg Hg,75 Hg,g, o6pasyer

rpynny G/H, xoropasi Ha3bBaeTcsl @paxropepynnoi
epynnot G no Hopmarsoroil nodepynne H. KappekTHOCTb
BBEJEHHOTO BHILIE YMHOXEHHS CMEeXHBIX K/iacCOB HMeeT
MeCTO, ecJIi TOJbKO H — HOopMaJibHasi MOATpyNIa.

OroGpaxenue ¢: G— G/H, rae ¢(g)= Hg, apnser-
¢ 3nHMOp(HU3MOM M HaA3bIBAETCS eCTECTBEHHbIM WIH Ka-
Honuveckum romomopdusmom rpynnel G Ha ¢axTOp-
rpynny G/H. 3amerum, uto Ker ¢ = H.

Jnst mpousBosbHOro snumopdusma @: G— H umeer
mecto uzomopousm a: G/Kero=~H, rae a(Kerg-g)=
=0¢(g)-

Mpumepr. 1) G/E~G, G/G~E; 2) Z/(n)~Z (n), Z (n)/{m) =~
=~ Z ((rn, m)); 3) GL (n, P)/SL (n, P) >~ P* (P — noue); 4) C*/T ~ Rf,,,
rie T={z=C ||z|=1} — myapTuniuKaTHBHass  Trpynma  BCex
KOMIIVIEKCHBIX 4YHCeJ, MOAYJb KOTOPHIX paBeH eqHHHue.

[TocsiegoBatenbHOCTL IPynn H roMOMOP(H3IMOB

@y Py Pit1
~-’_—‘>Gi’——>Gi+l—'—>... (*)

naspiBaetc ToYHot 8 (i+ 1)-m waene, ecin @;(G;)=
= Ker @iy;. ITocnenosatenbHocTh (=) HasnBaercs TO%-
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HOU, eCIH OHA TOYHA B KaXJOM CBOEM UYJIeHe. Kopomaﬂ
TOoYHAA nocneﬁosareﬁbuocrb, o onpeneyIeHH10, HMeeT BU]

E—~>R—>G2> H->E, (+%)

rfie \— BJIOXEHHE HOPMAJbHOH moarpynmel R B rpymmy
G, @ —snuMopdu3M, KpalHHHE CTPEJKH COOTBETCTBYIOT
OYeBHAHBIM TromMoMopduamaM. ToyHOCTb O3HaAYaeT, YTO
Ker ¢ =R. SlcHo, uto G/R = G/Ker p~H.

Ecniu R — HopMmanbHas noArpynna rpynne G, ¢ak-
Toprpynna no koropoi G/R usomopdHa rpynnme H, TO
roBopst, yro G — pacwuperue (HOpMaJbHOH) NOArpym-
nel R nocpeacrsoM rpynnel . TakoMy pacuinpeHHnio co-
OTBETCTBYeT KOPOTKAas TOYHAs MOCJEeLOBaTeJbHOCTb (%),
npuyeM @ HHAyuupyer usomoppusm G/R=H.

Ilycts A, B — HopManbHble noArpynnel rpynnsl @,
npuuem A << B. Torna B/A << G/A u cnpaseanuBa ¢op-

MyAa
(G/A)/(B/A) ~ G/B.

Ilycre A —noarpynna, B — HopmasibHas moArpynmna
rpynnel G, torna BN A<|A u cnpaBeasuBa ¢opmyJa

A/B A~ AB/B.

Ilyctb X — moamHoxectso B rpynne G. Ilepeceye-
pue Bcex noarpynn H <C G, conepxamux X, ecTb HaH-
MeHblIass noAarpynna, cogepxamasi X. OHa oGo3Hauaer-
ca <(X) (ucnoum3ylorcsi Takxe o6osgauenus rp(X),
rp(x|x=X), (X) u 1. n.) u HaswiBaeTcss nodepynnod,
nopoxcoennoti mroxcecrsom X. Ecnn G = <(X), To roso-
pAT, uTO X — MHOXCECTB0 nOpPONOAIOWUX IAEMEHTO8
rpynnst G. I'pynna G Ha3bIBaeTCs KOHEYHO NOpPONOeH-
HOil, eCJM CYWEeCTBYeT KOHeuHOe MHOXKecTBO X ee Io-
pOXAAIHUX 37eMenToB. Ecan npu stom |X|= n, To ro-
BopsAT, uTo G n-noposicdena.

IIpumepn. 1) TI'pynma G 1l-mopoxjieHa TOrga H TOJbKO
TOrAa, Korga oHa uukaudeckast. 2) Ipynna SL(n, Z) mnopoxieHa
MHOXKECTBOM BCeX TpPaHCBeKUHW#H fi;; = e -+ e;;, rae e; — MaTPHYHARA
€MHHIa, T.e. MaTpuua, B KOTOpOﬁ Ha IepeceyeHHH i-i CTPOKH H
j-ro croabua CTOMT elHHHIla, @ Ha OCTaJbHLIX MecTax — HyJb (e —
€JHHHYHasa ManHl.la).

B sBHOH 3anucH 3JeMeHTH noArpynnel (X)<< G BH-
raspar caenyrouum o6pasoM. Hasosem epynnoseim cao-

e, &
eom B andapute X popMasbHOe BhIpaXKeHHe U = X,'X,%...

... X7, x, =X, g,=+ 1. Kaxaoe cJIOBO 3aNHCHIBaeT

n?
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onpefeserHblll 3aeMeHT rpynnsl G, KOTOpH Takke 060-
3HauuM uepes v. BepHo u o6parHoe, 11060i1 3J€MEHT O~
rpynnsl (X) WMeeT 3amHCb YKa3aHHOIO BHUIA. 3aMeTHM,
YTO pasHble CJ0OBa MOTYT 3aMHCHIBATb OJHH M TOT Xe
anement. [lonpo6Hee 06 sTOM rosoputrca B nm. 1.2, 1.4.

Ilycts G — rpynna, nopoKAeHHash MHOXECTBOM 3Jie-
MentToB X. M3BecTed cTaHLApTHBIH CHOCO6 MOJYYEHHS
MHOXECTBA MOPOXAAIOUHX JIeMeHTOB noArpynnel H <G
yepe3 X wu MHoxecTBo I mpexpcrapuTedeit (mpanbix)
CMeXHBIX KJaaccoB rpynnbl G no noarpynne H. Cunraew,
uyto e =T Kak npexncrasutesas . [Toarpynna H nopox-

naetcs MHOXKecTBoM 3aementoB S (T, X) 5 {tx(tx)™" ltET,
xe X}, rae § =T — npeacraBuTteb CMeXHOro Kjaacca Hg,

g=G. 3aumeruwm, uro tx ! (fx 1)~ =(t1x(t1_x)_l)_l,tl=tx_—'—.

&, e
ITo 3amucu smemeHnta v=x'1x2 ... xne=H muoayuaeMm
172 n

3anuch TOro Xe 3Jjemenra B nmopoxpatomwux S (T, X):

v=[exit ()] [xrsge (1) 7] -
) [x,lx22...xi"_-l‘~xf‘"~e],

Tak Kak U ==e. [loarpynna KoHeuHoro HHIekca H xo-
HeYyHo MNOPOXJeHHOH rpynnal G cama KOHEYHO IOpOXK-
ndeHa. Kpome toro, H comepxut sHzomopdHO nomy-
ctiMyl0o B G noarpynny K Takxke KOHEUHOro HHIEKca.

dnement [g, f] ‘ffg‘fg_'f"l Ha3bIBaeTC KOMMYTATO-
pom snemeHToB g, f= G. 3amerum, uto |[g,f]-!=
=|f,gl, lg,flfg = gf, T. e. koMMyTaTOp xapakTepusyer
«pasnuuny» Mexny fg u gf ([g,fl=-e Torna u TOJBKO
toraa, koraa fg = gf). Kommyranr G’ rpynnel G ompe-
JdensieTcsl Kak MOATPYINa, MOPOXKIEHHAasT MHOXECTBOM
Bcex KoMMmyTtaTtopoB, KoMMyTaHT G’ — HOpMaJsibHasi NOA-
rpynna B G, ¢akroprpynna no koropoii G/G’ abenena.
Ecau dakroprpynna G/N aGenaeBa, To HOpMaJbHasl NOJ-
rpymna N G coaepxutr koMMmyraHT G’. PapencTBo
G’ =FE uMeeT MeCTO TOTAa H TOJbKO TOrJAa, KOTrAa
rpynna G abene.a.

Crenenb G*, k= N, rpynnsl G 1o onpeiejeHuio ecTb
NOArpYyilNa, MOPOXKIEHHAs BCEMH 3JeMeHTaMH BHAa gFk,
g= G. Umeem G*G. Pakroprpynna G/G*—rpynna
nepxHoja k.

OTMeTHM, YTO J1I06OH 3JeMeHT KOMMyTaHTa [cre-
NeHu| 3amlHCbIBaeTcsl KaK IPOH3BeJleHHe KOMMYTAaTODOB



78 rJ. 11. TPYIH

[ereneneii], u B o6ueM cayuae 3Ty 3amuch HeJb3s cBep-
HYTb B KOMMYyTaTop [CTeleHb].

DneMeHT g & (G HaA3HBAETCS HENOpPoONAAIOUWUM, eciH
ero MoXHO 6e300/e3HeHHO yOpaTb H3 JIOG0OTO MHOXKe-
cTBa, mopoxjaiomero G, T. e. u3 G = (X {g}) Bceraa
caenyer G =<(X). Iloarpynna H << G HasbiBaercs Max-
cumanerod, ectu H== G u mobas moarpynna K <C G,
cTporo copepxaimnas H, copmagaer ¢ G. 3amerum, 4TO
OeckoHeuHass TIpyNma MOXET He HMeTb MaKCHMaJbHBIX
noxrpynn. Ilodepynnod ®Pparrunu ®(G) rpynnu G Ha-
3HIBAETCs NepeceueHue BCeX ee MaKCHMaJbHHIX NOArpYHII,
ecJiii OHH CYIECTBYIOT, H caMa (G B NPOTHBHOM cJyuae.
MHo0KecTBO BCeX HENOPOXKLAOUWHUX 3JeMeHTOB rpynnsl G
coBnagaer ¢ noarpymnnoit ®parrunu D (G).

[Tepeceuenne Bcex HOpMAaJbHBIX MOATPYIN, cOAepkKa-
LI¥X LaHHOe NMOAMHOXecTBO R rpynnel G, siBAsieTCsl Hau-
MeHblllei HOpMaJbHOH mMoArpynmo#, cofepxameit R. Ona
o6o3Havaercss <K R> uan (R)% u Ha3bIBaeTCs HOPMAALbL-
Howm 3amoikanuem R B G.

g g g
3anuce  BHIA v=(rfl) '(r;Z) L (rik *.r, =R,
e;,==+1, g,=G, i=1, 2, ..., k, onpeneasier 3JeMeHT
v =({(R)). HaoGopor, mo6oit saement v & {(R)) Moxer
6biTh (HEOOHO3HAYHO) 3amucaH TakuM cnocobom. [lo-
HfiTHe HOpMaJsbHOro samuikauus ((H)) noarpynnu H <G

JABOHCTBEHHO BBEJIEHHOMY paHee MOHSITHIO cepaueBHHH Hg.
PaccMOoTpUM OCHOBHblE OMNepalHHd Haj TpYIIaMH.

1°. IIpAamMble H 1eKapTOBH NPOH3BENXEHHUS.

Ilycts Gy, Gy, ..., G, —rpynns. Muoxectso G =G, X
X Gy X ... X G, nocnenosarenbHocreit (g, g9, .--, Su)»
&1 E Gb C YMHOXEHHEM (gl’ 8o -y gn) (fh f27 sy fn) ‘ff
=(gif1, gof2, --., &nfn) ABAsieTcss rpymnoi, Kotopas Ha-

3nBaercs npamvim npoussederuem rpynn G;. Ilpu stom
rpynnsl G; Ha3hIBAIOTCH MHOXCUTEASMH NPSIMOrO MpPOH3-
Beflenusl. C TOYHOCTBIO O H30MOp(dH3Ma THPSIMOE NPOU3-
BeJicHHe He 3aBHCHT OT NOpsijka MHOXHTesell. MHOXe-
CTBO IOcJejloBaTenbHocTel (e, e, ...,.gi, e, ..., €), The
gi < G; CTOUT Ha i-M MeCTe, COCTaBJsieT MOATPYNNY, H30-
MopibHYyI0 MHOXHTENI0 G

IMyctb Gq, o € A, — NpOH3BOJIbHOE CeMEeHCTBO rpyni.
MuoxectBo G=]] G, Bcex ¢yukuuit f: A—-U Go Ta-
KHX, 4T0 f(a) & Go nas A1060r0 @, C YMHOMXKEHHEM, OIl-
peneasieMbiM paBeHCTBOM (fg) (o) =f(a)g(a), aBasercs
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rpyNnoH, KOTopasi HasblBaeTcs O0exkapTosuim npoussede-
Huem rpynn (MHOXHTeNeH) G, 3HaueHHe f(a) HasH-
BAaCTCA -KOMIOHEHTOH sjeMeHTa f < G.© MHOXecTBO
BCeX 37eMeHTOB [ & G TaKHX, UTO [(B)=—¢e npu B #*a,
o5Spasyer mnoarpynny, H3oMopoHyo MHOXHTeNO G,

Onpenenum muoxectBo supp () 5 {a|f (a) # e}, Ko-

TOpOe HA3HIBAETCA HocuTesem daementa f e G = H G,.
MHoXeCTBO Bcex 3JeMeHTOB [ & G ¢ KOHEYHBHIMH HOCHTe-
JSIMH gBJISieTCsl NOArpYINOH, KOTOpasi Has3blBaercs npa-
moim npoussederuem rpynn Gq, o A, u o60o3Hayaercs
G= HGQ. Ecan mMHoxectBo A = {1, 2, ..., n} KoHeuHoO,
TO /IeKapTOBO H NPsIMOE NMPOU3BEJEHHs COBMAAAIOT C IIPO-
ussegendeM G; X Gy X ... X G,.

Hicnonb3yss KOMIOHEHTHEIE BJIOMKEHHS, OTOXKIECTBHM
MHOXHTENH [EeKapTOBa M NPSIMOro NPOM3BEJEHHH C HX
NOArpynnaMy.

Ipynna G Ttorja ® TOJbKO TOrxa u3oMmopdHa mps-
MOMY NpOHM3BeleHUI0 cBoux noAarpynn Gq, o € A, Koria
BBIMOJIHEHB! CJeRylole ycaoBus: 1) Bce G, — HOpMaJb-
HBle moArpynnu B G; 2) noArpynna, nopoxaeHHas BCeMH
Go, coBnagaer ¢ G; 3) nepeceuenue J06OH MNOATpPyNNH
G, ¢ noarpynmnofi, nopoxueHHo#l ocraibHHMH Gg, P 7
%= o, PaBHO eIHHHYHOH moarpynne E.

Ilycte pry: G — G, — romoMopdu3M AeKapTOBa INPO-

H3BeleHHd G = HGQ Ha MHOXHUTeJb Gy, onpereeHHbIHA
dopmynoit  pro(f) ={(a). Hasosem pr, a-npoexyuei
dekaproBa mnpoussepenus. Iloarpynna H <G Hasw-
BaeTcs noddekaproseim npoussedenuem rpynn Gy, o € A,
ecan RJas Jio6oro a uMmeeM pry(H)=G,.

[Tycts\ nast smo6oro a & A cyluecTByeT TOMOMOpP-
¢usM @, HekoTopo#l rpynns A B rpynny cemeiictpa G.
EcrectBeHHbHIM o06Gpa3zoMm onpenessieTcss roMoMOopQpH3IM

(90): H— 11 G,, nas xoroporo k> (g (h)).

[lycts B rpynme G 3agaHo ceMeHCTBO HODMaJibHbIX
noxrpynn N, a < A. Ilycts @4 G— G/N, — ecrecTBeH-
Hble roMoMopduamel. Snpom romomopdusma (@y): G —
-1 G/N, ssasietca N = (1 Ny (reopema Pemaka).

Ecau rpynnu G, a = A, agguTHBHB, TO BMECTO

G= II G, G= H G, uvacro IHIIYT, COOTBETCTBEHHO,

=0G, (n.rm 5=§Ga), G———@Ga(mm G=ZG¢,)

Qf
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(8 xoneunoM cayuae G,PG,D ... ®G,), HasnBasg HX
Oexaprosod u npamoi cymmamu rtpynn G asA.

I'pynnet G, HasbiBawoTcs caaraeMeliMH rpynn G, G.

Yepes G* o6GoszHaualoT npsaMyio cyMmmy (cTenewns) %
u30MOp(DHEIX caraeMsblx.

’

ITpumepsn. 1) Tpynma R”, n= N, ecrb npsimasi cymma n
sk3eMnisipoB rpynnel R. B ofuieM cayvae agauTHBHas rpynna Ju-
HeifHoro mpocTpaHcTBa V pa3mepHOCTH % Hajg noseM P ecTb npsMas
CyMMa % 3K3eMIIspoB aafuTHBHOH rpynnbl P. Komnoueutn 3ie-
MEHTOB — 3TO HX KOOpAWHaTH B ¢(HKCHpPOBaHHOM Gasuce. 2) ['pym-
na F(, , ectb nekaproBa cymma rpymn R, ~R, e={a, b], rae

o.-KOMIIOHeHTa GYHKUHH [ & F[a' p] €CTb ee 3Hauenue f(a).

2°, [IpssMmele mpepeasl. HacTHYHO ymOpsiZOYEH-
HOe MHOXKEeCTBO HHIEKCOB A Ha3blBaeM HANPABAECHHbIM
(BBepx), ecau pJasA JIOOGHIX 3J1eMEeHTOB A, u & A cylue-
cTByer aJeMeHT ve& A Tako#, uro A, p<Cv. Ilycts
A — nanpasseHHoe MHOXecTBO, {G* |A = A} — cemeilicTBO
rpynn. IlpenmoJioxuMm, 4YTO RJA KaXKHXOH Hapel A=p
3ajlaH roMoMopdu3M tﬁ: G" — G" takoi, uto IpH JI06BIX
p<KAOv nmeem Yy =1} u Beeraa vy =idg,. B stoit
CuTyauuu TOBODHM, YTO 3afaH ApAMOL cHekTp Y =
= {G* \}, A}. Tlo sananHOoMy npsiMoMy cnekTpy ¥
nocTpouM HoByw rpynny G=Ilim G* xortopasi Ha3bl-

-_—>
BaeTcsi npameis (UHOYKTUBHBIM) npedesom rpynn G*,
A = A. Hpest nocTpoeHHs 3aKJ/OYeHa B OTOXKJECTBJEHHUH

snementa g, & G' co Bcemn ero oGpazamu L (g,) G*
npu p>=A. Il 3TOro Ha TEOPETHKO-MHOXKECTBEHHOM
o6bennnenun |J G} ompenesuM SKBHBAJIEHTHOCTb, MOJA-
ras g, -~ g, A g, G g, =G* ecan cyllecTByer
Takoe veE A, 4To A, p<{v H Lx(g,‘)=tx(gu). Ilycts
[g,] o6o3nauaer Kaacc 5KBHBAJEHTHOCTH, ONpe/ie/sieMblil
JMIeMEHTOM g, & G*. YMHOXeHHe KJacCoB 3ajaercs
npasuioM [g,][g,]=[u (&)} (8,)] At v=24, p. dto
YMHOX<eHHe KODPEKTHO OIlpefesieHC. H 3aJaeT Ha MHO-
)ectBe G KJaaccoB [g,] CTPYKTypy rpymimhl.

MMpumepun. 1) Ilycts rpynna G ecTb oGbeluHEHHE HEKOTO-
poro muoxectBa {G.|k = K} cBoux noarpynn. Ionoxum ki << k2,

s k
ecnmt Gy <Gy . Myers 't Gy —> G, — Broxenue. Ilpeanonoxum,
yTO 3ajaHublii Ha K TOPAAOK OKasajcsd HampasJeHHbIM. Toraa
rpymia G usomopdua npsmomy npexeay lim G,.
—_>
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B uactHOCTH, Kaxpaas TCpyNna ecTb NPAMOH TNpeles KOHEYHO
MOPOXIEHHBIX MOArpyNNn, rpynna Q sBjsercs MNPAMBIM NpeleaoM
CBOHX LHKJIHYECKHX HOATPYMIL.

2) PaccMoTpum BO3pacTalollyl0 LeNb LHKJIHYECKHX MOATPYNN
Cp) <C(p?) <...<C(p") <... (p npocroe), B KOTOpO# BJO-

XKEHHS OCYILECTBJIAIOTCA 10 IpaBHay g; —> gf +1» ecm C (p‘) =
=(gi>, i=1, 2, ... Ilpamoit npemen C (p°°) =En>C (pi) ecTb

o6benuneHne ykasauoil uend. I'pymma C(p>™) HasbiBaercs Ksasu-
yuxauueckoid p-epynnoi. OHa GeCKOHeYHa, XOTHA Kaxjaasi ee co06-

cTBeHHasi MNoArpynna — uukJaundeckas C(p*), k=1, 2, ... Myab-
THIVIMKATHBHAsl T[DyNna BceX KOMIIEKCHBIX KOpHeHl M3 eXHHHLBI
creneHeil pf, k=1, 2, ..., p—npocroe, usomopdHa rpynne C(p=).

MysnbTUN/IHKATHBHAsE TPyNma BceX KOMIJIEKCHBIX KODHell M3 eIHHH-
Lbl NPOH3BOJBHLIX CcTeleHeH H30MOpPpHA NPSIMOMY NPOH3BELEHHIO

HC (p™) kBasumukIHYECKHX p-TPyNn 1o BCeM INPOCTHIM p.
P

IMycts G =lim G’"—npﬂMoi& npegeJs, OTBevamoLHi

—>

npsimomy crnektpy §={G*, , A}. OrtobpaxeHnne t,:
G* > G, g,—>[g], A=A, aBasercs roMmoMopdH3IMOM.
[Monaraem G, =1, (G*). OTMeTHM HeKoTOpbie CBOWHCTBA
NpSMBIX HpereJioB.

1) G=UG,. "'

2) G, <Gy, ecan A p.

3) Ecaum BCce i — MOHOMOPGH3MBI, TO H L, — MOHO-
mMopduaMsl, nostomy G* ~G,, A = A.

4) Hyers & ={G* W}, A} — apyro#i npsiMoii CreKTp.
ITpennosoxiiM, 4YTO CYLIECTBYIOT TOMOMOP(HIMBL @y
G* — (*, nepectaHoOBOUHbIE B NOHSITHOM CMEIC/IE C TOMO-

Mopduamamu ¥, :;f (A, u = A). Torna ecrecTBeHHO Ompe-
neJsed romomopbusm ¢: lim G* — lim G, rae ¢ ([g]) =
e —

=[q (g)], A= A.

3°. [loaynpsiMble mpousBeleHUS H pac-
WupeHUS NOCPeJCTBOM AaBTOMOD(HU3IMOB.
Ilycts 8 rpynne G ectb HOpMaJsbHas moiarpymna N H
noarpynna H takue, uto G=NH, N\ H=E. Torna G
siBasieTca paciwupedueM N mocpeactsom H==G/N. To-
BopsT, uto G — noaynpamoe npousdsederue (HOPMalb-
Hoi) mnoarpynnsl N Ha noarpynny H. Hcnosabsyercs
OIHO H3 CJeAYIOUIMX O603HAYEHHH: G=N>H, G=
=NX H,G=N 7] H.llpamoe npousselerne G = N X
X H saBasieTcssi YacTHHIM cJydaeM IOJTYOPSIMOrO IIpOH3-
Belenus G=N> H.
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I'oBopsr, uto pacmupenne G HOPMAJIbHOH NMOATPYINIBI
N noccpencteom rpynnu H pacuenasercs, ecau cylle-

creyer noxnrpynna H <C G, usomopdHas H u takas, uTo
G=N> H. B 2T0#i cuTyauuu TrOBOpSIT, UTO HOpMaJb-
Hast moarpynna N donoarsema noarpynmoi "H.

MMpumep (reopema llypa — Laccenxaysa). Tlycts A — Hop-
MaJibHasg MoArpynna KoHeuHo# rpynnsl G. Ecam nopspok n = |A|
u uugekc m = |G:A| B3aumHo mpocte, To A pomoaHsema B G
noarpynnoii B mopsika m u JiOGble ABa TaKHX <LZOMOJHEHHs» CO-
npsixensl B G.

B nonynpsimom npousBelnennu G = N >~ H mo6oii sJe-
MEHT JONYyCKaeT OJHO3HAYHYyI0 3amuce g=rh, n N,
h & H. YMHOXeHHe BBHIMOJHAETCA N0 NpaBuay: nh nh,=
=nnbhh, n,eN, heH, i=1, 2.

[IpuBeneHHOe ompeje/ieHHe NMOJNYNPSMOro NpoH3Befe-
HUSA sABJsieTCSl BHYTpeHHuM. [lust moctpoeHuss moaynps-
MOro MNpOH3BeJeHHs AOCTAaTOYHO 3HaTh, KaK 3JEMEHTHI
rpynnnl H «compsiraioT» 3JeMeHThl HOpMaJbHOH NOA-
rpynnul N. Ecau rpynna G= N>~ H yxe noctpoeHa, TO
KaxJoe conpsiKeHHe 3JjeMeHToM h e H noarpynnel N
3agaetr aBToMopdusMm o (h)= Aut N.

Ilycts 0: H — Aut N — romomopduam. Brewnree noay-
npamoe npouseedetue G= N2>~ H COCTOHT H3 MHONKe-
crBa nap (n, h), ne= N, h= H, c yMHOXeHHEM TIO NpaBHIY
(ny hy) (ny hy) 55 (nng ™), hhy). Tlpn sTom e=(e, e),

-1 N\

(n, h)—l=((n'l)0(h ), k™'). Oto6paxenns ¢: H —G,
rae ()= (e, h), u P: NG, rae ¢y (n)=(n, e), aB-
asiiotces Baoxenusmu. OroxaectBasss H u N ¢ ux o6pa-
samu B G, Mbl BHIUM, uTO G= N>~ H B cMbCJe BHYT-
PeHHero omnpejieseHHs MOJYNPSIMOro NMPOH3BeLEHHS.

BaXXHBIH yacTHBRIA ciayya#dl NOJYNpsAMOro Npou3Befie-
HUs Bo3HHKaer npu H < Aut N. I'pynna G =N >~ H Ha-
3bIBAETCA noaynpamelm pacuwuperuesm N 1NOCPeiCTBOM
rpynnel aBTomopdusamo H. Fpynna Hol N 55 N>~ AutN
Ha3blBaeTcs 2010M0ppom rpynner N.

INIpumep. AutZ = Z(2), tak kak Z o6ramaer, KpoMe TOXK-
JeCTBEHHOTO, TOJIBKO OXHHM aBTOMOPGH3MOM YMHOXeHHss Ha —1.
IMostomy Hol Z=Z> Z (2).

4°. CnaneTenusn rpynn. Ilyers A, B — mponus-
BoJbHHE rpynnel. Ilycte A= If;Ab—npﬂmoe, A=
be
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= H Ab—ﬂeKapTOBO NMpoH3BEAEHHA HSOMOpl'beIX KO-
beB

nuit A, rpynnsl A, HHAEKCHPOBAHHBIX 3JIeMEHTaMH
rpynnsl B. ConocraBuM KaxaoMy 3JjeMeHTy b, € B asTo-

Mopu3M o, E Aut A cuBura unjgekcos B A. ATo 3HAUHT,
Yr0 3JEeMeHT (a,) Fpymmbl A nepexopuT mpH P,, B 3Je-
MeHT (aps,). OTo6paxcenne p: B— Aut A, nas KoToporo
p(b) =p,, b= B, paer BJOXeHHe rpynnel B B rpymmny

Aut A. Tpynna A WHBapHaHTHA OTHOCHTEJIbHO JI0GOr0
aBToMopdu3Ma 0,, b < B, To xe oTobpakeHHe P HHAY-

LHUDYeT TaKixke BJIOXKEHHe rpymRnsl B B rpynny Aut A.
Hexaprosoin cnaerenuem rpynnet A c rpynnoit B nasb-

Baercs rpymna G= AeBdefA> B, npameim cnaere-

Huem —rpynna G=AeB 35 A> B. IlexapToBo cmJjeTe-

HHe rpynns A ¢ rpyrmoi‘l B lxacro o6o3HavaeTcs yepes
AWrB, a mnpsmoe —uepes AwrB (wreath product).

SlcHo, uto AeB<AeB

I'pynmna A (cooTBeTCcTBEHHO A) nasbiBaetcsi 6a3ucHol
nodepynnoii cnaerenuss AzB (cootetcrBenno Az B).
Huaeonanrsro Diag (B, A) cnaerenus Az B nasbiBaercs
moxrpynna 6asucHoil moarpynnel A, cocrosuiag H3 mo-
CTOAHHBIX (YHKUHE (@,), @,=a, B cHJy CIEJaHHOrO
B CaMOM HauaJe OTO)K):LeCTBJTeHPIH A, ~ A (b = B). Oue-
BuuHo, uro Diag (B, A) ~

Ecin K<CA, L<B, 10 KeL AzB, KeL<AeB.
Ecan A== E, 1o C (A2 B) = Diag (B, C(A))<Diag(B, A)—
MOArpyNnmna nocTossHHHX QYHKIHE co 3HaueHusimu B C (4),
B To Bpemsa Kak C(AeB)=EFE, ecau rpynna B Gecko-
Heuda (B cayuae |B|< oo umeem AzB= AeB). dnu-
Moppusm @: A -> K uHAyuMpyeT SmHMOPOH3MH P:
AzB—>KzB, 9:'AeB—>K2B (byskuus (a) = A 3ame-
HsleTcss Ha Qynkunio (9 (a,)) = K). Tloauuit awagor
ToCJeHEero yTBepXk/JeHHS ¢ 3aMeHolt A Ha B HeBepeH.

Jlio6oe pacmnpenue rpynns A mocpeicTBOM TPYIIIH
B B0XHMO B NekapToBo ciuerenne G = Az B.

Bo3bMeM KOHEuUHy10 Lelb AJHHH 71

G <G < ...<G, (*)

BJIOKEHHBIX JpYyr B Apyra noarpynn rpynnu G. Iopo-
paT, uto uenb (x) gospacraer or Gy no G, (ybeisaer ot
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G, no Gy). Uenb (+) crpoeo so3pacraer (ybeisaer),
eCJH Ka)joe BKJIOueHHe B Hell crporoe. Hapsay ¢ ko-
HEUHBIMH LEeNsSMH NOArpynm (%) paccMaTpHBAIOT MPOU3-
BOJibHbi€ BO3pacTalouiHe

G <G <G < ... <G, < ... (++)
H y6bIBa}oume
Gl 02 ...>Gi>... (*«k*)

uenu rpynn. I'pynna G yJIOBJETBOPSET YCAOBUIO MAKCU-
maasHocTu 041 nodepynn (ycJOBHIO max), ecau jawbast
CTpOro Bo3pacrawuias uenb (#*) B Hell KoHeuHa. Takue
IpyNNbl Ha3bIBAlOTCS HETeposoimu. HeobXoaUMBIM M J10-
CTaTOYHBIM YCJIOBHEM HETEPOBOCTH TI'PYIIBI ABJSETCS KO-
HeyHas MNOPOXKJEHHOCTb Bcex ee noarpynn. I'pynna G
YAOBJIETBOPSIET YCAOBUIO MUHUMAAGHOCTY (YCJIOBUHIO Min),
ecau Jwbasi crporo yb6biBaoouwas Lenb (#x%) B HeH KO-
HeuyHa. Takue rpynnel Ha3blBalOT apTurHogeimu. [Ipuse-
JleHHble CBOMCTBa rpynnbl ( NepeHOCSATCS Ha ce INOA-
TFPYNOBEl H 3MHMOpP(dHBEIE 06pasbl.

JIJf NpOK3BOJILHOIO TEOPETHKO-IPYMNIIOBOTO CBOMACTBA
€CTeCTBEHHO Olpeje/sioTcss yCN0BHS MaKCHMAaJIbHOCTH H
MHHMMAaJIbHOCTH IJ51 MOATPYNH, 06JaalolIUX 3THM CBOH-
ctBoM. Hanpumep, Tak onpeaessilorcsi YCJAOBHS Max, H
min, MakCHMaJbHOCTH H MHHHMAaJbHOCTH A/l HOpMaJb-
HBIX NMOATpYI.

Henu (*), (%*), (**%) HA3HIBAIOTCA HOPMALbHOLMU pPA-
damu, ecqn Bce uX 4JjeHbl (; HopMaJbHB B rpynmne G.
Ecau BomosHeno Gosiee ciaboe ycoBHE — HOpMaJib-
HocTb G; B G;yy Aaa (x), (#x) 1 G; B G;_; BJas (x#%), TO
pALBL (*) (¥*), (x*%) Ha3HIBAOTCHA CYOHOPMALLHOIMU.
dakroprpynnel G;,\/G; nas (x), (*%) 0 G;/G;, Das (%)
Ha3bIBAIOTCA (PaKTOpamu COOTBETCTBYIOIIHX PSIOB.

Tloxrpynna H rpynnel G Ha3blBaeTcsi cyOHOpMANbHOL
eaybunet n (B o6o3nauenusix: I , G), ecau cyliecTByer
Cy6HOpMaJIbeIH psn (¥) OT eNHHHYHOH MOArpymmbl
E (Io a0 —G

Ecau rpynna G KOHEeYHa, TO JIerKo MOCTPOUTb cyO6-
HOpMaJbHBIH psax (%) nmpH HekotopoMm n oT E = Gy no
G = G,, ©akTOpbl KOTOPOrO IPOCTHI.

MHorne BaXKHble KJACCH ONpelessiioTCsl HaJTHYHeM
B IPyNNax KOHEYHHIX WJIH GECKOHEUHBIX CyOGHOPMaJbHBIX
pPANOB C TeMH HJH HHBIMH cBoficTBaMmH. I'pynna G Hasu-
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BaeTcd MOAUYUKAUYECKOU, €C/IH B HeH CyLIeCTBYeT psf
(¥) or E=G, no G = G, Bce (GaKTOPH KOTOPOro —
UHKJIHueckde rpynnel. Ecan Bce ¢pakTopbl H3oMopdHH Z,
T0o ( HaswBaerca noiu-Z-epynnod. B obuem cayuae
rpynina G, B KOTODOH cylllecTByeT CyOHODMAJbHHIH psif
(¥) or E= Gy no G = G, Bce hakTOopel KOTOPOro 06-
JafaloT TEOPETHKO-TPYNIIOBLIM CBOHCTBOM @, Has3H-
BaceTcs noau-€-epynnot.

I'pynna G Ha3bBaeTcsi pagpewiumoti, eciu B Hell cy-
mecTByeT cy6HOpMaJbHBIH psig (%) ot E= Gy no G =
= G, Bce ¢(akTopbl KoTOporo aGeseBn. Hawnmeuniuee
YHCJIO A, AJIS KOTOPOIO CYIIECTBYeT YKa3aHHBIH psil Ha-
3bIBAETCS CTYnenoto paspewumoctu rpynnsl G. B ua-
CTHOCTH, abeJsicBBl TPYNNBl— 3TO B TOYHOCTH paspellH-
Mble Tpynnel ctyneHu 1. PaspemmnMble rpynnel CTyHneHH
2 yacro HasbBaloT wMmerabesesoimu. I'pynna G Ha3bl-
BaeTcsl ceepxpaspeuiumoil, eciu B Hell CyliecTByeT HOp-
MaabHeI pag (x) or E= Gy o G = (G, c uux/Iuye-
CKHMMH (DaKTOpaMH.

IMycts H < G. Hanuude B G uenu (), (xx) HIH
(#%+) mNO3BOJISET ONpPENeJUTb COOTBETCTBYIOUYIO ILeNb
B H, nonaras H;= H() G;. Ananornuso, Ansi 3nuMopo-
Horo ob6pasza K = ¢@(G) BO3HHKAIOT Lenu c OOLIUM uJe-
HoM K;= ¢ (G;). CpoiictBa |cy6] HOpMaJbHOCTH DSALOB
IpU TaKOM COOTBETCTBHH coxpaHsioTcs. [loarpynnel H
daxroprpynnel nmoJu-&-rpynnel G camu 6yAyT NOJH-F -
rpynnamMy, ecaii CBOHCTBO % NepeHOCHTCS, COOTBETCTBEH-
HO, Ha NMOATPYyNNbl ¥ 3NHMOp¢HBIe 06pa3H.

IBa [cy6]HOpMaabHBIX psiia (%) Ha3bIBAlOTCS U30-
MOpHbIMU, €CIX OHH HMEIOT OJHHAKOBYIO NJIHHY H Me-
KAy HX (aKTOpaMH MOKHO YCTaHOBHTb B3aHMHO OJIHO-
3HaYHOE COOTBETCTBHE, IPH KOTOPOM COOTBETCTBYIOILHE
tdakTopel u3oMOpdHBL.. Psin, copepxamui BCe UJEHB!
JApYyroro psiia, Ha3blBaeTCsi €ro YnAOTHEeHUEeM.

Jlio6ble aBa [cy6]HOopMmaabHbIX psfa (x) ot E = Gy
10 G = G, o6safaloT H3OMOP(HBIMH YINJIOTHEHHSIMH
(reopema llpaiiepa).

ITpumep. Koweuwas rpynma G obnajaer, Kak yxe OTMeda-
noch, cyGHOpManbHbiM psagoM (x*) or E = Go o G = G, Bce
(akTOpHl KOTOPOro — mpocthle rpynmnsl. Jlio6oft cy6HOpMasbHbIH PAX
(¥) or E= Gy no G = G, (6es mnoBTOpeHH}) YIJIOTHiETCH KO
pAla c TeM Ke cBoiicTBoM. IToCKOJIBKY naJjbHefllee YNJOTHeHHe Ge3
HOBTOP&HH}’I HEBO3MOXXHO, BC€ TaKHe PpAAbl HMEIT OAHY H Ty Xe

AJHHY, a GaKTOpH NpejcTaBJsIOT OJHHAKOBBIE MHOXKECTBAa KOHed-
HBIX NPOCTHIX IPynn (He 06s3aTeJbHO PA3JHYHHIX).
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Ilycts %y, Xy, ... — 3JaeMeHTH rpynnsl G. Hamomuum,
YTO KOMMYT4TOPOM 3JIEMEHTOB X;, X, Ha3bIBaeTcs 3Je-
MeHT [x,, x,]=xx,x'x;'. IIpocroid Kommyrarop eeca

>3 onpejeasieTcss HHIAYKTHBHO 1o dopmydae [x;, X, . ..

s Xl 5%y, %o - .., X,1], x,). CneunansHOe cokpa-
uenne [x,, nxy] wam [x;, x,; n] Wcmoabsyercsa AJs mpo-
CTOro KomMmyratopa [x;, Xy, Xs, ..., Xg] Beca n- 1.

3aduxcupyeM OCHOBHBIE CBOMCTBA KOMMYTaTOpOB, H3-
BECTHBIE KaK KOMMYTATOPHbLE TOXOICCTBA:

1) [x,, xz]-"-:[xzr x,
2) [x1%y, %3] = [xo, x3]™ [%1, X3l =[xy, ] [x3, %, 2] [ %1, %3]
H [x), Xop%3] =[xy, Xo] [x1, X5]" —[xh x| [x1, x3] [x3, %1, %],

3) [*p x ‘1]—~([x1, x2]"2 ) =% x| [*0 % 257]
P T (P L) R P T )

4) [55h x, x)7 [ ke 2]V [E7L X x]M =1
(roscdecreo Burra).

3aMeuaHue. MHorga KOMMyTaTop MOHHMAIOT KakK
[x, y] = x"'y~'xy. CooTBeTcTBEHHO H3MeHsAIOTCA Bce ¢op-
MYJIRL.

Ilyets Xy, Xo, ..., Xn— He 3JIeMEHTH, a NOAMHOXKe-
ctBa rpynnel G. OnpenenuM 83aumioli xKommyTant X,
H X, ¢opmy.oi

[X,, X, def([xl’ X, i=1, 2).

HWuaykTHBHO moJsiaraeM pJs n =3
[Xl’ X?v ce ey Xn]=[[Xl’ X2» ety Xn-—l]’ Xn]-

Ecan X,, X, <G, To [X|, Xo] =[X,, X\]. Ecaiu X, ]G,
X, <G, 1o [X;, X)) X,
KOMMYTaHT G’ rpynnsl G ompeneusiercs Q)opmynon
=[G, G]. I'Iponommm IOCTpOeHHe, MONYUYHM BTOPOH
G(Z’——[G’ G’], tperuit G® = [G?, GP] 1 T. 1. KOMMYTAHTHI.
BBelleM obosnayenus: 8,04 =G, 6,G= G¢,..., 8,G=
=GM, .... [ToayuyuM ps KOMMYTaHTOB

G=GOG>6.G/ 8,6 ..

ABJsAOMMAC HOpMaJJbHBIM. Boaee Toro, Bce unens s3Toro
pana suaomoppHo AomycTHMH B G H Bce ero (akTopH
abeneBn. I'pynna G pa3peuliMa CTymeHH n TOrAa H
TOJIbKO TOTjJa, Korjga 8,-,G ¥ E, 6,G = E.
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HopManbHmuil psin
06 SGe <<

HazbiBaeTcs yenrpasvHoim B G, ecan G;,/G; <C (G/G))
pasa go6oro i. I'pynna G Ha3blBaeTcsi HUALNOTEHTHOM,
€CJH CyIIecTBYeT LEeHTPAaJbHHH pPSAL KOHEYHOH IJIMHH
or £ =Gy 10 G = G,. HauMeHnblllee uHCJIO n IJs Bcex
TaKHX PSLOB HAa3LIBAETCS CTYNEHbIO HUABNOTEHTHOCTU
rpynnsl  G. HuibnoTeHTHHE rpynnel ¢TymeHH 1 — 3To
B TOYHOCTH abeseBH rpynnu. HuJbNOTEHTHBHE TpPYNmH
CTYNeHH n pa3peliMMBl CTYNeHH m << 1, paspellnMue
IPpYONH He OGsI3aHBl GbITb HHJILIOTEHTHHIMH.

IMycrs 4G 55 E, §,G 5 C (G). Ecau noarpynna £,G<<G
yXKe TIOCTpOoeHa, moJsaraeM §n+1G — noaHuii npoobpas
C(G/t,G) OTHOCHTENBHO €CTEeCTBEHHOro roMomopduaMa
G — G/t.G. TlonyunM HeHTpaJbHBIN Pl

E=L0<L6G< ... <LO< ...,

KOTODHII Ha3BIBAETCH BEPXHUM YCHTPAAbHOIM  PAdoM
rpynnu G.

IMycts v,G 55 G, v,G 55 G'. Ecan noxgrpynna v,G yxe
nocTpoeHa, noJiaraeMm y,,“fo[v,,G, G]. TMoayuum wueHrt-
pasbHBIR PSR

G=vG=2v.G= ... 2v,G=> ...,

KOTODBIl HA3RIBAETCS HUNCHUM UEHTPAAbHbIM DPAOOM
rpynnbel G. YJeHH HUXKHEro IEHTPaJbHOrO psiia 3HIO-
mopdHO monyctume B G.

Ipynna G HMJBNOTEHTHA CTYNMeHH [ TOrfa W TOJNbKO
Toraa, korga &G = G, §;G = G WJH, 4TO PaBHOCHJIb-
Ho, /G #*E, vy1,G=E. Takum o6pa3oM, BepxXHHH H
HHXXHUH LeHTpa/JbHble PSAK HHJIbNOTEHTHOH TIpYIIE
UMEIOT HaWMEHbUIYI0O [JUHY cpelH BCeX LEHTPaJbHBIX
psaznoB ot E 1o G.

Jliobass moarpynma m 3HIOMOpdHHE o06pa3 [-cry-
MEHHO HWJIBIOTEHTHOH FPYNNH TakXe HUJIbIOTEHTHas
rpynna crynenu k << l.

O cBOHCTBaX pa3pellUMHX H HHJBNOTEHTHHX TPYII
eMm. § 2.

[lycts ¥ — TeopeTuko rpynmnosoe cBoiicTo. 'oBopsT,
uto G — nouTu-€-epynna, ecau B G Hailaercs MOATpyIm-
Ila KOHeYHOro HHAeKca, obJagaroiias csoficteoM %. Oco-
6eHHO 4acTO peyb HIET O NOYTU PA3PeliUMblX, NOYTU
HUABNOTEHTHOLX U NOYTU NOAUYUKAULECKUX TPyNIax.
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BepxHu# 1eHTpalbHBIA pAX MOXKHO IPOJOJKHTD
TpaHCOUHHUTHHIM O6pa3oM, Gepst B KayecTBe (g1 G MOJ-
Huii npoobpa3 C(G/G,G) OTHOCHTEJIbHO €CTECTBEHHOTIO
romomopdpusma G— G/, G, ecan opiuHAN o Hempene-
JleH, U noJiaras QBG= UﬂgaG IJIs1 MpeleJIbHOro CpAau-

a <<
Hasa B. s NpPOM3BOJBHOrO OpAMHAJNA o NOArpynna
oG Ha3biBaeTcs a-cunepyexnrpom rpynnet G. Tak kak
MOUIHOCTh Ipynnbl G He MOXeT OBbITb IpeBHILIeHa, Hall-
JleTcsi OpAHHAJM A TakKoH, YTO JJS BCeX u == A HMeeM
twG =1tG. B stom cayyae moarpynna HC(G) 55 5,G Ha-

3niBaercsl eunepyenrpom rpynnel G. I'pynma G Haswb-
BaeTcsi eunepyenrpassroti, ecan G = HC(GY.

Bosiee o6uinm, ueM noHsTHe [cy6]HOpMaJbHOrO psina
ABJIsieTcsl NoHsATHe [cy6]HOopMmanbHO# cucTeMbl. Bospac-
Taroueli [cybl Hopmaasbrol cucTemod NOATPYNN TPYNIBI
G nasniBaetcsl cemeiictBo ee noarpynn {Gq|a << R}, HH-
IEKCHPOBAaHHOE OpAHHAJaMM, MEHbUIMMH HJH paBHBIMH
OpPIHHAJY B CO CIeNyIOLHMMH CBOHCTBAMH:

1) G, < G,, ecan a<y; 2) GO EuGyg=G;3) G,
G,,, (B cayyae HOpMaJbHOI cucre\m G, G nas
Bcex a); 4) G, = U G,, ecan A — npenesbHBIH OpoMHAT.

CBoiicTBO 4) o6ecnetuaeT 33aMKHYTOCTB CHCTEMBI
no o6wvennHeHusM. Paxropamu cucrems {Go|o < B}
HasbiBaloTcs GakrToprpynnbl Ggy1/Ge. OpAvHan f Ha3H-
BaeTcsl opOUHAAbHLIM TUNOM ITOH cucteMbl. MHoraa npu-
XOJHTCS TOBOPHTh O BO3pacTaloulell cucreme, AJs KOTOpOH
cBofictBo 2) 3ameHnserci Ha Go=H u Gg= G. Ilox-
rpynna H << G HasmiBaetcsi docruscumoii B G (B CHMBO-
aax: H ,G), ecau cyuiecTsyer Takas cyGHOpMaJsbHast
cucreMa. AHaJjior riayGHHB B 3TOM cJydyae — OpAHHAJ .

JlBolicTBeHHBIM 06pa3oM BBOAMTCSl NOHATHE ybbL8arO-
wel [cyblHopmarbHOU cucTemsl, 3aMKHYTOH 1O Iepece-
yenusiM. Hakonen, B obmem cayuae, [cyb]nopmarsroi
cucremoil noAarpynn rpynnel G Has3biBaeTCsl MHOXECTBO
[cy6] HopMaabubix moarpynn G << G, rie o — OplH-
HaJsbl, conepxauee Go=E u Gg= G, nuHeliHO ynops-
JIOUEHHOE MO BJIOXKEHHIO, 3aMKHYTO€ OTHOCHTEJbHO JIIO-
661X 0GbeJUHEHHH H nepeceqeﬂnﬁ. Bwmecre ¢ n106b1M 341€-

MeHTOM G cucremacouep)KHTGu e ﬂ GAHG}{E U G,.
a<A p<a

Tpebyercs1, uto6si G, <] G&¥, Torna G¥/G, — daxrop
cucreMbl. HopmaabHOCTh CHCTEMH, KaK OOBIYHO, 03HAYaerT,
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YTO BCe ee 4YJeHb HopMaJsbHB B G. Haanuwe B G cuc-
TeMBl C ONpeleseHHBIMH YCJOBHSIMH Ha ¢GakTOpB BhIje-
JsieT cneuuaJspHble kKJaaccel rpynn Kypoma — YepHuko-
Ba. [loxpo6uee cM. B m. 1.5.

Onpenenum rpynnsl NOACTAHOBOK H JNeHCTBUS TPYIIIL.
Ilycts M 5= & — npousBoJibHOe MHOXKecTBO. COBOKYI-
HOCTb BCeX B3aHMHO OJIHO3HAUHBIX OTOOpaxKeHH# ¢: M —
— M OTHOCHTEJIbHO KOMNO3ULHH o0O6pasyer rpynmy
Symm M, kotopyio MBI 6GyfeM Ha3blBaTb cummerpuye-
ckol epynnoii Ha mMHOXecTBe M. IIpOM3BONIBHBIN 3J1€eMEHT
¢ = Symm M HasniBaeTcsi n0OCTAHOBKOU, a TPOU3BOJIb-
Hasg mnoxarpynna H << Symm M — epynnoii nodcraerosok
Ha MHOXecTBe M.

Ecan M — xoHeuHOe MHOXKECTBO H3 1 3JIEMEHTOB, TO
MOXHO cyutath, 4yto M=N,3={l, 2, ..., n}. Ipynny
S, SymmN, Ha3bHBalOT CHMMETPHYECKOH rpynnoi

crenexnu n, a 06yl ee NOArpynmy — rpymnmno# mojicra-
HOBOK cTeneHH n. IIpousBosbHas mNOACTaHOBKa o & S,

1 2 n )
3anMChiBaeTcsi B  BHIE 0= ,
8 (a(l) 5(2) ... 0
{1,2, ..., n}={c(1),0(2), ..., o(n)}. [IpaBusbHbIH NO-
DPAMOK mepBOH CTPOKH B3AT AJs ymoOcrBa 3anucH. Enu-
HHUAa B S,— TOXJeCTBeHHas NOACTaHOBKA e=
1 2...n
=11 9 n) OGpatHasi K G NOACTaHOBKa 0!

noJiyyaetcsi nepeMeHoil CTpokK (M ynopsiioueHHeM NepBOH
CTPOKH NyTeM IlepecTaHOBKH ctos6uoB). [lopsmok rpym-
nol S, paseH n!

[ToacTaHOBKAa ¢ HA3bIBAETCS 4ETHOU, €CJH OHA MOXeET
6bITh NMpHBeJeHa K e TOocJe YeTHOrO yHucJga nepeMeH MecT
ee 3JIEMEeHTOB H3 BTOPOH CTPOKH. B mnpoTuBHOM ciyuae
0 HeweTHa. UeTHOCTb He 3aBHCHT OT BbI6Opa YMOMSHYTHIX
nepemed. UeTHocTh 06paTHOH NOACTaHOBKH o~—! coBna-
daeT ¢ yeTHOcTblo ¢. [IpaBuia uyeTHoCcTH AJISt MPOH3Be-
JleHHs MOJACTAaHOBOK: 44 = HH =4, 4K == H4 = H. MHOXe-
CTBO BCEX YETHhIX NOJCTAHOBOK o6pasyer HOPMaJbHYIO
noarpynny A, uHmekca 2 B S, MNOpANOK KOTOPOH pa-
BeH nl/2.

Luks — 3T0 noACTaHOBKA, NPH KOTOPOH YacTb CHM-
BOJIOB ILMKJHYECKH mepeMmeliaercs, T. e. Lj—l— ...

. = [l;— 1), a ocTaspHBEIE OCTalOTCA Ha MecTe. B 3anucH
uMkaa (l,ly, ..., lt) ydacTBYIOT TOJIbKO IepemellaeMble
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CHMBOJIH, {— 0AUHQ YUKAG, €TO YETHOCTb (Kak IIOACTa-
HOBKH) NPOTHBOMNOJIOXHA YETHOCTH 4HcJsa f. Eciyn nMK/IH
He HMEIOT OGIIHX NeHCTBHTENbHO IlepecTaB/iseMHX CHM-
BOJIOB [i, Iy, ..., l;, TO OHM Ha3HLIBAIOTCS HE3ABUCUMbLIMU,
Jlio6ast NOACTAHOBKA pa3JsioKMMa B [IPOH3BeJeHHEe TPAHC-
nosuyud, T. e. UHKJIOB JJHHH 2: 0 =(l;, lb) (I3, 1s) ...
<o (Imy lmy1) (He oGa3aTesbHO He3aBHUCHMEHIX). YeTHOCTH
yHcJaa MHOXHTeJNEH paBHa 4YeTHOCTH o. Jllo6asg moAcra-
HOBKa OJHO3HAaYHO pack/jaJblBaeTcss B NPOH3BeleHHEe He-
3aBHCHUMHX LHKJOB =, Ly ..., L)(m, mg ...
eee, ms) ... (p1,p2 ..., pt). llopsinox 3amucu Hepa-
JKeH, TaK KaK He3aBHCUMEBIE IMKJB [epecTaHOBOYHH
Mexay co6oit. ITo MHoxectBy uuces {r, s, ..., t} onpefe-
JsieTcss Nopsfok |ol|, paBHmi H.0.K. {r, s, ..., t}. IBe
HOJCTAHOBKH 01, 02 & S, CONpsxXKeHH B S, TOr4a U TOJb-
KO TOTJAa, KOrja yKa3aHHbe MHOxkecTBa {r,s, ..., {}
IJIsT HUX OJMHAaKOBHI.

IMoarpynna A, HasbiBaeTcs 3HaronepemenuHol epynnoil
crenenn n. Ecan B3sTh MHOrOUMeH [ (X1, X5, ..., X,) 5
= I (*; — x;) OT KOMMYTHDYIOIHX NepeMeHHbIX

I<i<j<n
H OPUMEHHUTb K ero HHJEKCaM HOJCTAHOBKY O, TO MOJYYHM
MHOTOYJIeH f (xs ), Xa(2)y «« > xu(n)) = H (xo(i)_xﬁ(i))

I<i<jig<n
au6o cosmamatomuit ¢ f(x;, X, ..., X,), €CJAH O UYETHA,
Ju60 OTJIHYAIOMIHACSA OT HEro 3HaKOM, eC/M ¢ HeueTHa.

Ilpp n =3 rpynna S, HekommyrtatuBHa: ((l, 2) (1, 3) =
= (1,2,3) % (1,3)(1,2) = (1,3,2)). OueBunno, Ar==F, A;~C(3).
Ipynna A, colepxHT COGCTBEHHYIO HEEAUHHUHYIO HOPMAJbHYIO TMOJ-
rpynny K = {e, (1,2) (3,4), (1,3)(2,4) (1,4) (2,3)} > C(2) X C(2),
daxTop no koropoii A./K naomopden C(3).

ITpumep. Bor oauH M3 NpOCTEHIUAX NPHMEPOB, IOKa3bIBaIo-
HIHX, YTO CBOHCTBO <«ObITh HOPMAJIbHOl NMOArPYNMOi» He TPaH3HTHB-
Ho. IMogrpymna L = {e, (1, 2)(3,4)} ~ C(2) nopmanbna B (abese-
Bofi) rpynme K, HO He siBJAseTcsi HOpManbHOM B Aj, TakK Kak co-
npsixkenne 3iementoM (1, 2, 3) mepesomut (1, 2)(3, 4) B (1, 3)X
X(2,4) &L

Hauunasi ¢ n=>5 Bce 3HaxkomepeMeHHHe rpynnsl A,
npocta. I'pynna S, o6runo BKJagbiBaeTcss B S,.; oTo-
6paxeHHeM o+—>3g, rle 6 ()=o) npui=1, 2, ..., n,
G(n+ 1)=n+1. O6benunenne S, 35US, cummerpu-
YeCKHX TPYII HAa3BIBAlOT 2pYynnoif UHUTHbLX NOOCTAHO-
sox. Kaxhii alleMeHT ¢ € S sBJSETCS NOJACTAHOBKOH
MHOXecTBa N, ocTaBjsiionleii Ha MecTe MOUTH BCE CHM-
BoJill e N. EcrecTBeHHO omnpenessercss YeTHOCTh MNOA-
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CTaHOBOK M3 S.. Bce yeTHble NMOCTAHOBKM COCTaBJISIOT
rpynny Aw ueTHHX (HHHTHBIX IOACTaHOBOK. I pymnmna
A.. upocra.

Teopema Ksau: oro6paxkeHue G — Symm G, npu Ko-
TOopoM 06pa3 3sneMeHTa g < G eCTb NOJACTAHOBKAa h+—>
+—>hg, he G (npaBBlfi CABHUT), SIBJSETCS BJOXKEHHEM.

Hraxk, mobass rpynna G usomopdHa rpynie Inojpcra-
HoBOK G << Symm G. Eciu G — KoHeuHast rpymnma mo-
psAlKa n, TO OHA BJOXKHMa B rpynny S,.

PaccmMoTpuM Temepb NPOM3BOJBHYIO TPYNNYy MOZCTA-
HOBOK G << Symm M. DJjemeHTHl my, mes M HasH-
BaloTcd  (-3K6UBANCHTHbIMI, €CJH CYLIECTBYeT Taxas
roAcTaHoBKa g & G, uto g(m;)== my. Jlerko BHAETb, YTO
G-3KBHBAJIEHTHOCTb JNeHCTBUTEJIbHO SBJISETCS OTHOLIe-
HYEM 3KBHBAJCHTHOCTH. JII060# KJacCc 3KBHBaJIEHTHOCTH
[m], me M, uasmBaercas G-opburoi. Crabuausarop
dA€MeHTa m B TpyIIe NMOACTAaHOBOK G — 3TO NOATpymnna
Stg(m) ;= {g =G |g(m)=m}. MouHocTb op6uTH [m]
paBHa uHuekcy |G:Stg(m)|. I'pynna noacraHosox G
Ha3bIBaeTCH TPAH3UTUBHOL, €CJH BCe 3JEeMEHThHl MHOXKe-
ctBa M (G-3KBMBAJIEHTHBl WJIH, YTO PaBHOCHJBHO, €CJIH
B M wumeercs poBHO oiHa opb6ura —camo M. I'pynna
NOACTAaHOBOK (I HA3LIBAETCH HNOAYPESYAAPHOU, ecad
Steg(m)=E paa moG6oro me M. Ecau G k toMy Xe
elle 4 TPaH3UTHBHA, TO OHA Ha3hIBaeTC pe2yAapHOll
Tpynnoi MOoACTaHOBOK.

Jlerko BHmeTh, uTO 0O6pa3 rpynnsl G B rpynmne
Symm G, onpepe/ieHHbIH OMHCAHHBIM BBHILIE BJIOXKEHHEM,
SIBJISIETCS] PEryJsipHOM I'PYNNOH MOACTaHOBOK.

TpausutusHasi abeseBa rpynma INOACTaHOBOK A <<
<< Symm M peryaspha.

Jlo cux mop MBI paccMaTpHBaJH MNOATPYMNbl CHMMET-
puueckodt rpynnel Symm M. [Tepefinem Tenepb K HX Npo-
o6pa3aM OTHOCHTE/JbHO FOMOMODP(H3MOB.

Fomomopoduam p: G—SymmM rpynnut G B cum-
METpHYECKYIO TPYNNY HA3BIBAETCS NOOCTAHOB0UHbLM nped-
crasaenuem tpynnsl G. Mownocts |M| umenyerca cre-
neworo mpenctaBieHuss p. [IpeAacraB/ieHHe Ha3bIBaeTcs
TOYHbIM, ECJIH OHO SIBJISIETCH BJIOXKEHHEM.

Ilycts G — rpynna, M — Henycroe MHOXecTBo. IIpa-
soim Oetdcreuem G Ha M HasbiBaeTca OTOOpaXKeHHe p:
MXG—>M, (m,g)—>mg, [Is KOTOPOTO me=m,
mgig: = (mgi)g. npu Bcex me M, g, g2 < G. Anaro-
ruyHo, sesoe Oelictsue G Ha M —3T0 orobpaxenue
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A GXM~—>M, (g, m)—>gm, LI KOTOPOro em = m,
g182m = gi1(gam), me M, g1, g2 G. Ot oxHCro Jierko
nepedTH K Apyromy, nojaras gm=mg ' me M, g = G.
B nanbHefilieM Mbl FOBOPUM O INpaBOM HeHCTBHH.
JIro6oe mnpejacraBjeHue onpejeser AeHCTBHe H Ha-
060poT. )
dueMenTy g & G OTBevaeT NOACTAHOBKA Ug: M —>mg,
me M. Tlonyuaem romoMopdpuam pu: G—Symm M,
g —> . Haobopot, no romomoppusmy pn: G—Symm M,
gr—>nu(g), onpemensieM JelicTBHe ¢HOpMYyJOi mg e

ik (g7 (m).

[Mpencrasienne (mefictsue) p Tpaudurusno |[[no-
ay] peeyaspro], ecau rpynna noincraHosok u(G) TpaH-
3utuBHa [[mony]perynspual. Crabuausdaropom 3ae-
MeiTa me& M B npousBOJbHOH rpynne G HashnBaercs
noarpynna St; (m) S {g=Glu(g)m=mg=m}. Op-
6uty [m] o6osnauaioT Takxe mG. MomHocts |mG]|
coBnanaer ¢ unaekcoM |G : Stg(m)|.

[IpuBegeM [Ba uallle BCEro BCTPeYAIOMIUXCS THNA
IpencTaBJIeHUH NPOU3BOJIbHOH rpynnmul G.

Conmpsxeunue. [Ilycte M — HekoTOpasi COBOKYII-
HOCTb TOAMHOXeCTB Tpylnul (G, 3aMKHYTasi OTHOCHTEJIb-
HO compsikeHHH 3jeMeHTaMu u3 G. [as Bcsikoro g G

onpenenuM oTtobpakeHue og: M—M, rae cg(m)= mg—‘,
ABJasouleecss AciHcTBHeM. B 3toM cayuae Stg(m)=
= Ng(m); npu 3TOM 3aMeTHUM, YTO O MOIIHOCTH |mG|
yxke rosopuJioch Ha c. 71. I'pynna G peiicTByer compsi-
JKeHHCM Ha MHOXKCCTBE CBOMX NOATPYII, 3/J1€MEeHTOB, NMOA-
rpynn [sJeMeHTOB] Kako#-1u60 HOpMaJbHOH MNOArpyn-
Obl U T. A.

[TpaBsue caBuru. Ilyctb M — HekoTOpas coBo-
KYIHGCTb NOJAMMHOXKECTB Ipynnel (G, 3aMKHyTasi OTHOCH-
TeJbHO NpaBBIX CIABHUrOB Ha 3JeMeHTH M3 (. Ilns Besi-
Koro g & G omnpepeauM orobpaxkenue pg: M— M, rae
pg(m)= mg, asasiomeecs: neiictBueM G Ha M. Ecaiu M
COCTOUT M3 3JeMeHTOB rpynnun @, TO AeficTBHe pery-
JSIPHO M COOTBETCTBYET BJIOXKEHHIO, YKa3aHHOMY B T€O-
peMe Kanu. MoxHO B3siTb B KauectBe M MHOXeCTBO
BCeX IpaBBIX CMEXHBIX KJaaccos Hg rpynne G mno noj-
rpynne H.

MBI BHIENH TOJNBKO YTO BO3MOXKHOCTb HHAYLHPOBAHHS
JelictBug rpynnsl G Ha moamHoXectBo N =M, ecan N
G-ponyctumo, 1. e. u3 ne N, g= G caepyer ng € N.
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Ilyctb A W B — rpynnbl NOJACTAHOBOK Ha MHOXKe-
ctBax M u N coorBercTBeHHOo. OnpefenuM Tpynnv Iof-
ctaHoBOK G MHOXecTBa P= M N, KoTopasi HasbiBaercs
nodcranosounoim cnaerenuem rpynn A u B. AGcrpaxr-
HO 3Ta rpynna G BHIIVISAHT Kak NOJYNpsiMOe IpOu3Bele-
HHe Ga3uCHO# rpynnul A= HA,,—npﬂMoro npoussele-
Hua rpynn A, ne< N, usomopdueix A, Ha rpynny B,
3JleMeHThl KOTOpOH HAeHCTBYIOT Ha 4 KaK NOACTaHOBKH
HHJEKCOB.

Eciu a= A, b= B, n= N, T0 NOACTaHOBKH a(n)eE
= A, u b MHOXecTBa P 3apnalorcs ¢opMmysaMu

a(n): (m, n)— (ma, n), (m, n’)—>(m, n’), ecan nn’,
b: (m, n)—> (m, nb).

Ilpu nccnenoBaHHH AOCTATOYHO CJOXKHO YCTPOCHHOTO
ob6bekTa Mbl of6paumlaeM BHHMaHHe Ha ero (GparMeHTH,
a 3aTeM COCTaBJ/isieM IO HHM LEJOCTHYIO KapTuHny. Ppar-
MEHThl TPYIINB — 3TO MpeXJe BCEero ee MNOATPYNNB H
snumopdHble 06pa3bl. Ynpouias, OrpaHHUYHMCS KOHEYHO
MOPOX/JEHHbBIMH MNOATPYNNaMH M KOHEUHBIMH 3muMopd-
HBIMH oOpa3aMmH.

IMyctb % — HekOTOpOE TEOPeTHKO-TPYNNOBOC CBOM-
ctBo. I'pynna G Ha3biBaeTcn A0KAAbHO-G-2pynnoil, eciad
mobasi KOHEeYHO nopoxieHuas moarpynna H << G obaa-
laeT CBOHCTBOM %. BaxHbiMH KJaccaMH B TEOPHH TpYMI
SIBJISIIOTCS BO3HHKAIOILHE TaKHM CIOCOOOM A0KAALHO KO-
Heunble, AOKAALHO pA3peuilMble, NOKAAbHO HUALNOTEHT-
Hble TPYIIHL.

Jlio6asi ToKaJbHO KOHeYHasl TpyMna siBJsieTCs IepHo-
nuyeckoil. OGpatHoe HeBepHo. CyllecTBylOT O6ecKoHeU-
Hble KOHEYHO IOPOXKAEHHbIE NepHOAHYEeCKHEe IPYNNbl (CM.
n. 1.5); npu HeueTHOM n == 665 CyLIeCTBYIOT OeCKOHeUHbIE
KOHEUHO INOpOXJEeHHble Tpynnsl mepHoia n (cM. Teo-
pemy HosukoBa — Ansina). [Togpo6Hee o cBOHCTBax JO-
KaJbHO KOHEUHBIX M NepHOAHYECKHX Tpynm cM. B m. 1.5.

Teoperuko-rpynioBoe CcBOHCTBO % Ha3HBaercsi 40-
xarbnoim, ecauw mobas rpynna G, sBadwowascs Jo-
KalbHO-% -rpynno#, sBJseTcss ~ ¢-rpynnoi. Hanpuwmep,
KOMMYTaTHBHOCTb — JIOKaJlbHO® ~ CBOHCTBO, @  KOHed-
HOCTb — HeT.

Jlasi TOKaJbHOCTH CBOMCTBa % AOCTaTOYHO, 4TOOH &
3allUCHLIBAJOCh TAK Ha3biBAeMBIMH KBa3HyHHBEpCaJbHbBIMH
dopMyaMu HCYMCJEHHS NpeAHKaToB (HeTajbHee CM.,
Hanpuwmep, [17]).
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ITyets @: G— K — snumopdusm rpynn. Muorue Bax-
Hble CBOHCTBA 3/1€MEHTOB, NMOATPYINI, NOAMHOXECTB IpyI-
nu G npucymu Takxke HXx ob6pasaMm B K. Hanpumep,
ecJiH IOPANOK 3JeMeHTa g & G HeJHT n, TO H NOPSJOK
ero o6pasa @(g)< K nmenur n; ecnu sjieMeHTH g, f= G
IepecTaHOBOUHH, TO HX obpasn ¢(g), ¢(f)=,K nepe-
CTaHOBOYHB. DNHMOP(HU3MBE COXPAHSIOT TaKMkKe CONps-
JXEeHHOCTb, BO3MOXKHOCTb H3BJIeUb H3 3JIEMEHTa KaKof-
Ju60 KOpeHb H MHOroe Apyroe. dNUMOP(U3MBI MOTYT
HapyuaTth pas/HyMs U H3MEHATb pasMmephl. Pa3Hrle aJe-
MEHTBl MOTYT OTOGDa3HTbCS B OAMH, GeCKOHEUHast NOJ-
rpynma B KOHeuHY0 M T. NI. OcHOBHas HAes H3yueHHs
FPYNNBl METOAOM C€ allNPOKCHMALHH COCTOHT B PaccMOT-
peHHH JOCTAaTOYHO OGOJIBIIOrO MHOXKECTBA ce 3nuMopd-
HBIX 00pa3oB, NMO3BOJISIOIIHX BOCCTaHABJMBATH HaJsHuHe
(nnE oTCyTCTBHME) B rpyIIe TOrO HJIH HHOTO CBOHCTBA.

Ilpu onpeneseHMH amIpOKCHMHDPYEMOCTH pacCMaTpH-
BaeTcsl COXpaHsiolleecss NpH snuMopdH3Max CBOHCTBO '@
H Kjacc rpynn J, MOTYWHX CJAYXKHTb 3NHMOP(HHIMH
o6pasaMH NIpH aNNpoKCUMauUMH AaHHOH rpynnu. I'oBo-
pAr, uro rpynna G annpoKCUMUpPYETCs OTHOCHTENLHO
cBoiicTBa ‘¢ KJaccoMm rpynn J, ecid HapylleHHe @ B G
ee 3JeMeHTaMH (NMOATPYNNaMH, NMOJMHOXeCTBaMH) BJe-
yeT HapylueHHe % HX o6pasaMH NpH HEKOTOPOM 3IHMOP-
¢usme . ¢: G—K, KX . O6b14HO & — 3TO HEKOTOPHIH
npexukart. IIpuBesem HauboJiee BaXKHLe NPHMEpHL.

Ipynna G HasbBaeTcsi (UHUTHO ANNPOKCUMUPYEMOL
(PA-epynnoii), eciu aas Jwoboro sjeMeHTa es#=ge& G
HalJercss snUMOppH3M @g: G — K Ha KOHeYHYIO rpynmy,
IpH KOTOPOM @g(g)s~e. ¥YcioBue DA paBHOCHJIBHO
ToMy, uTO mnepeceueHne M((G) Bcex HOpPMAaJbHHX IMOJ-
[PYNN KOHEYHHIX HHAEKCOB Ipyrnnsl G paBHO eIHHHYHOH
noxrpynne E. [lo TeopemMe Pemaka ¢akroprpynna

G/M(G) BnoxeHa B JeKapTOBO npousseenne | | G/Ny,
rie {N,} — ceMeficTBO BCeX HOPMAaJbHHIX NMOATPYNN KO-
HEUHbIX HHAeKcoB rpynnu G. ®A-rpynna G BJOXKeHa
B JCKAPTOBO NpOH3BelleHNe KOHeUYHbIX rpynn. BepHo
obpaTHoe, Jo6as NOArpynna AeKapToBa NPOM3BEACHHA
KOHeuHBIX rpynn ectb ®A-rpynna.

Cpoilicteo @A mnepeHocuTcsl Ha NOATPYNNH H KOHed-
Hble pacwupenus. [Ipsimoe cmierenue AeB  @A-rpynn
A u B sBasercs ®A-rpynnoit Toria M TOJbKO TOTAA,
Korja au6o rpynna A abeneBa, muGo rpynna B xoHeuHa.
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Ipynna G HasmBaeTcs QuHUTHO annpoxcumupyemori
ornocureavno conpaxcennoctu (PAC-epynnod), ecau
IJjs 1060 mapel He CONPSIKEHHBIX MeXIy co6oi 3Je-
MeHTOB gy, g2 € G Hafifercs snumoppusm @, . G—>K

Ha KOHEYHYIO Tpynmy, NpH KoTopoM obpasH @(g),
¢ (g2) He conpsaxenn B K.

CpoiictBo ®AC He mnNepeHOCHTCS Ha NOArPYNNBI H
KOHeuyHble pacllupeHHs.

Ipynna G HasbiBaeTCs (UHUTHO GRNPOKCUMUPYEMOL
OTHOCUTENbHO 8x00cOeHus B [KOHEYHO TMOpOXKIeHHbE]
noarpynnel (PAB- [DPABy. n-rpynnoit]), ecau agas Jmo-
60fi [koHeuno mopoxienHo#] moarpynnel H << G u J0-
6oro aneMenTa g & H Ha#pmercs snumopdusm ¢g: G— K
Ha KOHEYHYIO TpYINy, NPH KOTOPOM ¢g(g) < ¢ (H)<< K.

PaccmaTpuBalOT TakiKe aNNmpOKCUMHPYEMOCTb GecKo-
HeYHbIMH TpynmnaMH, yaile — HUJIbIOTEHTHHIMH Ge3 Kpy-
YeHHs] H CBOOOJHBIMH.

OueHp BaXKHa CBSI3b MeXJIYy alNpOKCHMHPYEMOCTbLIO
H paspelINMOCTbIO B TPyIIle aJrOPHTMUYECKUX NpolbiaeM
(cM. n. 4.4).

PaccmorpuM rpynnel ¢ oneparopaMu. Ilyets G —
rpynna, ® — HEKOTOpOe MHOXKECTBO, KaXJOMYy 3JeMeHTY
0 xoToporo comnocrasJed 3HaoMopdusm rpynnsl G ¢ TeM
XKe o0o3HaueHHeM. MHOXecTBO @ HasbiBaercsi 064acTsi0
oneparopos, a rpynna G — epynnoi ¢ oneparopamu HUJIH
8-2pynnoi. Toarpynna H << G HaswmBaercs ©-donycru-
Mol uau ©-nodepynnod, ecaum AN JNOGHX 3JeMEHTOB
he H, 0 =0 umeem 6(h)= H.

ITpumepsn. 1) Jlio6ag rpynna G —rpynma ¢ MNYCTHIM MHO-
JKecTBOM omepaTopoB. 2) ©-mogrpynnaMu rpynnst G npn 0O =
= End G saasioTca 3ugomopdHo nomyctumble, npu O = Aut G —
aBTOMOppHO gmomycTHMBle, mnpH O = Inn G — HopMaJbHBIE TOXA-
rpynnsl. 3) Moayiap A uapg xoabuom K MOXHO paccMaTpHBaTh Kak

K-onepatopuylo a6esneBy rpymnmy, Tak Kak YMHOXeHHe (clpaBa) Ha
asement k = K onpegensier angomopbusm A.

Tomomopgusm B-epynn ¢: G — H kpoMme OOGBLIYHBIX
CBOHCTB JOJIXKEH yIOBJIETBOPSITb paBeHcTBaM ¢(0(g))=
=0(p(g)) a1s Bcex g G, 6 = 6. Oucuannm odpa-
30M BBOAATCS OCTajibHbie «MOpGbu3Mbi», PakrToprpynna
G/N O-rpynnsl G no ©-monyctuMoit noarpynne N cama
ABJAsieTCs @-rpynmnoi (6 (Ng) 55 N6 (g))- [Cy6] Hopmaib-
HHH psg uau cHcrema O-rpynnsl G omnpejpensiercs Kak
H paHbllle, TOJbKO BCe TMOAIPYNNH JOJXKHH OBITH
©-nonyctuMeiMu  (TOrga  CymecTByloT O-dakroph).
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Heennununas O-rpynna G HasmBaercs ©-npocrod, ecau
B Hell HeT HeeIMHHYHBIX COGCTBEHHHIX O-moarpymm.

Himeer MecTo mnosublii aHajor Tteopemhl llpaiiepa.

Heennununas O-noarpynna H <C G Ha3biBaercs
O-npamoim muoxcuresem G, €CaIM CyLeCTBYeT Takas He-
enquHHyHass O-noarpymna K<< G, uro G = H XK.
O-rpynna G Ha3bIBaeTcsl APAMO HepA3A0NCUMOL, eCH
ee Heslb3s INPEACTABHTb YKa3aHHBIM CHOCOGOM B BHIeE
NpSIMOTO NpOH3BeleHHs HeeAHHHUHbIX @-noarpynn. Ecuu
Ha O-rpynne G BHIOJHEHbl YCJIOBHA MaKCHMAaJbLHOCTH H
MHHHMAJ/JbHOCTH [Jis1 O-NpSIMBIX MHOXHTeJel (OHH paB-
HOCHJIbHBI), TO CYILECTBYET pa3J/oxkKeHHe

G=GIXG2X PR XGn

B NpsMOe NpOH3BelleHHe NPSIMO Hepa3JoXHMbIX O-moj-
CpyNI.

[Iycts G ectb ©-rpynna, B KOTOPOH BBIIOJIHEHB YC-
JIOBHS MAKCHMaJIbHOCTH H MHHHMAJbHOCTH AJS HOpMaJb-
Hbelx ©-noarpynn. Ecau

G=H XH,X ... XH=K XK X ... XK,

— IBa pa3JIOXKEeHHs B NpPsMOe NpOH3BeleHHE NpPSMO He-
pasJioKUMBIX O-rpynin, TO r==§ U CyllecTByeT ©-aBToO-
MOpHU3M o rpynnel G, HHAYUHPYIOUHH TOXAECTBEHHBIH
aBromMopdusm Ha c¢akroprpynne G/C(G) (rakue aBTO-
MODPGH3MBL HA3BIBAIOTCS YEHTPAAbHbOIMU), UTO HOCJIE IO]-
xonsmeit nepenymepauuu oa(H)=K: u G=K X
XK, X ... XKiXH X ... XH, pna Bcex [ =1,
2, ..., r (reopema Kpyasrs—Pemaxa—IImudra).

1.2. CsoGoaunie rpynnei. MHOXecTBO X TNOpoOXJalo-
LUIHX 3JIEMEHTOB rpymmnbl F Ha3blBaeTcsl cB0O00HBIM MHO-
acectéom unu 6aszucom, ecad Jawo6oe orobpakenne X B
NpoU3BOJBHYIO Trpynny G npojoJsKaercsi A0 TOMOMOp-
¢usma F B G. I'pynna, obsnanarmias MHOXKECTBOM CBO-
GOJHBIX MOPOXKAAIOIUX, Ha3bIBaeTcst c60600KOU.

CeoGozmHylo rpynny uyacTo o6Go3HauamoT Oykso#t F,
a ecqd Heo6XOIMMO yKa3aTb MHOXECTBO CBOGOJAHBIX IIO-
poxpaawmouux X, to nuwyt F(X) u rosopsrt, uro F — cBo-
6onnas rpynna Han X.

HOns awo6oro MHOXecTBa X cyliecTByeT cBOGOJAHAs
rpynna F(X). Cso6oauble rpynnb F(X), F(Y) wu3o-
MopdHB TOrga M TOJNBKO TOrJa, KOTAa CYLIeCTBYeT
B3aMMHO OJIHO3HAYHOE COOTBETCTBHE MeXJy MHOXe-
crBaMH X u Y.
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Mbubl BuAHM, uTOo cBOGoaHast rpynna F(X) mnosHocTsio
H OJHO3HAYHO omnpejessieTcs MOLIHOCTBIO % MHOXECTBa
X. ITlostoMy ona oGo3HauyaeTcsi TakXe CHMBOJOM F,.
Mo1HocTh % HasbiBaeTcst paHeom c80600HoL epynnol F,.

Yno6uo cuurath, uto Fo= E. Jlerko BHuJeTb, 4YTO
Fy ~Z. Bce ocranbHbie cBOGOAHBle rpynnbl F,, % =2,
HEKOMMYTAaTHBHHBIL.

[MpoussosbHasi rpynna G, NOPOXKAEHHAst MHOXKECTBOM
Y MmomHocTH 1, 6yaer 3nHMOpGHHIM oOpa3oM J1060H
cBoGonHoi rpynnel F,, ecan x =t Orcloga cJenyert,
yro sobas rpynna G npeicraBuMa (HeoQHO3HaYHO) Kak
¢dakroprpynna G = F/N nio60#i cBOGOLHOH rpynmsl Ao-
CTaTOYHO GOJIBILIOTO paHra.

DnemenT v e F(X) sanuchiBaeTcss Kak CJOBO U=
=Xt x; X, e, ==x1, B andasure X. Cun-
TaeM, 4YTO NYCTOe CJOBO 3amuceiBaeT enuHuuy. CJiosa
U, @ Ha3blBAOTCA epaguuecku pasHoimu, 4T0 00603HA-
yaeTcsi v % w, eC/MM OHH HAEHTHYHH B CBOell 3amHCH.
OueBHAHBIM O06pa3OM BBOASITCS NOHATHA MoAcsaoBa (6e3
nponyckoB 6YKB), OJHHBI CJIOBa H T. I.

Onepauud BCTaBKH H BBIYEPKUBAHHS MNOJCJIOB BHAA
x¢x~%, x= X, g =41, He MEHSIOT 3JileMeHTa, 3aMHChl-
Baemoro cjoBoM. C/ioBa v, @ Ha3HBAIOTCA IKBUBAAEHT-
HoiMU, €CJH OJHO W3 HHX MOJydYaeTcs M3 JPYroro mocije-
JOBATENbHbBIM NpHMEHEHHEM KOHEUHOTO YMCJia omepaiHid
YKa3aHHOr'O BH]IA.

B nw6oit rpynne G, NOpoXAeHHOH MHOXecTBoM X,
S5KBHBAJ/IEHTHble cJioBa B aJjdaBuTe X 3aMHCHIBAIOT paB-
Hple 3JeMeHTel. B cBoGomHo#t rpynne F(X) HeskBHBa-
JIeHTHbIe cJIoBa B andaButTe X 3aNHCHIBAIOT pa3Hble 3Jje-
MeHTbl. MOXKHO cuHTaTh, 4TO cBoGomHas rpymnna F(X)
COCTOHUT H3 KJIAaCCOB 3KBHBaJIeHTHOCTH [v] csoB B anda-
BuTe X OTHOCHTeJbHO yMHOXenus [u][v] 35 [uv], rme uv
0603Hayaer CJ0BO, MOJyYeHHOEe NMPHIHCHIBAHHEM CJIOBA U
crpaBsa K CJIOBY 4.

CJyioBo v B andaButre X HaA3bBIBACTCS HECOKPATUMbLIM,
€CJM U He COJEpXKHT MOACJOB BHAA x°x:8, xE X, €=
=+ 1. Hcnoab3ya TO/NBKO oNepauuio BblYEPKHBAHHSA
noAc/JoB x8x—¢, x= X, e = -1, MOXKHO MPOBECTH K He-
COKpaTHMOMY BHAY Ji06oe cjoBO v. 3HAUHT, Jioboe co-
BO U 3KBHBaJEHTHO HECOKPAaTHMOMY CJIOBY.

Jlio60oit Kaacc 3KkBHBaJeHTHOCTH [vU] comepXHT TOJIB-
KO OJHO HECOKPaTHMOe CJIOBO. DJieMeHTaMu CBOGOAHOM
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rpynnel F(X) MOXHO cyHTaThb HECOKpAaTHMHE CJIOBa
B andasute X OTHOCUTEJbHO ONEpPAlHH YMHOMXEHHUS
vw 55 (vw)’, rile WTPHX O3HAYaeT Hepexoi OT CJIOBA VW
K 3KBHUBAJEHTHOMY eMy HecokpaTuMmomy cJjoBy. Ilpu Ta-
KOM MOJXOJ€e MOMKHO TOBOPHUTb O OAUHEe 3/eMeHTd CBO-
G6oxuo#t rpynnel F(X) orHocurenbHo 6asuca X, umes
B BHAY [JIHHY 3allMCH 3TOrO 3JIeMeHTa B BHJe HecoKpa-

THMOro cjioBa B aiadasute X. Ecan vZ xj! ... X —
1 n

HeCcOoKpaTuMoe CJOBO, TO uYepes v~! 0603HayMM CJIOBO

xi"’" ... X, ‘1, 3anHCHBawollee OGPATHHHA K U 3JEMEHT.
1

OG6LIYHO He BAAIOTCA B NOJAPOGHOCTH H FOBOPSIT O CJO-
Bax B aJjdaButre X Kak 06 ajeMeHTaX CBOGOXHOH I'pYNIH
F(X), u Hao6opor.

I'pynna F, nopoxpenHass MHoxecTBoM X, sBJsercs
cBoGonHO# rpynnoii Hag X B TOM H TOJIbKO TOM cJyuae,
€CJIH pa3jMYHHE HEeCOKpaTHMBle cJoBa B axdpaBure X
3anucHBaloT B F pa3Hble 3JleMeHTHI.

INlpumepwn. 1) Ilpedcrassenue Canosa epynnet F,. Tpynna

m
matpuy G(m), TNOPOXKAEHHass  MHOXeCTBoM X = (0 1),

1 0
( l)lmEN}' npr m = 2 ceoGomna Hap X. Ipymma G(l)
m

HecBoGogHa. 2) ITpedcrasaenue Maenyca epynner F,. Tlycrs K=
= Z[[Y]] — xoabuo pOpMaNbHHEX CTENEHHHX PALOB C LEJLMH KO3d-
dHUHEeHTAaMH OT HEKOMMYTHPYIOLIMX IlepeMeHHBIX MHOXecTBa Y
MomwHoctH %. Iloarpymna F(X) << K* MyJabTHIJIHKaTHBHOH rpynmsl
Koablla K, mopoXaeHHAasA MHOXKECTBOM 3JIeMEHTOB X={xq=1+4+
+ yo| ye =Y}, cBoGogna Hap X.

HecokpaTtumoe ¢J1080 v Ix‘;‘:xﬁi cee x‘i’:, X, & X, e=
== 41, Ha3HBaeTCs YUKAUYECKU HECOKPATUMbIM, €CIIH
Ju60 iy 5= in, 16O & = g,. JI1o6oe Hecoxpammoe CJIOBO
® OJHO3HAYHO NpPEACTAaBMMO B BHAe @ = uw’u”!, rae w’
yXKe LHKJIMYECKH HecokpaTumo. B cnoﬁonuou rpynne
F(X) moGoe cnoBo compsiXkeHO € UHKJIHYECKH Heco-
KPaTHMHIM CJOBOM. B CBOIO ouepeipb, BCe UHKJIHYECKH
HECOKpPAaTHMBIE CJIOBA, CONpSXKEHHHE C NAaHHHM IHKJH-

YECKH HECOKpaTHMBIM CJOBOM U .2 x"x‘ .o xi , x‘I EX

e,=:x1, B cBoGoxHO# rpymnme FA(X) chepnuaalo'mﬂ
UMK/JIHYECKHMH  IlepeCTaHOBKaMH CJloBa U: U, 20,

T 522 n €n 481 €n—1
PRCE 7P A TRIERN M 7 AR At
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OTMeTHM HEKOTOpHe 3JIeMeHTapHhHe CBOHCTBA CBO-
GOIHKIX TpYIIL.

1) Cpo6Goznnble rpynnel He HMEIOT KPYYeHHS.

2) Ilyctp uv-— HecoKpaTHMOE CJIOBO, 3alHCaHHOE
B BHle v = uv’u”!, rie v/ — WHMKIMYECKH HECOKPATHMO.
KopeHb k-ii crenenn (k= N) u3 sneMeHra v B rpyimiue
F(X) eauHcTBeHEH M CYLIECTBYET TOr'ZA H TOJbKO TOr/a,
Korga ciaoBo o’ rpadHUYecKH pAaBHO TNPOHM3BEJEHHIO
ww ... w (k& pa3). KopeHb mnMeer BHA U, uwu™.
B uacTtHOCTH, M3 JI060T0 3JeMeHTa v MOXKHO H3BJIEYb KO-
peHb MaKCHMAJbHOH CTEMNEHU Umax-

3) Lentpanunsatop Jio6oro sneMeHTa v # e CBOOOA-
Hoi rpynnsl F ectb GecKoHeuHasl LHKJIHYeCKas rpymnna
{Umax). DJIeMEHTH u, v & F nepecTaHOBOYHH TOrga H
TOJIbKO TOTJA, KOrjla OHH MNpHHAAJeXaT ONHOH IMKJIH-
yeckoii moarpynme. llentp rpynnu F, npu % =2 paBeH
eIuHUYHO# noarpynmne E.

Jlio6ass moarpynma npoH3BOJIbHOH CBOGOAHON rpyn-
NN caMa cBoGomHa (reopema Hunscena — llpaiepa).

IMycts H — noarpynna cBoGoguo# rpynnu F(X). Cu-
crema T npelncrapuTesnell NpaBEIX CMeXHHX KJaccoB
F(X) no H nasmiBaercs wpaileposoii, ecii e T u Jqo-
6oe HayaJbHOE MOAC/IOBO HECOKpaTHMOro ciaosa v & T
takxke npunagnexur T. [Ias mo6oit noarpynnu H mpo-
M3BOJIbHO! cBoGoaHo# rpynnu F(X) cymecrByer uipaite-
posa cucteMa mnpeicraButeneii 7. B m. 1.1 mocrpoeHo
MHOXKeCTBO mopoxparmomux 3iaemenroB S(T,X) noxn-
rpynasl H. Basucom noarpynnel H Kak cBOGOAHON rpyn-
N MoxeT OuTh BHOGpaHo noamHoxectBo S(T, X)o=
= S(T, X), cocrosilllee U3 BCceX HeeJIMHHYHHIX 3JIEMEHTOB.

[lycts x — paur rpynnsl F(X), j— HHIEKC HeeAHHHY~
noii moarpynnu H << F(X), \— panr H kak cBoGOaHOH
rpynnu. Mmeer Mectro ¢opmyna: (x—1)j=1—1.

[TpuBeseM Temepb HEKOTOpHIE CBeAeHHA O Gasuce KO-
HeyHO nopoxienHoli moarpymnu H << F(X), 3apanHO#
CBOMMH MOPOXAAWHKMH 3JeMeHTaMH. Ilycts |w|x—
AJHHa cioBa w B andasute X.

st c/ioBa YETHOH AJIMHB €CTECTBEHHO ONpefesloTcs
ero JieBasi ¥ npasasi moJyioBuHH. IlycTh w = uv, rae u—
CJIOBO HaHMeHbleH BO3MOXHOM MJHHE TaKOH, 4YTO

1
luly > ?l © |x. C/oBO 1 Ha3pBaeTcsl CTApUINM HayajoM

ca0Ba w. AHaJOTHYHO ONpeje/sercs NOHATHE CTaplUero
KOHLa cjoBa w. ITogMuoxectBo W ={w;, ws, ..., Wa}
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HeNyCThIX HEeCOKPAaTHMHIX cjA0B B aJnadaBure X Ha3bl-
BaCTCSl HUAbCEHOBBLM, eC/IH BHINOJHEHB! yCJaoBHs: 1) crap-
lee HayaJO0 M CTapllHi KoHel J060ro cjoBa w; He
ABJISIETCA, COOTBETCTBEHHO, HA4YaJOM HJH KOHUOM HH Of-
HOro M3 cjioB wf, j 7= i, ¢ = =1, 2) JeBasi NOJOBHHA MO
60ro cjoBa w; He SABJAETCS HAyaJIOM HH OXHOI'O M3 CJIOB
w’;, ji, e==+1. Jlio60e HUJIbCEHOBO MHOXECTBO CJIOB

W cocraBaser 6a3Hc NGPOXJACHHOH WM noArpynmnel H =
= (W).

Ecan V — GeckoHeyHOe MHOXeCTBO CJOB B TpyIIe
F(X), xaxloe KOHEYHOe NMOJMHOXECTBO KOTOPOrO HHJIb-
ceHoBO, TO V cocTargasier 6a3dC NMOPOXKIEHHOH MM NOJA-
rpynnu H = (V).

IMTpumep. B cBoGogHoit rpynmne Fz(X), rme X = {xi, x2},
MHOXECTBO 3JIEMEHTOB V={xg’xlx2_m|mel} cocrapasier 6asuc
noarpynnst f =(V)~F .

OTMeTuM B 3TOHl CBSI3H, YTO JIOKaJbHO CBOGOflHAas rpynna He
o6s3aHa OblTb cBoGoAHOi#l. [IpuMep TOMy —rpymma Q, B KoTOpOil

mo6ad KOHeYHO NOpOXAeHHas NOArPyNna — LHKJAHYECKast OecKoHey-
HOro nopsiixa.

Cnenyonie npeo6pa3oBaHusl YNOPSiAOYEHHOrO Ha-
6opa W ={w,, ws, ..., Wa} 3J€MEHTOB CBOGOLHON rpyn-
nbl F(X) HaswBaercs Huascenosoimu: 1) mepectaHOBKA
3NeMeHTOB, 2) 3aMeHa w,; Ha w;', 3) 3ameHa w, Ha
wws, i ], e==x1, 4) 3amena w,; Ha Wjw,, iF |, e=
= 4.

HunbceHoBn npeo6pa3oBaHHs He M3MEHSIOT NOATpyIN-
Nbl, TOPOXKAeHHOI MHOXecTBoM W. [Ipou3BoJibHBEIH Habop
W MOXHO nepeBeCTH KOHEYHOH IOC/ed0BaTeJbHOCTbIO
HUJIbCEHOBBIX Npeobpa3oBaHuil, He YyBeJlHYHBAIOUIWX Ha
KaXJlOM lare CyMMapHyl0 JAJHHY CJOB, B H860P
W ={w, w,, ..., @, 1, 1, ..., 1}, rre Wy={w,
W,, ..., W,}— HUAbCEHOBO MHOKecTBO. OTCIONA Caeayer,
uro H = (W) =(Wy), npuuem Wy— 6asuc H. Ilepe-
xon or W k Wy ocyulecTBasieTcsl ajJITOPHTMHUYECKH C TIO-
Mo1bl0 06HYKOro nepebopa.

CsoGoanas rpynna F,, n & N, He MOXeT NOpOXKAaTh-
¢l MeHee yeM n 3JeMeHTaMH. Jllo6oe MHOXeCTBO H3 n
3JIeMEeHTOB, Nopoxaawulee F,, sBiasercs ee Ga3UCOM.

I'pynna P Ha3biBaeTcs npPOeKTUBHOL, eCau LJs JIo-
6ux rpynn G u H, mo6nix anumopdusma ¢: G—H n
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roMmomoppusma : P—H cymectByer romomMopdusm
%: P — G, nenaouii KOMMYTATUBHON AHArpaMMy

P H

Jlio6ass cBo6onunas rpynna F(X) npoekrtusHa. BepHo
H obpaTHoe, JM06asi MPOEKTHBHAA rpymnna cBoGOAHA.

[Toarpynna H rpynnbel G Ha3bIBaeTcsi ee pPeTPAKTOAM,
€CJIH cyulecTByeT 3nuMopduaM a: G — H, ToxaecrBeH-
Heli Ha H (3TO paBHOCHJIBHO CYyLIeCTBOBAHHIO MOJYMpH-
moro pasJoxeHus G = N2>~ H). Bce perpaxkTsl cBOGOA-
Ho#t rpynnel F,, n = N, gonyckaioT cJjeaymoliee onuca-
HHe: ecqd R <C F,— peTpakr, TO HaHIeTcs MHOXECTBO

€BOOOJHBIX Mopoxparwmux X ={x, Xs, ..., Xa} IpPyNIel
Fn v 3/1€MeHTHl BHAAT| = XUy, o= Xollg, - . ., 't = Xyllp,
u, ={Xp4q, - -+, X)), CBOOGOAHO  mopoXAaOmWHe  R.
INpocrefiuuit cayvash: ri=2xy, ro==xXs, ..., r'r = Xp, T.€.

R — cBoGopuni MHOXHTedb F, (cm. m. 1.3). He Bce
perpakTel rpynn F, ux cBOOGOALHbIE MHOXHTEJH.

Jlio6ast KOHeYHO mopoxkaeHHast noarpynna H czobox-
HOH rpynnel F sBJasieTcsl CBOOOAHBIM MHOXKHTEJEM HEKO-
Topo# moArpynnbel G < F KOHeYHOro HHAeKca (Teopema
M. Xonna).

Jliobass csobGopHasi rpymnfia F o6sajaer c80dcT80M
Xaycona: nepeceueHHe ee KOHEYHO IOPOXKAEHHBIX MOA-
rpynn KoneuHo mnopoxnaeHo. Ecau Fm, Fn << F— noa-
rpynnbl KOHEYHBIX PAaHroB cBOGOAHOH rpynnel H F,=
=FmNFp 10 r—1<<2(m—1)(n—1)—min{m—1,
n—1}. Bosee Toro, ecnu Frm, Fn NOMYCKAOT BJOKEHHUS
B moarpynnsl A, B <C F B KauecTBe MOArpYMNN KOHEYHHIX
MHIEKCOB i, j COOTBETCTBEeHHO, To r — | << 2(m—1) (n —
—1)—min{j(m—1), i(n—1)}. Ecau nepeceuenue F,
HMeeT KOHeYHHH HHIEKC B OJHOH H3 MepeceKkaeMblix MOA-
rpynn, ckaxeM, B Fn, ms=1, 10 |Fm:F,|<<2(n—1).
B uacrnoctH, npu n =2 umeem F, << F,. Kpome ToOro, u3
KOHEYHOCTH HHAEKCOB |Fn:F.|, |Fn:F,| caepyer xo-
HeuHocTb HHAeKCA |{Fm, Fn):F,] (Burns R. G, Im-
rich W, Servatius B.//Can. Math. Bull. — 1986. —
V.29, N 2. —P. 204—207).
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Heenunnunas HopMasbHas moArpynmna N cBoGORHOR
rpynnbl Fp,, n & N, KOHeUHO IOpOXKJeHa TOTZa H TOJbLKO
TOrja, Koraa Huuaekc |F,: N| KoHeueH.

CBo6oziHbIe TPYIIbl AINNPOKCHMHPYIOTCS OTHOCHTEJb-
HO CONpSI’KeHHOCTH KJAaCCOM KOHEUHBIX p-TPYIN AJs JIO-
6oro npocroro uyucaa p. CBOGOAHBIE TPYNIbI, PUHUTHO
annpoKCHMHpPyeMbl OTHOCHTENbHO BXOXKAEHHS B KOHEYHO
NOpOXJeHHble NOAIPYNNEL. 3aMeTHM, YTO NOCJeLHHM
CBOHCTBOM He o6Jiafaer npsmoit kBaapat Fa X Fa.

ITepeceyeHHe Bcex 4YJEHOB HHXKHEro LEHTPaJbHOTO

psna ﬂ v,F cBo6GoaHO# rpynnu F paBHo E. Tem GoJee
n=1

BEPHO, YTO NEepeCceyeHHe BCeX YJIEHOB psAJla KOMMYTaHTOB
0o

ﬂo 3,F pasuo E. Bce dakropu v.F/y:iF (i N),
n=

8iF[6;1F (j=0, 1, ...)— cBoGonHble abeseBh IpyNNH
(cMm. n. 1.4). Ecan panr rpynnei F KOHeueH, TO ¢akTophl
viF/yinF (i= N) TakXe HMEIOT KOHEYHble pPaHIH, Of-
HaKo, B 3TOM cJjy4ae Juub ¢axkrop §F /8, F = F/F’ cpepn
¢axTopoB psAla KOMMYTAaHTOB HMeEET KOHEUHBIH paHr.

I'pynna Fg, ob6anagaer aBTOMOpP(GHO, HO He 3HAO-
MOpP)HO AONMYCTHMBLIMH NOArpynmnaMH. TakoBH, HampH-
Mep, HaHMeHblHe aBTOMOP(HO HONYCTHMble NOATPYNNH
rpynnst F(X), X={x,x,, ...}, colepxaliye 3JeMeHT
v=[x2 (£2)", (x2)"] (cm. [47]) mam osnemenT = xix}
(Kneitmaun 1O0. I'.//HU3B. AH CCCP. Cep. Mmar.—
1983. —T. 47, Ne 1.— C. 37—74).

[lycts G — KOHEYHO MOpOXKJAEHHAas Ipynna c 3aiaH-
HBIM (KOHEUHLEIM) MHOXKECTBOM NOPOXKAAIOMIHX 3JEeMeH-
o8B X={x1, %3, ..., xn}. Pynxyued pocra rpynnot G
oTHocuTenbHO X HasbiBaercs (yukuus y: N— N, como-
craBasiomas uucay n < N yucjo Bcex pasjMyHBIX 3Je-
MeHTOB rpynnel (, 3amHchiBaeMbIX (HECOKDATHMBIMH)
cioBaMu B aadasute X AJMHH He Goabuie n. Ilycts
vu(n)— 4HCJI0 BCex HECOKPAaTHMHX cJ0B B andasure X
IauHe He Gosblue n. OueBHAHO, YTO B J1I060M cayuyae
v(n) < vi(n) mas Bcex ne N. Kak yxe ormeyanoch,
Y=1vys« B TOM H TOJbKO B TOM cJyuae, ecin X — 6a3uc
(cBob6oxHoi#t) rpynnu F.

Ha MHoxectBe ¢yHKUHMii pocTa BBOJHTCSI OTHOlEHHE
npeanopsiika <{: y; <\Yy2 TOrAa H TOJbKO TOrAa, KOraa
Hafinercs ¢ = N Takoe, uto 9;(n) << y2(gn) Aans Bcex
n e N. Ionaraem y; ~ vz, €CIH 1< y2 H y2 << v1- Kaace
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SKBMBAJNEHTHOCTH [y], comepxammuit ¢yunkuuo pocra 7
rpynnel G, He 3aBHCHT OT BHIGOpPa MHOMXECTBA MOPOIK-
AaomHXx X H Ha3bBaercs Crenensio pocra rpynnbl G.

®Dynkuua yu(n) 3KBHUBAJCHTHA NOKa3aTeNbHOH (PyHK-
U1, AJs onpeaeaeHHocTu 2. BoJsee Toro, ecau rpynna G
COMepKHT cBOGOAHYIO moarpynny Fp (a 3Hauut, U Fg),
TO ee QyHKUHA pOCTa TaKKe 3KBHBaJeHTHa 27, DyHKuHs
pocta J06OH KOH2LHO TNOPOXKIEHHOH * HHJIBIIOTEHTHOH
rpynnH 3KBHBAJIeHTHA KaKOH-IM60 cTenmeHHOH (YHKiHU
n® (ke N). HsBecTHO, YyTO MOYTH pa3peliuMmMasi rpymmna
G uMeeT CTelneHHOH POCT (B NOHSITHOM CMEICJAE) TOrAa
H TOJIbKO TOTJa, KOrjla oia NOYTH HHJbNOTeHTHa. B mpo-
THBHOM cJjayyae G HMeeT nokasaTejbHHH poct. Knacc
FPYNN, KaXAyI0 H3 KOTOPHX MOXKHO NOJYYHTb H3 KOHeU-
HHX M a6esieBRIX IPYINN MOCJAeJ0BaTeNbHOCTBIO ONepauui
B3fITHA NOArpynn, snuMopdHHX 06pa30B, pacUIHpeHH
H NPAMEIX [pele/oB, Ha3HBAIOT KAACCOM 3NEMEHTAPHbLX
epynn. Jlns Hero TakxkKe CNpaBeAJHBO BLICKa3aHHOE
BHILIE YTBepXK/JeHue: JHOO 3jeMeHTapHas rpynna G NoyTH
HHJIIOTEHTHA, U TOTJa y Hee CTeNeHHOH poct, Ju60 —
HeT, H TOrJa POCT NOKa3aTe/bHHIH.

Jas mo60ro mpocToro yucjaa p CyUeCTBYeT KOHTH-
HYyM HeH30MOpP(QHBIX 2-MOpOXKAEHHhIX p-TpymN, HYyHKUHH
pocTa KOTODHIX He JKBHBAJIEHTHH HH CTENeHHOH, HH NO-
Ka3aTeJbHuIM ¢yHkuusaM. CyliecTBYIOT rpynnun 6e3 Kpy-
yeHus ¢ tTeM xe cBodctBoM. (Cpuropuyk P. H.//Axa-
re6pa u Joruka.— 1984. —T. 23, Ne 4. — C. 383—394,
Mar. ¢6.—1985.—T. 126, Ne 2. — C. 194—214).

HHrepecHa cBA3b MeXJAY HaJHYHeM B Tpymne cCBO-
GonHOH moOArpynnel, (yHKuued pocra rpynne G H BO3-
MOJXHOCTbIO ONIpeJe/]MTh B IPOCTPAaHCTBE BCEX OrpaHH-
yeHHHX QyHKUMHA Had rpynnod G MHBapHaHTHOe cpelHee
(cm. [14]). 'pynna G HasbiBaeTcss aMeHalOeJbHOMH, ecJH
TakKas BO3MOXHOCTb peaJiu3dyeMa. Bce sjeMeHTapHHe
rpynne (B TOM uYMcJ/e, BCe JIOKAJbHO paspelinMble Ipyl-
nel) ameHaGeabHp, CyliecTBOBaHHe HedJeMeHTapHBIX
aMeHa6eJbHBIX TPYINN BHTEKAaeT H3 IUTHPOBAHHOrO BHIILE
pesyabtata I'puropuyka. Bce rpynnn HemokasaTesbHOIO
pocra aMeHabGesbHH. KOHeYHO nopoXAeHHHE MEePHONH-
YecKHe TPYNNbl He 3Je€MeHTapHH.

OTmeTHM TakKXe, YTO JAOCTATOYHHIM NPH3HAKOM He-
ameHabenbHOCTH Tpynnu G sBJAAETCA HajJHyde B Hel
noAarpynnu Fi;. DTOT NpH3HAK He sABJsAeTcs Heo6Xoau-
MuEM: rpynnu H3 teopeMbl OubliaHckoro (cm. 150)
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ameHabe/IbHBI H, OUEBHAHO, He cojaepXaT F, (OnpumraH-
ckuin A. 10.//Ycnexn mMar. Hayk.— 1980.—T. 35,
Ne 4. — C. 199—200); To e caMoe BEDPHO OTHOCHTEJbLHO
cBo6oaHBIX 6epHcalifioBbix rpynn B,(n), rae m =2, n
HeyeTHO M n =665 (Axau C. HW.//M3se. AH CCCP.
Cep. mar.—1982. —T. 46, Ne 6.—C. 1139—1149).

ToBopaT, uto Aast rpynnsl G UMeeT MCCTO AAbTepHA-
ruea Turca, ecnu m06asi KOHEYHO NOPOXKAEHHAs NOJA-
rpynna H B G yn60 moyTtH paspeuinMa, JH6O COLEPKHUT
F,. Bcsixas marpuyHas rpynna Haj noJem o6Janaer
6oJsiec cHAbHBIM cBOMcTBOM. OHa JH6O ecTb pacUIMpeHHe
paspelIuMoll Ipynnsl NOCPeACTBOM MAaTpPHYHOH NepHOAM-
YyeckoH rpynnel, au6o coxepxut noarpynny F,. Ias ko-
HEYHO MOPOXKJEeHHOH MaTpHUuHOH rpynnsl G WJIH B CJIy-
yae, ecsH I0Jie HMeeT XapaKTePUCTHKY HYJ/b, 3aKJi0ye-
HHe JKBHBAJIEHTHO NpHBeleHHOMY paHee (cM. [40]).

I'pynna G HasmBaercst deaumoti (paHblile yalie roBo-
PUIH «noAHOL»), ecau Jas Joboro sJjemeHra ge< G,
mwoboro uncna n & N cyumectByer sneMeHT f & G Tako#,
uyro f* =g (f— «KOpeHb n-H CTeneHH U3 3jeMeHTa g»).
R-epynnoii HasbiBaeTcs Tpynna ¢ OXHO3HAYHBIM H3BJe-
uenueM kopHe#t (ecau fi={}, n=N, 10 f; =f;). dean-
Masi R-rpynna uMmenyercs D-epynnoti. CBO6OJHbIE TpYII-
Nbl, HUJIbNOTEHTHBlE TPYNNbl 6e3 KpydyeHHs SBJASIOTCS
R-rpynnamu. M3BectHo, uto Jio6ylo rpynny G MOXKHO
BJOXHUTb B meauMyio rpynny G. Ilpu 3toM, ecin G me-
PHOIHYHA, JIOKAJIbHO HHJBNOTEHTHA HJH paspellNMa CTy-
neud [, To G MOXHO BHGPATh COOTBETCTBEHHO MEPHOAHY-
HOH, JIOKaJIbHO HHJIbIOTEHTHOH HJH pa3pellMMOH CTyNeHH
! rpynmnoi.

Jlio6as cBoboanas rpynna F BJIOXHMa B J€JHMYIO
rpynny F®, nocTpoeHHe KOTOPOH MOXHO OCYLIECTBHTb

BIIOJIHE onpejleJeHHBIM 06pa3oM. Ilpu stom F® okaam-
BaeTcsi MHHHMaJbHOH CpelH AeJHMBIX TPYII, COAepiKa-
wux F (Lyndon R.//Trans. Amer. Math. Soc. — 1960.—
V.96, N 3. — P. 518—533).

AnasnornuHoe yTBepXKJAeHHe BepHO, ecqH 3aMeHHTb F
Ha HHJBNOTEHTHYIO Tpynny G6e3 kKpyueHus HJH Merabe-
nesy R-rpynny G. Ipynna G® B 3ToM cyuae Takke HHJIb-
x;oriemﬂa (roit ke crtymeHu) uiau MerabeneBa (cM.

47]).

MoxHo onpeaeauth obliee nmoHsiTHe rpynnel G Han

xoabuoM K c 1, norpe6oBas, uyTo6nl Aas Kaxaoro k€ K
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0T06pa)KeHHe g’——>gk OTB€YaJ0 YCJOBHAM:
gl =g, gk|+kz J— gklgkz’
(gkl)kz — gkxkz, (hgh—l)k —_ hgkh——-l’
g, hEGr k’ klv k2EK~

OTHOCHTE/IbHO TaKOTO NOAX0A3a M KOHCTPYKTHBHHIX
nocrpoenufi FX cM. ynoMsHyTyio Bhillie pa6ory JIunnoHna.

OTHOCHTEIbHO OCHOBHBEIX ONpeAeJeHHA H CBOMHCTB,
KacalwIlHXcs rpynnoBelx Kodew ZG W rpynnoBeIX ajare6p
PG cwm. n. 111, 2.3. Juepgepenyuposarnuem B rpynnosom
Konbue ZG HasbBaercs Jioboe orobpaxenue D: ZG —
— ZG, ynoBJjeTBOpsIollLee YCAOBHAM:

D(ry+ r)) =D(r) + D(ry), D(riyry) = D(r\)e(rs) + r\D(ro),

rae g — romomopdusm TpuBHaansauuu. IloquepkHeM, 4To
3TO ONpejleJieHHe OTJHYHO OT CTaHJapTHoro auddepen-
nupoBaHus B kosble u3 n. 111 5.5. duddepenuupoanue
D pocraTouHo ompelenuTh Ha rpynmne G, a 3aTeM Ipo-
aoxKuTh Ha ZG no aunHefinoctH. CymMa nuddepenuupo-
BaHuil cHoBa Auddepenuunporanue. Ecan D — auddepen-
uupoBaHne, ro ZG, to onpeneaumo AuddepeHnHpoBa-
Hue Dro: r—D(r)ro. 3amerum, uTO AJast J060ro
auddepennupoanus D BHINOTHEH I csofictea: D (1) =0,
D(g™)=—g 'D(g), D (€N =4 =7D(g), ccnu 1 £g=G,
n
gT—_ll=g"—‘+g”‘2+ ...+ 1 npu n>0,

neZ, rae R
n__
-Eg_—ll-=—g“ —g2— ... —g" npun<O.
IMycts F — cBoGoaHas rpynna Haa X. Beskomy x: e X
COOTBETCTBYET eAMHCTBEeHHOe AuddepeHnnpoBanne D; =

=5‘1— B Kosblle ZF, Hasbizaemoe (4acTHHM) dugge-
i

peryuposarnuem Poxca no xi, Takoe, 4ToO
0x, {l, ecJd k=i,
ax; 0, ecau k;é.i.

Jns mo6uIX 3JeMeHTOB ry, re, ... & ZF Haigercs
OJHO H TOJIKO OAHO Au(depeHuHpoBanne B KoJbue ZF,

uro D(xz)==re, k=1, 2, ... Bonee ToOro, aasa Jawo6oro

re ZF uvmeem D (r) = Z % ri. IuddepenurpoBanneM

1
sBasiercs otobpaxenue r—r—e(r), r=ZF.
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OcHoBHO# ¢(opMyJofi AudepeHIHPOBAHUS HA3bIBAIOT

PaBEHCTBO
ar
r—e(r)= Z 3

i

—1).

Ecau r=feF, to noayuaem f — 1 = Z -;xl—,(x, —1).
1 i

Ecau snemenr f=f(hy, hy, ..., h,) = F sanucan xax
CJI0BO OT Ay, hy, ..., h, = F, T0 pna moboro nuddepen-
n

nupoBaHust D HMeeM paBeHCTBO D(f)=z-—:hLD(h,~).
=1
BaxunM sBaserca cjenywoiee o6o6uenue. Ilyctb
N F, ¢: F—> F/N— ecrectBeHHHH romomopdHsmM, om-
perensoumuii romomoppuaM kojen ¢: ZF - ZF/N c teM
ke obo3HauenneM. DyaeM paccmaTpuBaTh KOMIO3HIHH
D¢ nas pudpdepenunpoBanuit Koabna ZF, noayuas 3Ha-
ueHnuss B ZF/N. OrpaHuuuMcsl 4YacTHHMH JAu¢depeHiu-

d
poBanusaMH. [Ilonyualomeecsi oro6paxKeHHe (T) =
ile
a
=39 ZF — ZF/N Ha3oBeM uacTreim dupeperyuposa-
i
Huem co 3nawenuamu 8 ZF/N. Tlpu stoM ocralores cmpa-
BEJ/IMBHIMH aHAJIOTH NpPHBEAEHHHX BHIIe (GopMy.I.

i
Bce 3HaueHHs (57) sjeMeHTa [ & F paBHB HYJIO
i/o

B TOM H TOJbKO TOM cJyyae, ectH fe N'. DieMeHT
fe F npunapaexur N Torja H TOJbKO TOrAa, KOrja

—) @) —1)=0.
£
ATH YTBEpXKACHHS NO3BOJISIIOT paCcCMaTpHBaThb (5%—)

Kak uvactHoe AH¢depennuposaHus rpynnn F/N’ Vmg
kKoJbua ZF/N’ co 3nauesussmu B Kosabue ZF/N. OHu Hr-
paloT BaXHYI0 poJb IIPH HCCAeNOBAaHHH T[pyNN THIA
F/N’.

Jlwo6ylo abeneBy HOpMaJbHYI HOArpynny A rpynmsl
G MOXHO npeBpaTHTh B (J1eBHH) MOAYyJb Hajd KOJbLOM
ZG, nonaras

z’z‘mﬂ(a‘) ¢ rpe2, g=G.

MoxHo TakXe paccMaTpuBaTb A KaK MOAYJb Hajl KOJib-
nomM ZG/A, nepexois or ajeMeHTOB g € G K HX 00pa-
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sam B G/A (meficTBHe omnpegnessieTcs Kak ga = af, rje
g —npoo6pas g B G, U He 3aBHUCHT OT BnGoOpa g).

B uyacraoctn, ecntu N JF, to N=N/N’— moayan
Haa KoabuoM ZF/N, KOTOpHI Ha3HBaeTcss MOAYJEM CO-
OTHOIUEHHH.

IMycts F/N HelukJHuHa, TOrAa AJs TOGOrO 3jJeMEHTa
0% reZF/N mnafizerca 3jeMeHT a&= N ¢ yCJIOBHEM
a’ =0 (cM. [47]).

B vacthocTH, nentp rpynnsl F/N’ nexur B N/N’.

IMycts G — npousBosibHasg rpynmna, ¢ — GyHIaMeH-
TaNbHEH uaean konbua ZG. Iloarpynna D,Gi5GN(1 4

+ g%, i=N, HasmBaerca i-ii pasmeproi nodepynnoi
rpynnel G. Jlerko nokasats, 4to y:G << D;G pas moGoro
i N.

Ons coGopuo#t rpynna F umeem v, F = D;F npu
ao6oM (e N. Cnpasenyunso GoJsee ofliee yTBepKIeHHE:
ecid (aKTOpHl HHUIKHErO LEHTPaJbHOTO psiia TpYMHIBl
G —rpynnbl Ge3 kpydyeHus, o D;G=y;G npu Jawo6oMm
ieN.

HAns mo6oit rpynnel G uMeeM y,G = D,G, y,G =
= D,G; eciu G sBasiercsa p-rpynnoil (mpocroe p = 3),
T0 93G = D;3G. CymecrByer 2-rpynna G, AJs KOTOPOH
| D4G/y4G|=2. Tloka Her mpumepoB rpynn G, s Ko-
TOphX oauH u3 ¢akropoB D,G/y.G conepxana GH He-
TPHUBHAJILHEIA 3J1eMEHT HEYeTHOro MOpsAKa.

Iyctb b, =H.0.x.{1, 2, ..., m}. Ilyctb ¢;=cy=1

n—2 n—-2
He, = I]; bl( ! ) nasa n>3. Torga gas mo6oit rpynns G,

ao6oro n & N, nepuop rpynnsl D,G/y,G nenur cy. B ya-
cTHOCTH, ecau G siBJIsieTcst p-rpynnoii (p — npecroe), TO
D,G=%v,G mpu n<<p+1 (reopema Cézpena).
Cwm. [87].

IMycts L — koabuo Jlu, nopoxneHHoe B Koable ZG
MHOXecTBOM 3jeMeHToB {g— l|g= G}, L! (i N)—
ero Jauesa crenenb. Ilycts I¢=[(Lf)— upgeaJs, nopox-
nennnit B ZG goabuom Li [Moarpynna LD,G 55 G N (1 + 5
Ha3mBaeTcA i-ii Auesoil pasmeprol nodepynnol TPYNIH
G. Tpu mwo6om ; umeeM y:G << LD:G <D G. dasa mo-
Goit rpynnu G, aw6oro i << 6 umeeM y;G = LD;G. Bo-
npoc o cosnagenuu y;G= LD;G nas Bcex i< N mnoka
OTKDHIT.

1.3. 3aganus u KoucTpyKuMH rpynn. Ilycte G — sipo-
H3BOJIbHAsi rpynmna, X — MHOXECTBO NOPOXJAIOIHX €€
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sneMenToB, CoorHouwienuem rpynnbl G oTHOcHTeNbHO X
Ha3plBaeTcsl paBeHCTBO v =1, rle v —Jw6oe CJOBO
B ajndasure X, 3anuceiBalouiee ejuHuLy rpynne G. [Ho-
NYCTHMO Ha3blBATb COOTHOIIEHHEM TakKXe paBeHCTBO
u=v, rie u, v—cJjoBa B ajadasure X, 3aNUCHIBAIO-
LIHe OJMHAKOBbLIEe 3JeMeHThl rpynnsl G. SIcHO, 4TO B 3TOM
cJyyae Mbl HMeeM Jelio C COOTHOUIeHHeM uv—! = I.

JleBble uyacTH Bcex cooTHolleHH#t v =1 rpynnsl G
o6pasyioT HOpMaJbHyI0 NOArpynny N cBoGoaHO# rpyn-
ne F = F(X). Ilogrpynna N —3T0 siipo romMomopdHs-
Ma F Ha @, npu KoTopoM X otoGpaxKaercsl TOXJeCTBeH-
Ho. B atoM cayuyae G =~ F/N.

ITonmHOXecTBO R = N Ha3bIBaeTCs MHOMECTBOM OR-
pedeasrowux caoe rpynnel G oTHocutenbHo X, ecan N
sIBJIsleTcsl HOpMaJbHBIM 3aMbikaHHeM R B F. CootBet-
CTBYIOIIlee MHOXKeCTBO cooTHoulenuii {r =1|r e R} Ha-
3BIBACTCH MHOMECTBOM ONPeOeasiiouux COOTHOUIeH UL
rpynnel G oTHocHTeabHO X. I'OBOpAT, 4TO COOTHOLIEHHE
w =1 geiTekaer, caedyer MU 86/800UMO H3 MHOXKeCTBa
cootHoweHu#t {s =1|se S}, ecin w {{S)) B rpyn-
ne F. JlioGoe cooTHomleHHe w = | BHITEKaeT H3 MHO-
XKecTsa ONpelesOUX cooTHoweHn#t {r— 1|r = R}.
BriGop MHOXeCTBa ONpeleJsIOIUX CJOB R HeOAHO-
3HayeH.

Ilyctb R — MHOXKECTBO ONpelesslOUHX CJOB IPyNNbI
G B andasute X. Toopsar, uto (X[ {r=1|r = R}) uan,
6osee kpatko, (X|R) — 3adanue (mau npedcrasaexue)
rpynins G uepe3 MOpOXKJaloliHe 3JeMeHTH ¥ Onpelelsio-
Life COOTHOUIeHHs. B mocsenHee BpeMsi B COBETCKYIO JIH-
TepaTypy BBeleH TepMHH eenerudeckuil kod (X||R) (uau
npocto xod) rpynns G.

Ecnu rpynna G 3ajaHa crnenuajJbHeM o6pa3oM (MaT-
pHIaMH, NOJCTAaHOBKAMH M T. I.), TO JJs ITOJHOTH Kap-
THHH BMecTe ¢ KoJoM <X|R), samawmuMm G Kak ao-
CTPAKTHYIO Ipymnny, He0GXOAHMO NPHBECTH OTOOpaxKeHHe
@ MHOXecTBa X Ha MHOXeCTBO KOHKDETHHIX IOpOXKAalo-
WHx snemeHToB rpynnbl G. 3aganue (X||R), HasmBaercs
xKonpedcrasieruem rpynns G.

MMpumepn. 1) (X|@)— kon cBoGoguo# rpynnu F (X).

2) (x| x"=1) — xon umkauyeckoi rpynnu Z (n); 3) (xl, E 7

e Xy lef=x§= .. =Jc,2.‘_l =1, (x,x,+,)3= Ha<ign-2),

(x!xk)2=l (1 <i<k—-2<n—3))m. rae @ x> (i, i+ 1), —
Konpe/ACTaBJieHHe CHMMeTPHUecKOi rpyans Sp.
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Koabl MHOrHX XOpOIIO H3BECTHBIX TPYNN MNpPHBELEHH
B kHUre Kokcerepa u Mo3sepa [21].

Ilpn 3ananHoM MHOXecTBe R & F BaXXHO HMeTb Xo-
pollee npeAcTaBJaeHHe O cJ0Bax © & F, BHIBOJHMBIX H3
R. Oas 3stoit uenn sddekTHBeH reoMeTpHUECKHH METOM
HceaenoBanus, [IpefcTaBHM ero OCHOBHBIE KOMIOHEHTHI
(nogpo6uocti cM. B [30], [48]).

bynem o6GosHauaTh yepe3 OS rpaHuiuy, a uepes S —
3aMblKaHHe J06oro moaiMHoXecTBa S maockoctH R2
Kapra — 310 KOHeuHOe MHOXecTBO M, cocTosiliee H3
sepwun (Touek R2?), pebep (orpaHHueHHBIX romeomopo-
HbIX 00pa30B OTKPHITOrO eNMHHYHOro HHTepBasa B R2)
u obaacrei (orpaHHYeHHbIX rOMeOMOP(dHBEIX 06pas3oB OT-
KpHITOro eanHuyHoro kpyra B R2?). PasinuHble cocras-
JSAIOIHE HE NEePECEKAIOTCS H YJO0BJETBOPSIOT CJAEAYIOLUIHM

tTpe6GoBanusm: 1) ecau e — pebpo, 10 {e} =el {v} U {w}
JJIsT HEKOTOPHIX BEepIIHH v, w, 2) rpaHuua 00 KaxXAoH
o6sacTH eCTb CBsI3HOE MHOXECTBO, COBNajaloliee
c{e;jU{e} U ... U{e.} nasa noaxonsimux pebep ey, ez, ...
..., €. 3aHKcHUpyeM IJIs KaxXAoro pe6pa e OLHY H3
JBYX BO3MOXHBIX OpPHEHTalHH, YTO MO3BOJISIeT FOBODHTH
0 ero Hauaje o(e) M KOHUe w(e)— BeplIuHax uz M.
To ke camoe pe6po e ¢ MPOTHBONOJOXKHONH opHeHTauHeR

o6o3Hauaercsi e~!, ero Hauajo a(e~!})=w(e), KoHen
w(e)=a(e). Yro6Ho cuurath, uyto (e~!)~!=r¢. Ilyro
p— 3TO nocJefloBaTeNbHOCTL peGep e;, €y, ..., €m Ta-

Kasi, uTo o(e;)=a(ei1). Ilyts p 3amxryr, eciu ero
Hauasno a(p) 75 @ (e;) coBnagaer ¢ KOHIOM m(p)d=efm(em),
npueeden, ecnu e; #e;}, Ajs Bcex i=1,2, ..., m—
— 1. OueBuaHHM 06pa3oM onpenesisercss 06paTHbUL nYTo
p~!, Oauna nytu u 1. n. Bribepem Ha R? oaHy H3 ABYX
BO3MOXXHBIX OpHEHTAUHH H OpHEHTHPYeM B COOTBETCTBHH
¢ Hell kaxayw oGaacte O. Has nw6oii ToukH v & 00
CYIIeCTBYeT eAHHCTBEHHBIl 3aMKHYTHIA NpHBeAeHHbIA
nyTh p ¢ HayajJoM B v, o6xoiasmuiit O B COOTBETCTBHH
c 3ajaHHOi opueHTauued. Ecain M cBsisHa ¥ OAHOCBsI3HA,
TO aHAJOTMYHO ONpeAeJsieTcss 3aMKHYTHI NpPHBELEHHBIA
nyTb p, ob6xoaamuii OM B COOTBETCTBHM C 3aJaHHOR
opHeHTalHed M HauMHaOWHiics (KOHYAKWIHACA) B JIO-
6o 3amaHHOH BeplunHe v e OM. Takue nyTH Ha3oBeM
2PAHUYHBLIAL.

Huaepammoii D Hal MHOMXKECTBOM UHKJIHYECKH HeCO-
KpaTHMBHIX cJOB R = F(X) HaspBaercd napa, cocrosumias
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H3 CBS3HOH OJAHOCBSI3HOH KapThl M M (QYHKIHH ¢, como-
CTaBJsIOIIEN KaxXkAoMy peGpy e = M sjeMeHT @ (e)= xt,
xe X, e==+1, npuueM ¢(e!)=¢(e)"'. Tpebyercs,
yTo6H AJs J060ro (NIpHBeNEHHOr0) TPAaHHYHOTO NYTH
p=ey, e ..., ey TNpPOU3BOJNbHOH o6aactu O cJ0BO

o) ol .. 9l

ABJSIOCHh Obl LHKJHYECKOH INepecTaHOBKOH OJHOrO H3
ClIOB r & R*1,

Jlesma san Kamnena: HecokpaTHMOe CJOBO u MNpH-
HaJJIeXKHT HOpMaJbHOMY 3aMblKaHHIO ((R)) MHO¥KecTBa
LHKJIHYECKH HecOKpaTHMBiX cjoB R=F(X) B TOoM H
TOJILKO B TOM cJyuae, eCJH cyliecTByeT Auarpamma D
Hajl R u Tako# (npuBeleHHHH) TpaHHYHBIA NyTh p =
=ey, e, ..., €, TPAHHIH OM COOTBETCTBYIOLIEH KapTh
M, uto v = o(p).

Bosiee Toro, MoxHO BBHIOpaTh Takyl AuarpamMmy D
C YKa3aHHLIMH CBOMCTBaMH, YTO AJ4 Ji060H mapH ee 06-
aacrefi O;, O, 4 ux obuero rpaHuuyHoro pebpa e
e 00, 00; cnpaBepauBo @(p) =~ ¢ (p2), €cau rpaHHY-
HEle NIYTH 3THX oGJacreii umeloT Bum ep, u e~ !p;i. Ta-

KHe JMarpaMMbl Ha3LIBAIOTCS pedyyuposanreimu (npu-
gedenHoimu) .

JleMma BaH KamneHna mo3BosisieT HCIOJIb30BaThb B HC-
CJAEAOBAHHUSIX HE TOJNBKO HAarJsfHYI0 HHTYUUHIO, HO H
pasJiyHble QOpPMYJB M HepaBeHCTBA M3 KOMOHHATODHOM
reomerpuu (cm. [30], [48]).

AuasnornyHHIM 0Gpa30M CTPOSITCS TaK:Ke TaK HasH-
BaeMble KOJIbI|eBhle NUarpaMMbl, BHYTPEHHHH H BHEIUNHHH
rpaHHyYHble MYTH KOTODHX <«3alHCHIBAIOT» CONpSKEHHHE
no monymio {{R)) cnoea rpynnu F(X) (cm. [30]).

OueByjlHa CBfI3b C aJFOPHTMHYECKHMH NpobieMaMH
pPaBeHCTBa H CONpPSIXKEHHOCTH B rpynnax (cm. m. 4.4).

BBeneM Ha MHOXKeCTBe BCeX KONOB OTHOLIEHHE 3KBH-
BajienTHoctH, moJgarag <{X|[|R) ~ (Y||S), ecau wuso-
Mopgubt rpynmst F(X) /(KRYY 1 F(Y)/<(S)).

Iremenraproimy  npeobpaszosanusmu Tuye Koma
<X||R) Ha3biBaloTcsl npeo6pa3oBaHHsi CJAEAYIOLMX THIOB:
a) no6aBiaeHue K R caoBa v {{R)); 6) BbuepKHBaHHE
n3 R cnoBa w.{{R\\ {w})); B) nobasienne x X GyKBH
Y& X ¢ onHoBpeMeHHHM Jo0aBjeHHeM K R cjoBa
v = yw™!, rae w— ao6oe c10BO B ajdasute X; r) yna-
nAenve u3 X GYKBH X, ecqd B R ectb cioBo v xw™!,
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rae w—caoso B andasure X\ {x}, ¢ oaHOBpemenHoil
3aMEHOR x Ha @ BO BCeX CJIOBax r  R.

Teopema Tuye: KOAB I'PYNN 3KBHBAJEHTHBl TOTAa H
TOJBKO TOTJa, KOTAAa CYyIIeCTBYeT Nepexol OT OAHOIo
K ApYromMy noc/ael0BaTe]bHOCTbIO (BO3MOXKHO, GeCKOHEu-
Ho#) npeo6pasoBaHuil Tuue.

Ecau 3KkBHBaJleHTHBlE KOJAB KOHEUYHBI, T. €. COCTOST
H3 KOHEUHBIX MHOXeCTB NMOPOXKAAIOIMIHMX H COOTHOILIEeHHH,
TO mNepexof B TeopeMe THIe MOXKHO OCYLIECTBHTb KO-
HeuHOH MocJeaoBaTeJbHOCTbIO NpeoGpa3oBaHuil. 3ame-
THM, YTO Jaxe B 3TOM cJiyuae HeT 3((pEeKTHBHOIO CIo-
co6a NPOM3BECTH YKa3aHHBLIA Nepexoj B IPOHM3BOJILHOM
ciayuae. CM. mo sToMy nmoBoay m. 4.4.

IMycte (X[|R) —kox rpymnet G. OtobpaxeHHe @
MHOXecTBa X B NMPOH3BOJIbHYIO rpynny / mpojoJikaercs
no romMoMopduama ¢ rpynnel G B rpynny H B TOM H
TOJIbKO TOM cCJiyuae, ecJd NpU roMoMopdusMe ¢ Tpynnu
F(X), npoxosxaimomeM ¢ (M CyLUleCTBYIOIIEM NO CBOM-
cTtBy 6asuca cBOGORHOH rpymnmnbl), ompefensioline cJOBa
U3 R nmepexojdT B elHHHULY.

Ins npoBepKH NpPHBEJEHHOIO YCJOBHS HYXHO 3anu-
caThb onpejensiiomue cl1osBa r & R B aiadasutre X, a 3a-
TeM B KaxJoe H3 HHX BMecTo OYKB x = X mnojcra-
BHTb HX 0o6pasnl @(x)e= H u nocmorperb, Gyler JH INo-
JIyYHBIIEeCs CJIOBO 3aNHCHIBATb eJHHHLY B rpynne H.

Kox rpynnn G/N 3anucmBaerca no koxay <{X[|R)
rpynnu G caeayiouum o6pasoM. Ilycte U — MHOXKecTBO
ca0B B andapure X, 3aMHCHBAOUHX TaKOe MHOXECTBO
ajileMenToB rpynnu G, HOpMaJbHOE 3aMBIKaHHE KOTOPOTO
B G cosnagaer ¢ N. Torma rpynna G/N uMeeT KOX
<XIRU U>.

ITokaxem Temepb, Kak, 3Hast Kox (X||R) rpynmm G,
Buinucath kKox (Y[|V) ee moarpynnm H. Cuuraem, uto
G = F/N, rae F= F(X), N = {{R)). Ilyctpb H— noJ-
HHt npoo6pa3 H B F OTHOCHTEJNbHO €CTeCTBEHHOIO IO-
momopdusma F Ha F/N. Ilycte T — mpaiiepoBa cucrema
npeacTaBuTesell NpPaBHX CMEXHHX kiaaccos F mno H.
IMycts Y =8(T, X)o— MHOXecTBO CBOOOAHHX MOPOK-
nawomux rpynnel A, onpeaenentoe B m. 1.2. Ecimn hE A,
10 yepe3 p(h) 06o3HauWM 3anuch A B BHae (Hecokpa-
THMOro) cJioBa B aJjdaBute Y (aJropuT™M MNOJydeHHS
TaKOH 3amMcd omucad B M. 1.1, HYKHO TOJNBKO BHIYEPKH-
patb 3sjeMmentsl S(7T,X), paBHble 1 H mO3TOMy He BXO-
psue B S(T, X)o).
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Ilycts V — MHOXecTBO Bcex CJIOB B agagasure Y Brja
p(trt="), teT, re=R, toraa kox (Y|V) samaer noa-
rpynny H << G.

Ipynna G Ha3biBaeTcsi KOHE4YHO onpedeieHHou, ecau
cyuecTByer 3ajgamoimuil G koHeuHblit Kox {(X|[|R).

Ias mo6oro koaa <X||R) KoHeyHO ompeaeseHHOH
rpynnel G Hailijercs koHeuHblH noakon {X,[|R,), X, = X,
R, = R, taxxe 3ajarmomuit rpynny G. PacuupeHue Jio-
60it KOHEYHO onpejeseHHOH I'PYNNEl MOCPEJCTBOM KOHEY-
HO omnpele/eHHOH TpPYyNNbl CHOBA KOHEYHO OIpefeseHO.

IMycts Y ={y,, Yo, ...} — KOHEUHBI! HJH CUETHBIH
andaput. CymecrByioT pa3inubie 3¢ heKTHBHBIE COCOG b
HyMepauuu (MOJYTPYyMNNOBbIX) CJOB BHAA Yp Y, - - - Yr,
B anadasute Y HaTypaabHbiMH uucaamu. Hanpumep,
MOXHO CONOCTABUTb CJOBY W2 Yy Yp, --- Yp, HOMEP

— k _k k

y(@) 35 p'p% ... p," TAe B KauecTBe p, Geperca [-e
npocrtoe yHcao. CooTBeTcTBHE W —- y (W), KaK JIEFKO BH-
JeTb, B3aUMHO OAHO3HayHoe. CONOCTaBHM KOHEUHOMY
uau  cuetHomy anadaButy X ={x, X, ...} axadasur
Y =x*"'={x"', x5!, ...}. JloGomy (rpynnosomy) cio-
By w B aJuadaButre X COOTBETCTBYeT (MOJYrpyHIIOBOE)
cjaoo w’ B andasute Y. Onpegenum yp(w) kKak y(w’).
MoO>KHO rOBOpHTb O HyMepalHH 3JeMeHTOB rpynnnl F(X),
paccMaTpHBas X KaK HeCOKpaTHMhbie cjoBa B aJihaBuTe
X. Ilyctomy cyoBy npHcBauBaem npu 3toM Homep l. [Tox-
MHoxXecTBo U < F(X) Ha3blBaeTcsi peKkypCcusHoim, pe-
KYpCUBHO nepequciumsim U T. I., €CJH PEKyPCHBHO, pe-
KYPCHBHO IMeEpeuYHCJHMO M T. I. COOTBETCTBYylOLIee MOJA-
MHOXecTBO HOMepoB {y(u)|u= U}=N. Eciu BMecto
Y B3ATb KaKylo-Ju60 Apyryio 3¢(¢eKTHBHYIO HyMepaluio
8, TO COBOKYNHOCTH pPEKypCHBHbIX H DEKyYpCHBHO mepe-
YHCJIHUMBIX MHOXKECTB He H3MEHSIOTCS.

I'pynna G Ha3biBaeTcsi peKkypcusnHo onpedereHnHoli,
ecau A5 Hee cyulectByeT kol {X||R) ¢ KOHEYHHIM MHO-
)ectBOM X U PEeKypCHBHO MEepEYHCJHMBIM MHOXECTBOM
R. OkaspiBaercs, yTo B 3TOM cJaydae rpynna G ob6Jajaer
takxe KogoM (X||R) c pekypcHBHbBIM MHOXeCTBOM R.

KoneuHo nopoxzaeHnsasi rpynna G pekypcHBHO olipe-
JesieHa TOTJa M TOJbKO TOrAa, Korxa G BJIOXKHMAa B He-
KOTOPYIO KOHEYHO OnpejeseHHyl0 rpynny (reopema Xue-
Mana).

Ipynna H HasnBaercsi yHusepcaavbHoli epynnoil
Kaacca X, ecau Jqobas rpynna K< X Bnoxuma B H.
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Ecan npu stom He X, To H HasbiBaercsi yHusepcais-
Kol K -epynnoii.

CyILecTBYIOT yHHBepcaJbHble KOHEYHO OMNpejeseHHble
TPYIIbI.

Jllo6ast yHuBepcaJlbHasi KOHEYHO ONpelesieHHasi IpyI-
na cofepXHT H30MOp(pHHIe 00pa3bl BCeX pPEKYpPCHBHO
onpezeJeHHHX Ipynn. MHOXeCTBO DEeKYpPCHBHO ompeje-
JIeHHBIX PPYNI TakHM o6pasoM cueTHo. CyLIeCTByeT KOH-
THHYYM KOHEYHO IOpPOXJEHHbIX He DEeKYpCHBHO ompeje-
JIEHHBIX TPYIIL.

Ceftuac H3BeCTHbl INPHMEpPH YHHBEPCAJbHHIX KOHEYHO
onpejeseHHBIX rpynn ¢ 12 onpenensiOIIMMH COOTHOIMIE-
HHsAMH. TouHasi HHXKHSS TPaHUIA r YHCIA COOTHOUIEHHH
YHHBepCaJbHBIX KOHEYHO ONpeje/eHHHX [PyNn NOoKa He
ycraHoB/JeHa. MoXHO rapaHTHpOBaTh, 4TO r = 2, TaK
Kak Tpynmel ¢ OJAHHM COOTHOIIEHHEM HMEIOT MHOro
crnenHpHuyecKHXx CBOHCTB (CM. HHXe) M NO STOH IpH-
YHHe He MOryT ObITb YyHHBepcasbHbMH. Ckopee Bcero,
r=2.

PaccmoTpuM HeKOTOpBIe KJacChl KOHEYHO OnpefeseH-
HBIX TPYMIL.

Ipynopl ¢ oaHUM cooTHouleHHeM G = (X, Xy, ..
...y Xpllr=1), rae r — UHKJIHYECKH HECOKPATHMOE CJIO-
BO U3 F,=F(x, X, ..., Xu), 006JafaOT CJELYIOLHUMH
cBofictBamMu. 1) Ecau H3 r He H3BJeKaeTcs KOpeHb cO6-
CTBeHHO! cTemeHu B F, To rpynna G He HMeeT Kpyue-
HHA, rpynnosoe Ko.abuo ZG — fpenutened Hyas H, 6oJee
Toro, ZG BJOXKHUMO B TeJo. 2) EclH rmax — KOpeHb Max-
CHMAaJIbHO BO3MOXKHOH cTemeHH & == 2 U3 3jeMeHTarB Fo,
TO BCE 3JIeMEHThl KOHEYHBIX NMOPSAKOB B G 3aNHCHIBAIOTCS
Kak cjgosa B ajdasutre X BHIA (grmax g '), 1<<I<<
< k—1, B To xe BpeMa B G Hailiiercs moArpymnmna Ko-
HeyHOro HHAekca Ge3 kpyueHHs, a ueHtpasausartop Cg(h)
Jo6oro 3JjeMmeHta | h e G — uukavueckass rpynna.
3) Jlro6oe co6CcTBEHHOE HenmycToe MOJCJAOBO M3 r 3alHChl-
BaeT HeeAMHHUHHLIA 3jeMeHT rpynnnl G. 4) Ilpu n =3
neHtp rpynnnl G pased E; npu n =2 jubo rpynna G
abesepa, 1 Toria G ~Z uau G ~Z ® Z, nu6o G Heabe-
jdeBa, u torga C(G)~Z wuau E; npu n =1 O4YeBHAHO,
uro G~Z uwmn Z(n), n= N. 5) Kaxpnas noarpynna
H < G nubo paspewrnma, au6o comepXut Fo. Ecan B G
€CTb KPYyYeHHe, TO B IepBOM ciydyae H HJIH HHKJIHYECKas,
HWin GeckOHeuHas JuaapasbHas rpynna. 6) Ecaun G
He MMeeT KpYYeHHs, TO OHa JIOKaJbHO HHAHKabesbHa.



114 TJ. II. TPYMIIBL

HHOukabenrbrocTs O3HAUaET CyLIECTBOBAHHe 3MHMOp¢H3-

Ma Ha Z.
Teopema Maenyca o csobode: eciu B 3aJaHHH TPyII-

nel G =<(x1, X, ..., Xallr = 1) LHK/IHYECKH HECOKpaTH-
MO€ CJIOBO r COJEPKHT B CBOEH 3aNHCH X,, TO 3JIeMEHTH
X1, X2, ..., Xn— NOpOXJaOT B G CBOGOAHYIO MOArpynmy

H COCTaBJISAIOT B HeH 6asuc.

HMaBecTHo, uyTo rpynna G=<x,, x, ﬂ xkxlamxl = l)
¢uHuTHO anmpokcuMmupyema, ecaun (k4 m) (I + n)#0
Wi k= —m, |l = —n (34ecb U fasee BCe MapaMeTpH —
HeHyJieBHle weJble uuciaa). [loaromy HauboJbIUIHH HHTe-
pec BBI3LWBAIOT IPYNNbl YKa3aHHOTO BHAA, IJS1 KOTOPHIX
TOJILKO OfHa H3 cyMM k -+ m, |4 n pasna 0.

Fpynnu Baymcaara — Coaurepa uMeioT KOA Gy =
=(x;, %,| % x5x! = x3). Slcno, uro Gy, ~ G,

Ipynna G,, o6aanaer 3HAOMOPPHU3MOM @, @ x, —> X,
x,—>x2. Econ (B, [)=1, T0 @, — snumoppusm; ecJy,
KpoMe Toro, | k|, [[|> 1, To | 5= [xxx!, x2] e Kerg,,
u rpymna Gp TpPH 3THX MNpPENNOJOXEHHsX Hexondopa
H He QUHHTHO annmpokcHMHupyeMa (rpynna G HasnBaeTcs
xonghosod, ecau Joboit sanumMopdusm ¢: G — G aBJsAerca
aBTOMOp(GH3IMOM).

IIpusemem psg HauGoJiee HHTEPECHBIX pe3yJbTATOB
o rpynnax Baymciara — CosHrepa H HX OGOGIIEHHSX.
1) Ilpu ¢ > 1 H HenmyCTHX HECOKpPaTHMHIX cJOBax u(X),
v(¥) rpynna G={(y,x, ..., %[l (g7 u(X)y'v (X)) =1)
GUHHTHO anmpokCcHMHpyeMa, B yacTHocTH, PA-rpynnoi
apasiercs  rpynna G ={x, %z | (xfxéx;"xg)‘=l> (Al-
lenby R. B. J. T, Tang C. Y.//J. Algebra.—
1981.— V. 71, N 1.— P. 132 — 140). 2) Bepno yc/oBHOe
yTBepxieHHe: ecan G = {x;, Xl (xfx;x{"xg)s= l) ¢du-
HHTHO aNNmpOKCHMHpyeMa, TO H rpynna H = {xj, Xs, ...
cen Xp, Y1, Yo oo Yol (@(R) R0 (9) ()0 (9)")E = 1)
aABasiercs (QHHHTHO aNNOPOKCHMHPYeMOH JJs JIOOHX
HENYCTHX HEeCOKpaTHMHX cjoB u(X), v(y), He sABJsIO-
muxcsi COGCTBEHHRIMH CTeNeHsAMH B CBOGOAHOH rpymme
(Allenby R. B. J. T, Tang C. Y.//Math. Proc.
Cambridge Phil. Soc.—1985.—V. 97, N 2.—P.
225—230). T'pynna G, xondoma, ecan [=kl', | k],
[U|>1, B 1 | AMeOT OLHH M Te XKe MPOCTHE AEJNHTENH
(Collins D. J., Levin F.//Arch. Math. —1983. —V. 40,
N 5. —P. 385—400).
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Kpome Ttoro, mumelor Mecto ciaeiylouHe (akTH:
G={x, X2, ..., Xp, Y1, ..., Yol (u(X)*v(7)*)s=1) ectp
®A-rpynna, Gy, 1 H={x, x|l (xfxg‘)s=l SABJISIIOTCA
®DAC-rpynnamu (Tang C. Y.//Proc. Amer. Math.
Soc. —1982. — V. 86, N 3. —P. 379—384).

Tpynnet dubonayyu F (r, n) 3amanTcs Koxom
(xl, X, ..., xnﬂxixmx—— X=X

i+2 i+r’

i=1,2, ..., n k=kmodn).

IlpuBenem HekoTOpbie AaHHHE 06 3THX rpymmnax, 3akJio-
yuB ux B Tabauny. Ha (r,n)-nepeceueHun ykasaHa Jiu6o
rpynna F(r,n), au6o ee nopspok (Ks— rpynna kearep-
HHOHOB, cM. [17], [21]).

n 1 2 3 4 5 6 743 9 10,

2 E | E | Ky |Z(B)Z(11)] oo [|Z(29)) o0 [o0*)| oo

3 Z (2)] Ks |Z(2)] oo |Z(22)] 1512

4 Z (3)|]Z (3)] 63 |Z(3)]| oo

5 [Z@)| 24| o |624]Z4)] o

6 Z (5)|Z (5)|Z (5)| 125 7775 | Z (5)

7 Z (6)] 48 | 342 | oo ? | 117648

[Ipu n > 5r umeem |F(r,n)|==oc. Ecan n nenur r,
T0 F(r,n)=~Z(r—1), ecan r=1modn, 10 F(r,n)—
MeTalHKJINYecKass (T. e. paclIHpeHHe LHMKJIHYECKOH TMO-
CPEACTBOM LHKJHYECKOH) rpynma nopsiaka k<< n(r*—
—1), npu s =1 rpynna F(2s+1,2) sABasiercs Mera-
LHKIHYecKoH nopsiaka 4s(s -+ 1).

*) Newman M,//Austral. Math. Univ. — 1988. — Preprint
N 26.
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Ecom d=(r+1,n) un d >3, utu d=3 u n uerHo,
10 |F(r,n)|=00 (Thomas R. M.//Bull. London
Math. Soc. — 1983. — V. 15, N 4. — P. 384—386).

Has nwo6of rpynnel G MOXKeT CYUIECTBOBaThb TOJbKO
KOHEYHOe MHOXecTBO nap (r,n) Takux, uto G =~ F(r, n),
npuyeM Bcerga F(n,n+ 1)~ F(2n —1,n), epiu n = 2.
Jlio6asi koHeuHas rpynna npeacTaBMMa Kak ¢akrop-
rpynna HeKoTopo# rpynnul F(r, n).

Hycrs A(r, n) 55 F (r, n)/F (r, n)’. Ilopanok a{r, n) =
=|A(, n)[ Bcerja kKcHeueH. ITycts r—kn—l-s 0<Cs <<

<n—1, Torna s=*1 Baeuer afr, n)— i a(s, n);

s==1 Baeuer a(r, n)=n(r —1); s=0 Baeuer a(r, n) =
=r—1; s=n—1 Breser a(r, n)=(r—1)2""" s=
=n— 2 Bjeuer a(r, n)= %(r — (2" 4 (=1n"*).

IMonpo6HocTu o rpynnax ®ubonauun cm. B [91].

0606uyennan epynna Kokcerepa G (M) onpeneasiercs
no cuMmMerpHueckoil Martpuue M= (m;;), 1<i, j<n,
C HeOoTpHUATeJbHBIMH LeJbIMH 3JeMeHTaMi: U (M) gt
= (%}, Xpp - -s xn" =1 (=12, ...,n), (xx;,) " =
=1 (I1<<i<j<n)). B uactusix ciayyasx noJyyaeMm
epynnor duka D(l, m, n) 5 (x, x,|x{=xp==(xx,)"
(!, m, n>>2)) H TpeyroJbHble TpyIIbl A(l m, n) 5=
——(xl, X,, xale2=x2=x§=(x X ) = (X% ) =(x5x ) =1
(l, m, n>=2)

B rpynne D ([, m, n) 3JeMeHTH X), Xz, X;X2 HMeIOT
nopsaxd [, m, n coorBercTBeHHo. I'pynma D(l, m, n)
BJGXKHMA B MDPOEKTHBHYIO CMeNHAJbHYIO JHHEHHYIO Ipyn-
ny PSL(2, C).

Mpu s{l,m, nj = de” + —I— <1 rpynna D (l, m, n)
COIEPXKHT B KayecTBe nom“p)rm.u KOHEUHOro HHJeKca
¢byHIaMeHTaJbHYIO IpyNNy OpHEHTHPYeMCH MOBC)XHOCTH
NOJIOXKHTENbHOTrO poja g (cM. m. 4.5) H ABJaseTcHd, caelo-
BaTeJbHO, GeckoHeuneol. Ecan s(l,m,n)<<1, To g > 1,
u rpynna D (I, m, n) copepxur rpynny Fa.

Cpynnet D (I, m, n) uxorma tak xe, kak u A (I, m, n),
Ha3BIBAIOT TpeyeoAbHbIMU. O6o6u4enuo Tpeyeonoubmu
npu atom HasmBawT rpynast D ([, m, n; @) 35 (¥, X%, ¥{ =

=xf=w'=1(, m n>2), rie w=x'x) ... X kx5t
k=1,0<r, <1, 0<s;<m). DIEMEHTH X|, X3, WE
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e D(l, m, n; w) UMelOT NOPAIKH [, m, n COOTBETCTBEHHO.
Cymectsyer romomopdusm ¢: D(l, m, n; w) —> PSL(2, C),
nasi Kotoporo o6paset ¢ (x;), ¢ (xy), @ (@) Takke uMeiOT
ykasaHHble ToOpAAKH [, m, n cooTBeTcTBeHHO. Ecau
s(l, m, n) << 1, to rpynna D (I, m, n; ) conepXut HHAH-
KaGesbHylo moarpynny H = E KoOHeuHOro HHaekca H,
cjenoBaTesbHO, ABasgercsa 6eckoHeuHol. Ecau s (I, m, n) <
<1, moarpynny H MoXHO BHIOGpaTb TakdM o06pasoMm,
yTo cymecrByer anuMopdusm ¢: H — F, B yacTHoCTH,
D(l, m, n; w) comep>XXHT B 3TOM cJayuae noirpymny F,
(Baumslag G, Morgan J. W.,, Shalen P. B. //
Math. Proc. Cambr. Phil. Soc. — 1987. — V. 102. — P.
25—31).

Fpynnel  dokca 3apawrcst KomoM: Fe, 1y 35 (X,
Xy %%k =xlx,, xxf=x{x, (k, L=N)). Tpn (k, ) # 1
rpymnmna F(k, 1 GeckoHeuHa, npu (&, [)=1 — MeTauuKJIH-
yeckKast mnopsigka |k —113 Tpynna rtpusrucrnuka T 35

= (xl, X, || x} = x}) HHTepecHa TeM, uTO 1Jsi i= 1, 2 oHa
MOpOXKJaeTcs TaKXe MapaMH 3JeMeHToB x+1 x3i+l

OJlHAKO He MOXeT ObITh 3aJaHa OLHHUM COOTHOLIEHHEM
MEeXIYy HHMH.

Heguyurom ropa G={(x;, Xy, ..., Xllri=r,=...

. =r,,=1) nHaswiBaercsa uHcj0 d=n — m.

O6obuennan teopema o cgobode: ecan d =0, 1O
CpeAr 3aJaHHBIX MOPOXKJAAIOIUMUX 3JeMEeHTOB rpynnu G
HalayTcs d 37eMeHTOB, nmopoxjaawumux B G cBOGOAHYIO
noAarpynny Fy u, caeioBaTesbHO, 00pa3ylolHX B He# 6a-
sauic (PomanoBckuit H. C.//Anre6pa u Jsoruka. —
1977. —T. 16, Ne 1. — C. 88—97).

Ecan pedpuuutr d =2, 1o rpynna G COHEpPKUT NOA-
rpynny KOHeYHOro HHAEKCa, JONMYyCKAIOWiyIo 3NUHMOpGH3M
Ha rpynny F, (Baumslag B, Pride S. J.//J. Lon-
don Math. Soc.—1978.—V. 17, N 3. — P. 425—426).
To xe camoe BepHO, ecau d = |, HO NpH 3TOM XOTHA OH
OIHO M3 CJIOB r; sIBJsieTCS COOCTBEHHOH CTeleHbIO B CBO-
6oxuoit rpynne (Stohr R.//Math.Z. —1983. — Bd 182,
N 1.—S. 45—47). 3ananne Z = (x, xqllx; = 1) noxa-
3bIBA€T CYHIECTBEHHOCTb IOCJELHEro YCJOBHS.

Jagum noHsiTHe O rpynmax ¢ MaJjblM COKDalLEeHHEM.
Ilyctb R — cHMMeTpH30BaHHOE MHOXECTBO OIpeiessio-
LIHX CJIOB, T. €. MHOXECTBO LHKJIHYECKH HEeCOKPaTHMEIX
CJIOB, COZlepXKalllee BMCCTe C KaXK/[blM CBOHM 3JIEMEHTOM
o6paTHHH K HEMY H BCe ero LHKJIHYECKHE IepeCTaHOBKH.,
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O6uiee Haua/lbHOE MOACJAOBO ABYX Pa3/JHYHLHIX CJIOB H3
R HasbiBaeTcs Kyckom. PaccMaTpHMBaloTCA CJeAYIOLIHE
ycaoBusi oTHOCHTedbHO Koda (X[[R): 1) ¥#'(A), 0 < A&
< R,— aquna go6oro Kycka Menblle A (A << 1) or
IJUHE COOTBeTCTByoulero cJjoBa; 2) #(k), k= N,—
HHUKAaKOH 3JIeMeHT H3 R He pa36HBaeTcsi B HPOH3Beje-
HHe MeHee yeM R KycKoB; 3) 7 (q), 3<< g N,— i
M060ro HaGopa 3JEMEHTOB 7\, Ty, ..., T, &R, r, #r7},
no kpalHeA Mepe OJHO H3 CJOB rire, rofs, ..., rq-ilq,
rqry He cokpatuMmo. [lox epynnoii ¢ marvim cokpaujeruem
NOHMMaeTcs TIpynna, B KOTOPOH BHIMOJHSETCSs OJHO M3
ycJaosu# 1)— 3).

3ametuM, uto u3 ¥’ (1/k) cnenyer ¥ (& + 1).

Jlio6asi KOHeYHO omnpejfejeHHass rpynna AOMycKaer
KOZ (ero MoxHO 3¢(deKTHBHO NMOJYYHTb U3 NAHHOTO KOAA,
B KOTOPOM JJIMHA KaXJOTO KycKa He npesbiuiaer 1/5 niu-
HBl cooTBercTBYylolero c1oBa (Foan6epr A. H.//Ve-
nexd mar. Hayk.— 1978.—T. 33, Ne 6.— C. 201—202).

Ipynnh, ypoBnerBopsiomue ycjaosHio ¢’ (1/5) umelor
paspelidMble NpPOGJEMEl PaBEHCTBA H CONPSMKEHHOCTH
(cM. n. 44). B rpynne, yaosaerBopsouiefi YCJOBHIO
%’(1/6) n06oe cjOBO w, 3aNmHChHIBaollee €IHHHIY CO-
IepXHT NMOJCJOBO v, AIBJASAIOIEECS KYCKOM, H TaKOe, YTO

1
lol>5lwl
IToxpo6HOCTH O rpynmax ¢ MaJbIM COKpallleHHeM CM.
B [30].

BBenem rpynnm, cBasaHHble ¢ ajare6pamMu Kama —
Mynu. Ilycty A =(ai), 1<, j<<n,— o6oGuieHHas
matpuua KapraHa, 1. e. ai; = 2, a;j — HeoTpHIaTeJbHEIE
uenble AN i = j, npuuem a;; =0, ectn a;; = 0. IToso-
XM 18 i %= j my=2, 3, 4 nau 6, ecau a;a;; =0, 1,2
HIH 3 COOTBeTCTBEHHO. B ocTadpHHX cJayuasx: NycTb
mij= 1. .

Fpynna W (A) B mopoxpamouiux x;, %y, ..., X, 3a-
RaeTcs COOTHOUIGHHSMH CJeNyOWHX THIOB: 1) x xjx; ! =
=xfxi—2""1, 2) xxx; ... =x%x; ... (m; MHOXHTe-
Je c KaXHOH cropoHn)). AGeseBa moxarpymna T(g=
=(x3|i=1, 2, ..., n) Hopmaasia B W (A). IIycts
W (M) — o606wennas rpynna Kokcerepa, cooTBeTcTBYIO-
mas M ¢ nopoXmaloIHMA Y;, Yo, « .., Yu. JIAPOM 3MH-
Mopdusma W (A) > W (M), rae x;—>y, (=1, 2, ..., n),
cayxur T (cm. [93]).
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Onpenenum rpynns Creiin6epra. Ilycte A — acco-
uHatHBHOE KoJablo ¢ 1,3 << n e N. I'pynnoi Creiinbepza
St(n,A) Ha3blBaeTcsi rpynna, nopox/JeHHas BCEMH 3Je-
MeHtaMd BHAA X;j(A) (M A, 1 <is#j<<n) n umen-
Wasi cAeAylolllee MHOXECTBO ONpee/SIOUIUX COOTHOILe-
Hui: 1) xi; (A) xij (p) = xi; (A + p); 2) [xi;(A), x(n)]=
ixét(?vu) npu i1, [xiy;(A),xu(u)]=1 npu jFE,
i1

CymecTByeT KaHOHHYECKHH roMoMopdusm o, St(n,
A)—>GL(n, A), pasa goroporo o,(x:;j(A))=t;(A). Tpyn-
na CreitnGepra St(A) ompepensieTcsi KaK eCTeCTBEHHHIH
HHAYKTHBHHH npefea St(A)=lim St(n, A). TIpynna

—_

St(A) sBasieTcs yHHBepcaJbHBLIM LEHTPaJbHBIM pacilinpe-
Huem rpynnsl E(A) 35 [GL(A), GL(A)], rne GL(A) 55
7= lim GL(n, A) (cm. [41])).

_—>

Cs60600HbiM  npoussederuem  ceMeficTBa  Tpynn
{Gs|o = A} uasmBaercs rpynna G = % G, co ciaefyio-
uuMH cBoiicTBaMH: 1) qo6as U3 rpynn G, BJaoXeHa B G,
2) rpynna G nopoxpaeHa noarpynnamu Gg, 3) Jo6oe
ceMmeiicTBO roMoMOppU3MOB @q: Gq— H B nNpoOH3BOJb-
Hyio rpynny / ORZHO3HAaYHO MPOJOJXKaeTcss A0 FOMOMOp-
¢usma ¢: G— H.

Hans no6oro cemeiicTBa rpynn Gg, o € A, cylLlecTByeT
eIMHCTBEHHOE C TOYHOCTBIO O H3oMop¢puaMa cBoGOJHOE
npousBegeHne G = * Gy

I'pynna G = % G, MoxeT 6HTb 3ajaHa CJEYIOIHM
o6paszom. BosbMeM kKoiIH Gg = (XqllRa), cuurtas, urto
XaNXg= & npu a+*p. Torna G = (UXallURa).

Onepanus cBOOOLHOrO TNPOU3BENEHHS acCCOLHATHBHA
W KomMmyTaTHBHAa. [ss koHeuHOro Habopa MHOXKHTeJeH

oHa 0oOBYHO 3anuceiBaercss Kak G=G;%Gz* ... G,
B rpynne G = %G, n1060d 3JeMeHT OJHO3HAYHO
3aNnKCcLIBaeTCs B BUIE g = 182 ... &n, TAE BCE MHOXH-

TeJH g; HeeJMHHYHB, COCEJHHe H3 HHX NpHHaLIeXaT
passeimM rpynnam Gq, Gg. EanHHIe COOTBETCTBYCT Ny-
cras 3anucb. OnHcaHHAas 3alHCb Ha3LIBAETCH HOPMAALbL-
HOU WJH HeCOKpaTumOU (hopmoii 3jeMeHTa g, a €e JUIH-
Ha — AJHHOM 3JeMeHTa g. [IpousBoJibHOe NpOH3BeleHHE
g = gi182, ... gn, Te MHOXKHTE/NH g; NPUHALJNENKAT I'PyI-
nam Ga;, MOXHO COKPaTHTb HJIM INPHBECTH K HOp-
MaJjibHOil (opMe, moc/ael0BaTeJbHO BHIYEDKHMBAs eJIHHHY-
HhHe MHOXHTENIH H 3aMeHssl INPOH3BeNeHHA gigit1
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SJIeMEHTaMH g = g,g; ,, €CH gi, Zit1 TPUHALJIeNAT Of-
HOH 1 ol xXe rpynne Gg. Hopmannhas dopMa HasniBaercs
YUKAUYECKU HEeCOKpATumOoL, ecJu OHa JHOO UMeeT NJIHHY
I <1, aubo 3JjieMeHTH g H g, NpPUHALJeXaT pa3HhIM
rpynnaM Gq, Gg. Jlio6ass HOpMaJ/bHas ¢opMa [IJHHH
[ = 2 compsiKeHa ¢ UHKJIHYECKH HECOKPATHMOH HOpMaJib-
Hol ¢Qopmoli. LIMK/JIHYEeCKH HeCOKpaTHMble HOpMaJibHble
(opMbl HauHBL [ = 2 compsiKeHB MexAy cofofi Torga M
TOIBKO TOTA3, KOTAAa OAHA H3 HHX SBJIACTCH UMK/IHYe-
CKOH nepecTaHOBKOH Ipyroi.

OTMeTHM 3/IeMeHTapHble CBOHCTBA CBOGOIHBEIX NMpPOHM3-
BelleHn#d. ['OBOpHM « [IHKJHYeCKH] HECOKDAaTHMBIH 3Je-
MeHT», MMesl B BHAY €ro HopMaJbHyi0 (opMmy B rpynme
G = % Gy. Ilpu stom cuuraeMm, uTo coMHOXHTesaeH Gq
He MeHee ABYX H BCe OHH HeeJAMHHUHHI.

1) DseMeHTH KOHEYHOro mopsigka rpynnbl G cyiie-
CTBYIOT, €CJIH TOJIbKO OHH €CTb B COMHOXHTeNAX Gy, NPH-
yeM KaXIbl 3/7eMeHT g e G nopsaaka & & N conpsixeH
C HEKOTODBHIM 3J1eMEHTOM gq & G, mopsigka k. 2) Ecan
g — UHMKJHYEeCKH HeCOKpaTHMBIH 3JeMeHT rpynnsl G AJH-
HBl [ > 2, To KopeHb cTeneHH kK & N H3 g eNHHCTBEH H
cyllecTByeT TOT[a H TOJIbKO TOTla, KOria g pa3buBaercs
Ha k OJHHaKOBHIX NOACAOB: g hh ... h. B uacTHOCTH,
3 JM060ro LHKJIHYECKH HECOKPAaTHMOro 3JeMeHTa g
IJHHB [ > 2 H3BJIeKaeTcsl KOPeHb MaKCHMaJbHOH cTe-
NeHH gmax. [IDOH3BOJbLHBIA 3/€MEHT g conpsiken C UHK-
JIMYECKH ~ HECOKPAaTHMAIM  S/IEMEHTOM g (1. e g=
=fg’f-"), u ecnn g’ = h*, k= N, to g =(fhf~!)*. Coot-
BercTBHE h— fhf~! MeX1y KOpDHSIMH H3 3JIeMEHTOB g H
g’ B3aWMHO ofHO3HauHO. Ecau JinMHa g’ He MeHblue 2,
TO 3JIEMEHT g TakxXe o6JajfaeT eJHHCTBEHHBHIM KOpHeM
MaKCHMAaJIbHOH CTeNneHH gmax. 3) LleHTpanausartop Jro-
6oro sjeMeHTa g & (, CONPSXKEHHOrO C UUKJIHYECKH He-
COKPaTHMBIM 3JIEMEHTOM IJIHHBH [ == 2, ecTb GecKOHeuHas
UHKAH4Yeckass rpynna {gmaxy. lleHTp cBOOOAHOrO npous-
BelleHHs| eAHHUYeH. 4) Slapo oueBHaHOrOo roMoMopdHsMa

G Ha npsIMOe NPOH3BEACHHE G =[] G, nasuBaercs de-
xaprosgoii nodepynnoii D(G) IG. ﬂexapTOBa noArpynna
D(G) saBasiercs cBo6oauo# rpynmoit. [loarpynna D (G)
usoMopdHa rpynne Z Toraa M TOJbKO TOraa, Korxa G =
= Z(2) « Z(2) — GeckoHeuHasi AusApaJjbHas rpynna. Bo
BCeX OCTaJbHbIX cayyasx rpynna D ((G) HeKOMMYyTaTHBHA.

Mpumep. TIpoekTHBHasi CleuHaNbHas JHHefiHas rpynna
PSL(2, Z) = SL(2, Z) /{E} usoMoppHa cBOGOLHOMY INpOH3BEAE-
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HHIO CBOMX IOATpynn <( _(1) (l))> ~Z(@2)nu <((I) —: )> ~ Z (3)

(uepra — o6pas B PSL(2,2)).

Crpoenne moarpynn cBOGOAHOTO NPOH3BEJEHHS OIH-
coiBaercs Teopemoii Kypowa: noarpynna H << G =
= % (U, ecTb cBOOOJHOE NpOU3BEJeHHE BHIA

H=F«(x Hn G,

rie F—cBo6GonHas rpynna, a 3JeMeHTH g, SBJAAIOTCA
NpeiCTaBUTEISIMH IBOHHBIX CMEeXHBIX KJaccoB Hg,Gqy;
Gonee Toro, eciu |G :H| = m << oo, TO paHr r rpynnsl

F BuuMcaseTcs no ¢opmyne r= ), (m —mg)+ | —m,
a

rie Mg — YHCJAO pasJHYHBIX [JBOMHBIX CMEXHBIX KJac-
coB HfGq, f= G (1. e. |G:(H, Gg)]|).

Teopema I'pywxo—Heiimana: ecaun ¢: F,— G =
= ¥ Go — 3nKMOpP)H3M CBOGOJHOH TpYNNbl KOHEYHOTO
paHra Ha cBOoGOJHOe NpoH3BeneHHe, TO rpynna F, pasaa-
raercs B cBo6GoAHOe npou3BeneHue F, = % F, (cBOGOX-
HBIX Tpynn) Takoe, yTo @ (Fq) = G LJs BCEX a.

OTtcrona caenyer, 4TO HauMeHbllee YHCJO MOPOKAalo-
IWHUX 3aeMeHTOB rpynnel G = % G, paBHO CyMMC COOT-
BETCTBYIOIHX YHces] cOMHOXHTeNelH Gq.

CBofGosHOe npoH3BeleHHe [ABYX HJIH GoJee HeelH-
HHYHBIX TPyNN Hepa3JoXKHMO B INpsSMOe IPOH3BCAEHHE
IBYX HJH 6oJiee HeeJHHHYHBIX TPy,

C80600n6im npoussedenuem epynn G, Gy ¢ o6sedu-
Hennoul nodepynnodi (o6benuHennem) A << Gy, G, Ha3m-
Baercs Takas rpynna G = G; x4 G, uto: 1) rpynnu Gy,
G, Baoxenol B G, npu stoM G, G.=A4, 2) G=
= (G, Gy), 3) Jswbas napa romomopdusmoB ¢;: G;—>
— H, i=1, 2, B npousBoJbHylo rpynny H, cosnanaro-
mMxX Ha A, OHO3HAYHO MPOJOJKAETCA RO romMmoMopduiMa
¢: G—H.

Ipynna G = G, %4 G ¢ yKa3aHHbBIMH CBOHCTBAMH Cy-
IleCTByeT M eAHHCTBeHHa. MHorpa rosopst 0 cBOGOAHOM
npousBelesnu rpynn G,, G, ¢ o6beAHHEHHEM .10 nape
uzomopbupx moarpynn Ay ~A, (A:<G;, i=1, 2).
HNsomoppusm @: A;— A, npu 370M PUKCHPYeTCH, H MH
NpPHXOAMM K INpHBeNEHHOMY BhIlle OMNpeJeJeHHI0 InocJe
otoxaecTBiaenus A; ¢ A; B cuay ¢.

Tpynny G = Gy #4 G2 MOXHO 3a/aTb CJEAYIOUIHM OG-
pasoM. [Tyctb Gy = (X|IR), Go=(Y|S), npuuem XN Y =
= . BosbMeM MHOXKeCTBO MNOPOXKAAIOUIUX 3JeMEeHTOB
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{ag} rpynnu A u 3anuimieM KaXAHH H3 HHX B BHIE
C/IOB Qg = Wq(X) H aq=0q(J) OT mNOPOXKAAIOMHUX
u3 X u Y, coorBercTBeHHo. Toraa

G=(XUYIRUSU{wa(®) v (®)'}).

O6o6iieHeM BBEJEHHOTO MOHATHS SIBJASETCS KOH-
CTpyKuHusl ApeBecHoro npoussejenus.. Ilycts T — pmepeso
(T. e. cBa3HH rpad 6e3 LHKJIOB), BepLIMHAM KOTOPOro
B3aHMHO OJHO3HAYHO COOTBETCTBYIOT rpynnil Go. [lycts
KaXJIO0My HeopHeHTHpPOBaHHOMY pebpy e T mexny Gq
B Gp cooTBercTByeT obmas noarpymna A. << Gq, Gg
(MM mapa OTOXKAECTBJEHHHIX H30MOP(HHIX MNOArpyMNN
Ag ~Ap, Aa < Go, Ap < Gg). CraHeM

A

B BepumuHy G, +*a,Gy. [lpogonxkas aror npouecc (Bo3-
MOXHO, TpaHCGHHHTHHA), NOJYYHM B KOHIE KOHLOB
rpad® c enuHcTBeHHOH BepmiuHoH G. I'pynna G He
3aBHCHT OT IMOpPSIIKAa BHINOJHEHHs CTATHBAHMH M Ha3H-
Baercs Opesechbim npoussedexuem cemeiictBa rpynn Gg
orHocuteabHo gepeBa T. Ecian Gq = (X4l|Rs), rae Xaf
NXp= npu a5 P, To rpynna G MoxeT GHTb 3aJaHa
kogoM G = (UXallURoU{A:= Go Gg}), rae cooTHo-
HIeHHs, CHMBOJIHYeCKH o6o3HaueHHHe A, = Gq[) Gp, co-
OTBETCTBYIOT pebpy e ¢ BepmiHHaMH Gg, Gg H 3alHCH-
BalOTCA TaK JKe, KaK 3TO JeJaJioch AJs1 CBOGOLHOTrO npo-
H3BeJeHHs ¢ 06belUHEeHHEM.

Jas npeBecHoro mpousBefieHusi G HMeIOT MeCTO Oue-
BHIAHO nepedopMHpyeMble aHAJOTH  ONpele/SIOLIHX
CBOHCTB CBOGOAHOrO NpOH3BeJeHHst ¢ 06beNHEHHEM: CO-
MHOXHTeNMH Gy BJOXKeHH B rpynny G, npuueM Gl
N Gp =A., ecnu e—pebpo c¢ BepmmnHamu Gq u Gg,
rpynna G mnopoxjeHa rpynnaMu (g, J1060e ceMeHRCTBO
roMoMopdu3MoB @g: Go— H B NpPOHM3BOJBHYIO I'pynmy,
COBNAaJalIluX Ha rpynnax A., OAHO3HaYHO NPOJOJKaET-
csi 1o romoMoppusma ¢: G — H.

INpumepn. 1) 'pynna SL (2, Z) n3omopdra cBoGogHOMY npoOH3-

BeleHHI0 MOATrpynn (( _‘: (l))> ~Z(4) n <((1) —: )> ~ Z (6)

—1 0
¢ of6benwHeHHOR moxarpynno# <( 0 l)> ~Z(2). 2) Iycrs

P [x] — kosbuo MuoOrouneHos Hajg nojeM P or nepemennofi x. Torna

GL (2,P{x))=GL (2, P) ure P)H. rae UT (2, P) — rpynna BepxHHX
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YHHTPEYroJbHHX Matpuu, H — rpynna marpun Bupa (g f(ﬁx))’

O0%a, B=P, f(xr) =P[x]. 3) INycts urci0 d = N cBOGOAHO OT
KBagpatoB, O, — KOMbUO WeNHX B moJe Q(v=4d). Ipynna
T, & PSL (2 0,) = SL (2, O,){ £ E} nasuBaerca epynnod
Boanku. Tlpn Becex d = 3 rpynna T, npexncrasaserca B Buae

CBOGOZHOrO MPOH3BENEHH C OGbEAHHEHHEM I‘d =G 4*a H 4
d

co6cTBeHHBIX moarpynn. Ecam Koasuo O, HeeBKJIHIOBO, T. e.
ds*1, 2, 3, 7, TO MOXHO B3STh Hd=PE(2, Od)—o6paa

11,
reoy={(4 1) (4 1)

caysae H; ne sasucutr or d (Frohman C, Fine B//C. R. Math.
Rep. Sci., Canada. — 1986. — V. 8, N6. — P. 353—356).

a fes Od> . UaBecTHO, uTO B 3TOM

BriGepem B coMHOXHTeNSX rpynnnl G = Gy #4 Gy cu-
CTeMH NpeAcTaBUTe/NeHd NpPaBHIX CMEXHHX KjaaccoB Tiu4,
T24 no noarpynne A, Bkmouaomue 1. JIio6oii HeeAHHUY-
Hufi 37ieMeHT g & G 3anHchiBaeTcsi B BHAe g == g8z ...
... &n, THhe BCe g; % 1 H cocelHHe IIpPHHAJEXKAT Pa3HHM
MHOXHTeNsM. JI1060#i HeeqMHHUYHBIH 37eMeHT g = G O&-
HO3HAYHO 3alHCHBaeTcss B HOpMaJabHOH ¢dopme g =
=afifa ... [m, TRe a €= A, 15=fis T4 unu Ta, npu-
yeM coceflHMe U3 f; JeXaT B pasHbiX MHoOXecTBax 14,
Il=1, 2. Ecin m =2 4 3JeMeHTH f; H [m NpHHAalLJe-
JKaTt pasHBIM MHOXecTBaM Ty, [=1, 2 TO 3/eMeHT g
HMeer OeckoHeuyHblH nNopsjok. Dosee oro, snemerr g
KOHEYHOro mnopsjaka rpynnu G o6s3aH OHTb CONpPSIXKEH
C 3JIeMEHTOM TOro 2Ke IOpsAKa OJHOro M3 COMHOXHTe-
Jgeii. B yacTHOCTH, CBOGOJHOe NpOH3BeleHHe ¢ 00BbelH-
HeHHeM OIpeJe/ieH0 B KJjacce rpynn 6e3 Kpyd4eHHs.

[NepeiinemM K xoHcTpyKunn HNN-pacmupenus. Ilyets
A ~ B-—napa udomMopdHHX noirpynn rpynnsl G ¢ QHk-
cupoBanHuM u3oMoppusmoM ¢. Hasosem HNN-pacuwiu-
peruem G rpynnsl G € QCCOLUUPOBAHHOLMU (8 cuny @)
nodepynnamu A, B rpynny co caeAylOUIMMH CBOACTBAMH:
1) rpynna G Bioxexa B G; 2) rpynna G mopoxjeHa
rpynnoii G H 3JeMeHTOM f, NpHYeM JIJs Jo0oro aJje-
Menta a € A umeeM ¢(a)= a'; 3) moGoi roMoMOpHH3IM
Y rpynna G B npousBoJbHylo rpynmy H Tagoi, 4TO
P(a)=1vP(p(a))" nas HeKOoTOpOro GPHMKCHPOBAHHOIO 3Je-
MeHTa h& H u awo6oro sjeMeHTa a & A, OJHO3HAYHO

pofo/IXKaeTcs 10 romomopduaMa G — H, npu koto-
pom ()= A.
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HNN-pacmwupenue G rpynnel G ¢ yKa3aHHBIMH CBO#-
CTBaMH CyuLlecTBYeT H eiuHcTBeHHO. Ecam rpynma G 3a-
naerca kogoM <X|R), a rpynna A mopoxjieHa 3jeMeH-
tamu {aq|o = A}, To rpynna G MoxeT OniTh 3akaHa
kogom G=(XU{t}IRU{a\o(a,)"'|a < 4}), rne t & X.

Kaxnplii sneMeHT g = G MOXeT GbITh e IHHCTBEHHBIM
06pa3oM 3anucaH B HOpMaJbHOH popme g = gof"'fit™. ..
... [T+ rae 054 m; & Z, 3a HCKAIOYEHHEM, 6LITh MO-
XKeT, M, € Z, 31eMeHTH [; 5= 1 — npeAcTaBUTeNH Ipa-
BHIX CMEXHBIX KaaccoB T4, Tp rpynnel G mo noarpynmnam
A, B coorserctBenHo (mpennosaraeM, yto 1 T, Ts),
npuueM ecau m; >0, T0 [ T4, ecnau m; << 0, 10 fi =
& Tp, a 31eMeHT gy & G NpOH3BOJIEH.

I'pajgom epynn (G,T') Ha3piBaeTcss CBA3HLIH HEODHEH-
THpoBaHHHH rpad I, B KOTOpPOM: a) KaXIO#H BepLIHHE
ve V(') u kaxaomy pebpy e< E(I') comocraB/ieHbI
rpynnel G,, G. COOTBETCTBEHHO; 6) nJs Jio6oro ee
= E(I') ykazaHnl Bi0xKeHus rpynnbl G, B rpynnsl Gy, Gy,
rle BEpIIHHH U, W COeNHHSIOTCS peGpoM e (ecin v = w,
TO BJIOXKE€HHS, Booble rosops, pa3une). [Tycts T — Mak-
cuMagbHoe nmoanepeso rpaga T' (T obGs3aTesnbHO conep-
JXKHUT Bce BeplIMHHI rpacda). O6o3nauum yepes G(T) npe-
BeCHOe INpOH3BefeHHe oOTHocuTeabHo 7. [Jlas kaxmoro
pebpa e= I'\T rpynna G(T) coxepXHuT mapy HOArpynmn
u3oMoppHeIX (., TaK UYTO MOXKHO CKOHCTPYHPOBATh
HNN-pacwnpenue, 11 KOTOPOro OHH acCCOLHMHDOBAHHI.
ITocsie Toro, kak 6yayt npognenansl Bce Takue HNN-pac-
WIMpeHusl, noayyurcs ¢yHaameHTanbHasi rpynna mn(®,
I',T) rpadpa rpynn (@, I') oTHOCHTETHbHO MaKCHMAaJbHOTO
nepesa T. I'pynna n(@, I, T) He 3aBHCHT OT nocJiefoBa-
TEeJbHOCTH BHINMOJHEeHHss mpu ee moctpoeHud HNN-pac-
mupenuii. C TOYHOCTbIO JO0 H30Mopcdu3Mma npu Bcex T
rpynnsl n(8, I, T) ogunakosu. [Mumem n (@, I'), ybupasn
H3 Ha3BaHbs ynoMuHaHue o I. I'pynnma n(G,T') HasH-
Baercs (yHoamenTarsvHoi epynnoii epaga epynn T.

Npumep. Eciu I' — pepeBo, 1o n(B, I') — npesecHoe npou3s-
Besenne. Ecin I’ cocTodT M3 OmHOH BepIUHHH U H OZHOro pebpa e,
T0 (@, I') sBaserca HNN-pacunpenneM G, ¢ acCONHHPOBAHHBLIMH
o6pasamu rpynnsl Ge B Go.

Teopuss rpynnm, pgeficTByrollMX Ha JepeBbsiX, Cylle-
cTBeHHO pa3BHTa Baccom u Ceppom (cm. [59], [80],

[112]).
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I'pad I’ Bkaouyaer MHoXectBo Bepuina V(I) 5% &,
MHOXeCTBO OpHeHTHpoBaHHbIX pefep E(T'), orobpaxe-
HHa o, @: E(T')— V(I'), comocraBasiiomue pebpy e e
e E(I') ero navano a(e)= V(') u xonen o(e)s V(I),
nuBepcuio peGep —': E(I')—> E(T'), roe e~ e~!, npuuem
a(e)=o0(e), o(e)=ale), e, () =e.

I'pynna G Odeiicreyer nHa epage T, ecnn omnpepesnen
romoMopduam ¢: G— Autl'. I'pynna G neiictyer 6es
HHBepcuit (pebep), ecau Axa moboro ge& G, mwoboro
e E(I') umeeM @(g)e = e Ilpu pelictBuu Ge3 unsep-
cuil onpenenen c¢axroprpad¢ I'™\G, BepWwHHaMH H peb-
paMH KOTOpOro cJayxat op6uTel Bepulnd M pebep B I
I'pynna G neiictByer Ha T' c8060010 (6e3 HemOABHKHRIX
TOYek), ecau Ajs Jawoboi BepuinHn v & V(I'), awboro
HeeJHHHYHOro s/neMeHTa g € G uMeeM @ (g) (v) +#* v.

I'pynna, mefictBylomas cBo60ofHO Ha HAepeBe T, cama
cBo6onHa. BepHo u obpaTHce, Kaxnas cBo6ojHas Tpyn-
na nedcTByeT cBOGORHO Ha HEKOTOPOM Jepese.

Ipynma G Torza M TOJBKO TOrla ipeacTaB/sfercs
B Buie n(®,T), xorna G HedcTByeT Ha HEKOTOpPOM Je-
pese T (reopema Ceppa).

[Moarpynna H << n(G,T) Taxkxke aelicTByeT Ha Je-
pese T, mostomy H =n(®’, 1Y) ana Hexoroporo rpada
rpynn (@', T’).

B cayyae KOHKpeTHHIX CBOGOJHBIX KOHCTPYKUMHA —
ceo6onHOro npousBeneHus ¢ o6veanHennem H HNN-pac-
IHPEHHs] TNpHBEAEHHYIO TeopeMy MOXHO JeTaJH3HpO-
BaTth. CM. 1m0 stomy nosoay [59], [112].

TosopsaT, uto rpynna G o6nanaer ceotictéom FA,
ecJau BCAKOe JepeBo, Ha KoTopoM JefictByeT G, HMeer
HernoABYKHYI0 BepunEy (ve& V(I') HenoiBHXHa OTHO-
cuTenbHo JelcTBis @: G—-AutT, ecan @(g)v=1v aas
Bcex g = G).

Cuernas rpynna G Torja W TOJNbKO TOraa o6Jjapaer
ceosicteoM FA; xorma: a) G He nMmeeT (PakTOprpymnms,
nzomoppuoit Z; 6) G He npeacraBasercs Kak G =
= G, %4 Gy, e A 5= G,, G2; B) G KOHEYHO NOPOXJeHa.

Ecan He Hak/JaAbIBaTb YCJIOBHE CUETHOCTH Ha rpynmy
G, TO NpUBElEHHOE YTBepXLeHHe TaKikKe BEPHO, TOJbKO
ycJIoBUE B) HYXKHO 3aMeHHTb Ha B') G He siBJAseTCs 06b-
e[lHHEHHEM CTPOro BoO3pacTalolled MNoC/1e0BaTEJbHOCTH
co6eTBennbix noarpynn. Hanpumep, 6eckoHeuHas Aekap-
TOBa cTeNeHb HeabeseBOil KOHEUHOH NPOCTOH rpynnul siB-
asierca FA-rpynnofi. Ycnosus a), 0) SKBUBaJEHTHH
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TOMY, 4TO NpH AeficTBHH Ge3 HHBepcHH rpynnu G Ha JAe-
pese T o6Gpa3 kaxjaoro sjeMeHTa g & G OCTaBJsieT He-
NOJABHXKHOH HekoTopylo BepminHy v & V(T'). Ilpu BH-
IOJIHEHHH 3TOTO YCJOBHSI JHO60 06pa3nl Bcex 3JieMeH-
TOB U3 G OCTaBJAIOT HENOABHXHOH HEKOTOPYIO BepLIHHY
ve V(I), mu6o G sBasieTcsi oGbeAUHEHHEM BQ3pacraio-
el MOC/1eJ0BATEJNbHOCTH CTaGHIH3ATOPOB BEpPLIHH H3
V(I'). Hanpumep, kaxnas mnpokoHeuHas (cm. m. 3.3)
rpynna yznosJerBopsier atoMy ycaouio (Bass H.//Com-
mun. Algebra. —1976. — V. 4, N 12).

[lpuBefeM Apyrue xapakTepH3allMd H HEKOTOpHIE 06-
mKe CBOHCTBA CBOGOAHBIX KOHCTPYKUMH. Pynxyueil Oau-
Kol Ha rpynne G co 3HauYeHHSIMH B yIOpsiAOYeHHOM abeJe-
Boii rpynne A HasniBaercs otoGpaxkenue I: G— A, oTBe-
yapliee cIeAyomuM yciaosusam: 1) [(1)=0, 2) l(g-‘) =
=1(g), 3) d(g,f)> d(g,h) Breser d(g, h)=d(f, h),

rae d(a, b) g (L@) +1(6) — £ (ab™")).

[TepeuncieHHHIM YC/IOBHSIM YIOBJIETBOpsieT OGBIYHAS
oynkuus paueb [(g)=|glx B cBoGoaHo# rpynne F(X)
H oyeBHAHass (QYHKUHMS AJHHH B CBOGOAHOM INpOH3Beje-
HHH I'PYI, COOTBETCTBYIOIAast HOpMaJabHOH ¢opMe 3amHCH
€ro 3JeMeHTOB.

Iycre {1 G—Z — nenouncnenHass QyHKUHA [JIHHH,
yaoBJieTBOpsilomas ycjaosusm: 4) [(g?) > [(g) npu g+1,
5) d(g,f)e Z. Torpa rpynna G BJIOXHMa B CBOGOAHYIO
rpynny F(X) takum oGpa3oM, uto [(g)=|g|x ansa Bcex
g = G (3Hauur, rpynna G caMa cBo6ozHa).

Ilycts wnenouncaeHHast ¢yHkuusa AJMHE [0 G—Z
ynosJaerBopsier ycaoBusMm: 6) d{(g,f)+ d(g7 L) >
> [(g)=I(f) Bmeuer g =1, 7) ecau [(g), g F 1, ueTHo,
TO l(g2)> I(g); 8) l(g®)¥=I(g)+ 1. Torma rpynna G
BJIOXKHMa B CBOOOJAHOe NpOH3BeJeHHE TIPYNNI TaKHM 06-
pasom, 4TOo ! HHAyUHpYyeTcs OYeBHAHOH QYHKIUHEH IJHHBI
B HeM.

Bunoasproii crpykrypoii Ha rpynne G HasblBaeTcs
pasbuenne G Ha NONapHO HelepeceKalollHecsl MOJIMHO-
KectBa B, SS, SS*, S*S, §*S*, ynosierBopsioliee cie-
AyromuM ycaoBusiM (6ykBwm X, Y, ... ynoTpeb6usiorcs
BMecro S, S*, npuuem Bceraa (X*)*= X): a) B—noax-
rpynna B G, 6) eciu be B, g= XY, 10 ghe XY,
B)ecin g XY, 10 gl YX, r)ecan g= XY, he V*Z,
To gh & XZ, 1) pas Bcskoro sneMeHta g < G Hafigercs
Takoe yucio m & N, uto Jo6oe npeicraBieHHe g =
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=gg, .. &, Nie g, € X;_,X,, yIOBJIETBOPSAET YCIOBHIO
n<<m,e) SS*+= J.

IIpumep. INonaraem ans G=GI*AG2, yto B = A, SS—

MHOXXECTBO BCeX 3/E€MEHTOB, HOpMaabHast ¢opMa KOTOPHX f =
= fif2...f, TakoBa, uyro fi, fr= G,, aHajorHuHo onpeaensOTCS
ocTajibHble MHOXeCTBa N0 cooTBercTBHIO G, — S, Gy — S*.

HUcnoab3yss nopmanbHyo ¢opmy anemenra u3 HNN-pacuwnpe-
HHA G, HeTPyAHO ONpeneJHTb GHIOJSAPHYIO CTPYKTYpY Ha G.

Ipynna G toraa u ToabKO TOrAa oGJajaer GUMOJSD-
HOH CTPYKTypoO#, Korjia OHa paaJaraercsi B CBOOOJHOe
Nnpou3BeJieHHe ¢ OObefAHHEHHEM COGCTBEHHBIX NOJArPYII
1~[um npeacrasasercs: kKak HNN-pacumpenune (cm. [30],
38]).

INlpumep. Ha rpynne G = GL(2, P[x]) onpenenuma Gumno-
JApHas CTPYKTypa, Aamoilas pasjoxeHHe G = G 1 G; u3 npuMme-
pa 2) Ha c. 122. 3pecs B = UT (2, P) — noarpynna BepXHHX YHH-
TpeyroJbHeX MaTpulu. Bce matpuum u3 GL(2, P) \UT (2, P) orHo-
cAt Kk SS. Marpuua D = (di;) npuHamiexur SS, ecan cr.ds <<
< cr.dyy M cT.diz << cr.dz2  (cT. —creneHb); D e SS*, ecan
cr.dip < c1.dyy; B cT.djg > cT. dgg; D € S*S, ecan cr.dyp > cm. dyy
H cT.di2 < cT.dzz; D = S*S*, ecnn c1.diz > ¢T.dyy H cT. diz >
> cT. d2a.

KoHeuHo mnopoxaeHHass rpynna G 0oYyTH cBOGOAHA
B TOM H TOJIbKO TOM cJydyae, kKoria G siBasiercst ¢yHzna-
MeHTanbHON rpynnoit nx(®, T') koHeunoro rpada I' xo-
HeuHnx rpynn G, ve V(T'), a1s xoTopo#i cooTBeT-
CTBYIOIUIHE aCCOUUMPOBAHHBIE MOATPYNMNH NMPHHAAJIEXKAT
oaHoi u3 rpynn G,. [pyrumu cjoBamu, rpynna G no-
myckaer koA G=(ti, s, ..., HIR, Ly =M, ..., L=

M,.)» B KotopoM H — jpeBecHoe npou3BeieHHe KOHEU-
HOTO MHOXeCTBa KOHEYHHX rpynn Gy, v € V(T), c 06®-
equHenneM no noarpynnam G., e E(T), rae V(T),
E (T)— mHOoxKecTBa BepIIHH H pe6ep KOHEUHOro JepeBa
T, a moarpynnu L; ~ M; npuHaanexat OJHOH H3 BEepPLIHH
Gy, v=0uv(i),i=12, ..., n.

CnpaBennuBa o6Gobuennas ¢opmysra Ilpaiepa, no
KOTOPOH BHIYHCJSIETCSI PAHT r CBOGOAHOH MOATPYNNH KO-
HEYHOTO HHJEKca j B rpynne ¢ NpHBEAEHHHIM BHIUE 3a-

n

. 2N ! 1 1
ﬂa““em-'—J(Zm“‘ X e 2 m,,;)*‘
i=1 ee E(T) oe V(T)
-+ 1. PacwnpeHne -cBoGOAHO# TIPYNNH IMOCPEACTBOM

IHKJHYeCKOH rpynmu mnpoctoro mnopsaka Z(p) ecTb
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cBOGONHOE NPOH3BLeHHE IPYIIN, KAXKAasA H3 KOTOPHIX H30-
MopdHa Jubo rpynmne Z, nu60 NpsAMOMY NPOH3BEAEHHIO
Z(p) Ha cBoGOAHYI0O (BO3MOXHO, €NHHHYHYIO) Tpynmy
(Karrass A, PietvowskiA,SolitarD.//J. Aust-
ral. Math. Soc.—1973. —N 4.—P. 458—466). Cuer-
Hasi TMOYTH CBOOOJHAst I'PyLNa BJIOXKHMA B KOHEYHO IO-
pOXJIeHHYIO noutH cBoboAHylo rpynny (Scott G. P.//
Bull. London Math. Soc. —1974.—V.6,N 3.-—P.304—
306). Mocnenusisi — Bcerna ®AC-rpynna (Dyer J. L.//
J. London Math. Soc. —1979.— V. 20, N 2. —P. 215—
221).

[Toutn cBoGoxuble rpynnel Ge3 KpyuyeHHs CBOGOJHH
(cm. TeopeMmy Crossiuarca—CyoHa B 1. 4.2).

Cgoiictea @A, ®AC, ®AB, , nepeHocsitca Ha CBO-
GonHble NpOHM3BeleHHS C OObeJHHEHHeM IO KOHEeyHOH
noarpynne u Ha HNN-pacuwinpennss ¢ KoHeYyHBIMH acco-
LMHPOBAHHBIMHU noarpynnaMu. I'pynna G = G, x4 G, ecTb
®A-rpynna, ecin Gy, Gy — KOHEYHO MOPOKAEHHBIE HUJb-
NOTEHTHbIE TPYMIBl HIH CBOGOJHBIE TPYIIL], a MOArpynna
A — uuksiuyeckass rpynna (Dyer J. L.//J. Austral.
Math. Soc.—1980.—A29, N 1l.—P. 35—51; lla-
xoBa H. I'.//Becth. MI'Y. Cep. mart., wMmex.— 1981,
Ne 5.— C. 57—62). pyroit mocTaTouHbIf NMpPH3HAK (-
HHTHOH annpokcumupyemoctd rpynnbsl G = Gj x4 Ga:
a) A sisnsercss @A-rpynnmoit u Assi JOGBIX 2J1EMEHTOB
g G\A, i =1, 2, HaligyTcsd HOpMaJibHBIE MOATPYIIBL
KoHeunblx uuaekcoB N; J G; rakue, uto g; & N;A, 6) nas
BCSKOH HOPMAaJbHOH MOATPYNNB KOHEYHOIO HHJIeKca
N & A cyulectByloT HOpMaJsibHble MOATPYNNBI KOHEYHBIX
uupekcos N; I G;, i=1, 2, takue, uto NyNA =N
NA<<N (Wehrfritz B. A. F.,//J. London Math.
Soc. —1981.— V. 24, N 1. —123—126).

[Tycts rpynna G 3ajaeTcsi OLHHM COOTHOLIEHHEM B
CBOOOAHOM TpPOH3BEJEHHH JIOKAJbHO HHIAHKAGeJbHBIX
rpynn G, u Gy, T. e. G = G, » G2/{{r)). Tlpeanoyoxunm,
YTO 3/JEMEHT r UHK/JHYEeCKH HECOKPDATHM M HMeeT NJIHHY
{ > 2 B cBoGogHoM npousBefenHu G, + G,. Torna rpynnsl
G: # G, ecrecTBEHHBIM 0Gpa3oM BJIOXKeHB B rpynny G
H rpynna G caMa sBJsieTCS JIOKAaJbHO HHAHKa6GeJbHOM
(Bpoackun C. 1O.//Cu6. mar. x.— 1984.—T. 25,
Ne 2. —C. 84—103; Howie J.//Math. Z.—1982. —
Bd 180, N 4.—S. 445—461). Ilyctb G =% G — cBo-
6oiHOe npou3BeJeHHE NMPOH3BOJbHBIX IPYII, 7 — UHKJIH-
YeCKH HecOKpaTHUMHMA 3jeMeHT B G JJuHH [ =2, m =4,
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TOTA& TIpynnbl (G, €CTECTBCHHO BJOXCHLI B TIpyiny
G/ryy (Howie J.//London Math. Scc. Lect. Nete
Ser. —1986. — N 121.—P. 215—-213).

Ilycts rpyuna G sanaercs OAHHM COOTHGUICHHEM, fB-
JSOMAMcA coOCTBEHHOH CTeneHblo B CBOGOJHOM NPOM3-
BelleHHH unmnqecxhx rpynm, T. €. HMeeT Koj (=

—<xi, Xy ooy X, lx‘ 1,i=1,2,...,n, r(.i‘)"‘zl} rue

=2 m= 2 l; —0 wiu [; = 2, r(x)——unmuqecxn He-

coxpammoe CJIOBO B CBOGOJHOM MPOU3BENEHHH (X )% ...
... =(Xp), BKJIOUAlOLlee B. 3aNHCb X, Torma {xi, Xy, ...
cees Xneg) = x> {xo)% ... #{(xp—> (Fine B., Ho-
wie J, Rosenberger G.//Proc. Amer. Math,
Soc. — 1988. — V. 102, N 2. —P. 249—254). [lpu n =4
rpynna G cojep:xut noarpynny Fe. Ecau n=3 (I, s,
l3) % (2,2,2), To G rakxe comepxut noarpynny Fs. Ilpu
n=23, (I, ly, l3)=(2, 2, 2) rpynna G 160 cOAEpKHUT NOA-
rpynny Fq, '1ub0 siBJAsieTCcsl paclliupeHHeM HHAeKca 2 rpym-
net ZO Z. Ins n =2 rpynna G umeer Kok (x;, xjxf =
=x]=r(X)" = l) H sBJseTcsi 060GLIEHHON TpeyroJib-
HOH rpynmoH.

I.4. Muoroo6pa3us rpynn. [Tyctb v(X) = v (%, X, ...

., Xn)— rpynmnoBoe cjoBo (cM. ¢. 76). Ero 3nauernuem

B NMpOHU3BOJIbHOA rpynne G HaswBaeTc: 3JeMeHT v (g)=
=uv(gy, g2 .-, &n), MNOJYYEeHHBIH IOACTAHOBKOH BMe-
CTO NepeMeHHBIX Xi, X2, ..., Xp IJIEMEHTOB g1, g2, ..., &n-
T'osopsit, uto Ha rpynnme G BBIIOJHEHO TOXOECT8O
v(X)=1, ecau Bce 3HaueHHus cJoBa v(X) B rpymnne G
paBHBl eauHHue. HacTo TOXKAECTBOM HAa3bIBAIOT CaMo
¢JIOBO U (X) C yKka3aHHBIM CBOHCTBOM.

BMecTuuiieM Bcex TOXAECTB CJAYXKHT CBOGOAHAs
rpynna cuyetHoro paura F Ham X ={xi, xo, ..., Xa, ...}.
Cnoso v & F Gyner ToxpaecTBOM rpynnel G B TOM H
TOJILKO TOM cJyuae, ecJH NpH Jiob6oM romomopdusme
¢: F— G umeem ¢(v)=1.

[Tycts V = F — mHox)ecTBo cjaoB. Kaacc (V) Bcex
rpymnm, AJs KOTOPHIX J1000e cl0BO v & V siBasieTcss TOXK-
JNECTBOM, Ha3blBaercsi MHoeoo6pasuem, 3aJaHHBIM HJH
onpejeJeHHBIM MHOXECTBOM TOXKJAeCTB V.

OTMeTHM HeKOTOpble MHOroo6pasusi. 1) 0 — MHoroo6pa-
3He BCeX TpPYI, 3aJaeTcs NYCTHIM MHOXECTBOM TOXK1eCTB;
2) 1 — eAHHHYHOe MHOroobpasHe, COCTOsIlee H3 elHHHY-
Hoit rpynnet E, 3amaetcs TOXAECTBOM X = 1; 3) B, n
& N, — mHoroo6pasue Bcex TpyNn nepuoja rn, 3agaercs
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TOXJECTBOM x" = 1 u HaswBaercs Oeprcaiidoseim MHO20-
o6pa3uem nepuoda (sxcnorexrot) n; 4) U — MmHOroobGpa-
3He Bcex abesieBbIX TPYIII, 3a1a€TCs TOXAECTBOM [X1, xo] =
=1; ¥%,, ne= N, — mHOroo6pasue Bcex abeJileBHX Ipymn
nepuona n, 3ajaercs TOXKAECTBAMH [x, X,|=1, x}=1
(apyrux MHOroo6Gpasuil, COCTOAIIUX TOJbKO U3 abeseBhX
rpynn Het); 5) %%, k= N, — MHoroo6pa3sue Bcex paspe-
LIMMEBEIX TPYNI CTylNeHH He GoJblle k, 3ajaercd TOX[e-
ctBoM dp(X)=1, rae d,(X)=[x1,x2], de(¥) npu k=2
onpejenseTcss N0 PEKYpPpPeHTHOH dopMmyse d, (x‘, Xgy -0

eeny xzk) == [dk—l (xl, ey xzk_.l), dk—l (xzk_br,, ey x2k)],
MHorooGpasue Y2 uHorna oGosHayaercss M U Ha3bIBaeTCA
MHoroo6pasueM Bcex MerabeseBbx rpynm; 6) M — MHO-
roofpa3ue BceXx LeHTpaJbHO MerabesJeBBIX TIpynm, 3a-
naetcst ToxaectsoM [|[x1, xo], [x3, X411, xs] =1, cocrour
H3 Bcex rpynn ¢ ycaosuem G/C(G)= M uay, 4TO TO Ke
camoe, G” << C(G), vacTHblii cayyall MHOroo6pasus M,
k=N, 3anasaemoro TtoxpaectBoM [[lxi, xo], [xs, x4]],
X5, Xg ..., Xaye]=1;, 7) R, k= N,— MHorooGpasmue
BCeX HUJIBIIOTEHTHBIX TPYII CTYNCHH He OoJsblie R, 3a-
Haercss TOXAECTBOM Cp(X¥)=1, rme ¢;(X)=/[x,x2],
c.(X) npu k=2 onpenensiercsi peKyppeHTHO N0 ¢op-
Mygaam  cp(x1, X2, ..., Xg)=[ce—1 (X1, ..., Xpe—1), Xz];
8) €., k= N,— MHOroo6pasue BCceXx 3JHeeaesblx epynn
HHIeKca He OoJibllie k, 3aJaeTcsl TOXIECTBOM ep(X)=1,
rae e (X)=/[xi, x2], ex(X) npn k =2 onpenensercs pe-
KyppeHTHO 1o Qopmynam eg(xy, X2) = [er—1 (x1, X2), X2] =
= [xl, kle .

Ecniu G —rpynna, to Var G — muoeoobpasue, no-
pooxdennoe epynnoi G. OHO COCTOMT M3 BCeX Ipynm, Ha
KaXJI0H H3 KOTOPHIX BBINOJHEHB BCE TOXIECTBa, UMEIO-
e Mecto B G. Bosee o6mo: ecnu I' — kaace rpymnm, TO
MHorooGpasue VarTI, nmopoxzaeHHoe I', cOCTOMT H3 BceX
IPYIIN, HA KaXJA0H H3 KOTOPBHIX BLINOJHEHB BCE TOXKJe-
CTBa, HMeWIHe MecTo B J060H M3 rpynn kJaacca I

OueBHJHO, YTO NPOM3BOJbHOE MHOroo6pasue € Ha-
pany c Job6oi rpymnoii G & € comepXHT Bce ee NOJ-
rpynnsl M snuMopdHble 0o6pasbl, a BMecTe ¢ JIOOBIM ce-
MeliCTBOM TpYII HX IeKapToBo mnpousBefenue. Otciona
SICHO, HallpUMep, UTO HeeIWHUYHOE MHOrooGpa3ne He MO-
JKeT COCTOSITb U3 KOHEYHBHIX TPYMM, YTO KJAacChl BCeX Ie-
PHOJAHYECKUX, JIOKaJbHO KOHEUHBIX, [/J0KaJbHO] paspe-
IIMMBIX M [/IOKAQJIbHO] HHJILIOTEHTHBIX T'PYNN MHOroo6-
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pasusMu He saBjstoTcA. OuyeBHAHBIM 0Gpas3oM BBOJIHTCS
nousiTHe mnoamHoroob6pasus D <= €. [IpuHATO Ha3LIBATHL
abenesoim, paspewiumoim, AOKAAOHO KOHEYHbIM W T. II.
MHorooGpasue, coctosilliee M3 abe/eBhlX, pa3pelIMBbIX,
JIOKaJIbHO KOHEYHHIX W T. Il. IPYNIL.

Kaacc rpynn € #* & siBasiercss MEorooGpasueMm Torjaa
H TOJBKO TOTAa, Korda € 3aMKHYT OTHOCHTENLHO ollepa-
LMH B3SITUS MOATPYINM, 3MUMOPQHBIX 06pasoB M JeKap-
TOBBIX NpOU3BeleHUH (Teopema bupreoga).

CnoBo v & F sABJIseTCH, IO ONpeNeNeHHI0, CAe0CT8UEM
muoocecrsa cao8 V= F, ecain v =1 — TOXAeCTBO B JIIO-
6oit rpynne G = M(V). MuoxectBo V; = F ciaenyer us
MHOXKecTBa Vy = F, ecau gaio6oe caoBo v e V| saBasercs
cnenacteueM V,. MuoxectBa caos V,, Vo= F sksusa-
NEHTHbL, ecNu OHH CJaelyloT Apyr u3 apyra. Ecam Vi,
V, — 3KkBHBa/ICHTHBIE MHOXKECTBAa, TO OHH ONpEIENsOT
OJMHAKOBHE MHOroobpasus, T. e. W(V,)=BW(V,). B Jio-
60M MHOXecTBe cJOB V < F 3aMeHa ero yacTH Ha 3KBH-
BaJIeHTHYIO He MeHsieT MHoroo6pasus (V). Hanpumep,
nepeHyMepauus INepeMeHHbIX B HEKOTOPOH COBOKYITHOCTH
cjoB u3 V He menser (V).

CoBoKynHoCTb coB X%, i==1, 2, ..., 5KBUBaJeHTHa
onHOMYy caoBYy x™, rge m=H.0. L. {m;|i=1, 2, ...}.
Ecau B MHoroo6pasuu § BHINOJIHEHO TOXIECTBO x™ = I,
m e N, U m — HauMeHblllee YUCJAO C 3THM CBOACTBOM, TO
m Ha3nBaeTcs nepuodom UM 3KCHOHECHTOL MHOroobpa-
3ust €. B npoTUBHOM cJyYae rOBOpSIT, UTO MHOrooGpasue
€ umeer axcnonenty 0.IIpousposbroe cioBo v & F nu6o
ABJSIETCS. KOMMYTATOpDHHEIM, T. e. v & F/, nu6o 3KkBHBa-
JenTHo nape caoB x™, m N, u v = F'.

MHoxXecTBO BCex TOXKAeCTB (KaK 3JIEMEGHTOB CBOGOX-
Hoft rpynnsl F = F(xi, x2, ...) MHoroo6pasus € o6o3Ha-
guM uepe3 V(€). MuoxkectBo V(€)— Haunbosbiiee cpenu
BCeX JKBHBAJEHTHHIX MHOXecCTB cJoB V = F, omnpeze-
JsoLux MHoroo6pasue €.

Muoxectso V(€) cosmasaer ¢ mnepeceueHHeM siiep
BCEX BO3MOXHLIX TOMOMODP(H3MOB rpynnsl F B I'pPYNIH
MHoroo6pasust €. B uacraoctu, V(€)— snnomopdHo no-
nyctumast noArpynna B rpynne F.

[Moarpynna H << G uaswiBaetcs gepbaastoil, ecnn H
MOpPOIKAEHA BCEMH 3HAYEHHSIMM HEKOTOPOr0 MHOXKecTBa
cios W< F B rpynne G (B o6o3sauenusix: H = W(G)).
Bep6ansnast moarpynna W (G) suiaoMopdHO AomycTHMaA
B rpynne G.
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O0parhoe yTBepxIeHHe, BooGiue rosopd, HeBepHo. Hanpumep,
nobas HeHynesas BepGasbHas moarpynmna abeaesoit rpymmu A co-
pnaxaer ¢ mA pas Hekotoporo m & N. B to ke Bpems B rpynne

=Z(p) ® Z(p*) (p—npocroe) p-cnoit Afp}is{asA|pa=0}
snJ0MOpGII0 ACNYCTEM, HO HE PaBeH eAMHCTBCHHGH HeHylenoil cob-
TBAHHON Bepbaabholi noarpynne pA rpynms A.

’

Kaxpnaa sHpomMopdHO pomycTHMasi IHMOArPyHna CBO-
6Goaunolt rpynne F, (x— Jji060e KapAHHAJbHOE WHCJO)
BepfaJbHa.

Ecan H — snaoMopdHoO JonycTiMasi noArpynmna rpyi-
nel F, to H= W(F) nas HeKOTOPOTO MHOXKE€CTBa CJIOB
W < F. B 3Tom caysae MOXKHO cunrath, utro W =H.
Ovuepupno, uro F/He B(W)=W(H). Cymecrsyer
R3aHMHO OJHO3HAYHOE COOTBETCTBHE o MCXKIAY MHOroo6-
pasMsaMH M SHAOMOP(HO JONYyCTHMBIMH MNOATPYIIIaMH
rpynnet F == F(xy, xo, ...), ONIpelc/eHHOe DaBEHCTBAMH:
a(@)=V(@) na(H)=BW(H).

JHIOMOP()HO JNONMYCTHMOE 3aMbIKaHHE MHOXeCTBa
cioB W< F, 1. e. HauMeHbllasg 3HIOMOP(HO HAONYCTH-
mass noxrpynna H <CF, coaepxamas W, pasHO
V(®(W)). CaoBo ve F 6yner caeiacrsieM W rorma u
TONbKO TOraa, korga v e V(W(W)). MuoxectBa cJ0B
Wi, Wy < F 3KBHBaJIeHTHH TOTAla M TOJBKO TOTJa, KOrjaa
paBHBl HX 3IHAOMOpPDHO JONyCTHMBlE 3aMblKaHHs B F.
Brarowenue muoeoobpasuii € =D paBHOCHIbHO o6par-
HOMYy BkJUYeHHIO V(€)= V(D) COOTBETCTBYIOILHX HM
3HIOMOP(PHO AONYCTHMBIX MOArpynn rpynns F.

Ilepeceuwenue mroeoobpasui €D ectb Haubonbluee
MHoroob6pasue, cofepxKalilleecss OLHOBpeMeHHO B € u 9.
OTO NO3BOJIET ONpEeNeTHTh B YACTHYHO YNOPSAOYEHHOM
N0 BKJIOYEHHIO MHOXecTBe MHoroo6pas3uii onepauHio
B3ATHs ToyHOH HuXKHel rpannC A D 55 € ND. Ouesunno,
uto V(€ A D)=V (€), V (D))< F.

Hanwmensbliee mHOroo6pasue, cosepxauee € u 9, no-
JyyaeTcsi 3aMbiKaHueM Kaacca rpynn €D oTHOCH-
TeJbHO Onepauuil B3ATHS NMOATPYNH, 3MUMOPQHBIX o6pa-
30B M [EKapTOBHIX INpoH3BeleHHH. DTO MHOroo6pasne
SIBJISleTCSl TOYHOH BepXHeH TIpaHbio MHoroob6pasuit €, D
B YaCTHYHO YNOPSAOYEHHOM IO BKJIOUEHHIO MHOXeCTBe
MHoroo6pasuéi u o6osznavaercs €V D. 3aMeTuM, UTO
VEVI)=VE®)N V(D).

M3 Bcero ckazaHHOro cefiuac cjenyer, 4To BCe MHO-
roob6pasusi ¢ omnepauusMu A\, V 00pa3yloT pelleTKy
Lat0. Yka3aHHoe Bhie oro6paxKeHue o sBJsETCH aHTH-
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uzomopdusmom peuietkd Lat0 Ha pellerky Bcex 3Hjo-
MOpGHO JomycTHMBIX TNOArpynn rpynnei F. Peierka
L.at0 wmoamyasipua, HO HegucTpubyTHBHAa (cM. c. 141).
Ecnu € — npoussossHoe MHoroobpasue, To Lat€ oszua-
YaeT pelleTKy BCeX ero NnoJAMHOroo6pasui.

Mroroo6pasue €9, cocrosiliee H3 BCeX pacClIHPEHHH
rpynn MHoroo6pasus € mocpeAacTBOM rpynn MHoroo6pa-
3usa D, HaswiBaeTcs npousdsederuem MHoeoobpasus € Ha
mrozoobpasue . CaMy oOnepaunHio Ha3bIBAIOT YMHOXCC-
Huem mHoz2006pa3uli.

Onepanust yMHOXeHUSI MHOroo6pasuil accoluHaTHBHA.
OueBugnbl cooTHomenua: 0€E=GC60=0, 1€=C1 =@,
H3 KOTODPBIX BHIHO, YTO MHOXECTBO BCeX MHoroofpa-
3Ui SIBJASETCS MOJYIPYNNOH C eJHHHLEH H NpHCoexH-
HeHHbIM HyJeM. CrnpaBefJiMBH CJelylOLHe COOTHOLie-
Hus: 1) ecan €, =G, D, =D, o €D, = €,D,; 2) ecan
D£0u EOLED, 10 6, =6, B uactaoct, ;D=
=C,® Buseuer €, =C, (coxpalueHue cnpana); 3) ecJjH
C#0u 6D =€, To D, =D, B yacruocru, CH, =
= 6D, Bieuer D, =D, (cokpalieHue ciaesa).

[Tpumeps. 1) MuorooGpasue %*, k=N, ectb k-1 creneHs
MHoroo6pasus %; 2) AN, — mHorooGpasne Bcex pacuiupeHnii abe-
JIeBBIX IPYNN NMOCPEACTBOM HHJBMOTEHTHBIX TPYNN CTYMNeHH He GOJb-
we k; 3) RNe¥ — mHOroo6pasue BceX paclIMPeHHH HHJIbIOTEHTHBIX
rpynn cryneHd He GoJsblue £ nocpeAcTBOM abeJseBBIX TPy,
4) 92,21_ - kl=9_lklsﬁkl RS %kl — MHO2006pa3ue NOAUHUAL-

notentHoix epynn cueHatypol (ky, ke, ..., ki).

MHoroo6pasue, He npeicTasuMoe B BHAE NPOH3Beje-
HHs HCCAMHHYHBIX MHOroo6pasuil, Ha3wlBaeTcsi HELasAo-
ascumotm. Hepassoxumbl, Hanpumep, Jioboe MHoroobpa-
3He HMJDBIOTEHTHBHIX I'PYNN U Jo6oe MHOroo6pasue mpo-
CTOH 3KCIOHEHTBHI.

Jlroboe wMuoroo6pasne € 7= 0, 1 oxHo3HAYHO Ipel-
craByMo B BHIe npoussenchust € =066, ... G, nepas-
JOXKHMBIX MHOroodpasuit {reopema Heiimanoe — il meno-
Kuna). Eciu ® = € — mHoroo6pasust, orauudsie ot 0, 1, 1
D=DD, ... D, — Takxke pasjoxeHHe B NPOU3BLACHHE
HEDPa3JOoXHUMBIX MHOrooGpa3uil, TO HaHAeTCd MHOTO-
obpasue § rtakoe, uyro D=H =CE c pasIoKeHHAMH
=99, ... 9,= 9,9, ... 9, B npousrenenus e o6-
3aTe/IbHO HEepasJOKHMBIX MHOroodpasui, HJis KOTOPLIX
BHIIOJIHEHBI BKJwueHua D, <= 9;, i=1, 2, ..., [
$/=6, j=1,2, ..., £ (Oabuwmanckuit A. 10/
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Bectn. MI'Y. Cep. wMar., Mex. — 1986, — Ne 6. —
C. 61—64).

Kosmnyrarop [€, ®] muozoobpasuii €, D omnpene-
asierca pasencreoMm V ([€, D)) =[V (6), V (D)].

MHcz cetBo ciioB V= F = F(x, xp, ...), 3anaioulee
mMuoroobpasue €, HaspiBaeTcs Oasucom (ToscdecTs) MHO-
rooSpasnus €. Muoroo6pa3sue € HasLIBaeTCHA KOHe4HO Oa-
supyemeim (K.6.), ecaH JJsSI HEro MOXKHO BHGpPaTh KO-
Heunbifi 6asuc V={v, v, ..., Us}. B 31OM cayuae €
MOXKHO 3aJaTh OJHHM TOXJEeCTBOM v == I, rie v — npous-
BeJeHHe CJOB Uy, Ug, ..., Un, 3ANIHCAHHBEIX HA HENlEpeCceKalo-
muxca MHoxectBax 6yxs X=X, i=1, 2, ... Muoro-
obOpasue € Ha3LIBAETCS HACAEOCTBEHHO KOHEUHO b6asupye-
motm (H.K.6.), eciu K. 6. JioGoe ero moamHorooGpasue
® = 6. Muoroo6pasne € crabuavHo KoHeuno 6a3upye-
mo (c. K. 6.), ecsqin Ans nw6ero K. 6. MHorooGpasis D
npoussejeHne €D rakxke K. 6. 3aMeTHM, UTO NpPOH3Befe-
HHe €D He K.6., ecad XOTsl HBl OFHO M3 MHOrooGpasuit
¢, D He K. 0.

IIpuBenem wu3BecTHnle (aKTH O KOHeUEHOH Gasupye-
MocTH. 1) Jlio6oe MHOroc6pasue HHALIOTEHTHHIX N = Ny,
k= N, nau MerabeneBnix € = 92 rpynn c.x.6. Boaee
Toro, Jiwo6oe MmHoroobpasue €=RN,VA, k=N, c.k. 6.
2) Jlio6oe mHoroo6pasue € = N A N AN, k= N, c.x.6.
B stom cayuae, ecan D K. 6., To 1 €V D k. 6.

MHoxecTBO Bcex C.K.6. MHOrooOpasuii 3aMKHYTO OT-
HOCHTE/IbHO Ollepauuii NpPOHU3BEJEHHs, NepeceueHHs H
KOMMYTHDOBAHHUS, CJeLOBaTeJbHO, MHorooGpasus U,
l=N, u apyrue mHoroo6pasus, ONpefeJcHHbIE <«IOJH-
JIUHEAHLIMH» KOMMYTaTOPHBIMH TOXJeCTBaMHU (T. €. TOXK-
JleCTBaMH, MOJYYEHHBIMH H3 Pa3HLBIX OYKB X; C IOMOIILIO
TOJILKO ONEepaliu KOMMYTHPOBAHHA), TaK¥kKe SIBJAIOTCA
c.k.6. DTO OTHOCHUTCS, CKaxeM, K MHorcoGpasusam M,
k =N; ‘ﬁklkz,,, kps ki, l=N, u Tt n 3) Ecin €, ®—
c. K. 6. MHOroo6pasus B3aHMHO NPOCTLIX 3KCIIOHEHT, TO
MmHorooOpasue €'V 9 rakxke c.k.6. 4) M3BecTHble c. K. 6.
GepHcalmzoBel MHorcoGpasusi —Bg, B;, Be. 5) JlwoGoe u3s
muorooSpasuit My, k= N, H.K. 6. CymecTByOT He C.K. 0.
MuorooGpasus € =M;. 6) JlwobGoe u3 mHOroobpasui
AN, A NN, NU, NA, &, [N, H.K. 6. (OTHOCUTESb-
HO N cM. (Kpacuabuuxos A. H.//11 Bcec. cumm.
1o Teopuu rpynmn. Tesucst coobur. — Caepaiacsck, 1989, —
C. 65)). 7) MuorooGpasue Var G k.6., ecin G KOHCHHA,
CBepXpaspellnMa KJH sBJSETCs] pacUIHpeHHeM KCHeuHOR
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TPYNMBL OCPCACTBOM HHJIBNOTeHTHOH. 8) MEorooGpasue
(s¥),, KOTOpOE COCTABJSIOT BCE JIOKAJbHO KOHEYHHe
rpynne nepuoia n & N, uMeiouie abeseBH CHJIOBCKHE
p-uoarpynnsl, k.6. He usBectno, 6yzer siu K.6. B 05-
weM ciayuae MHorooGpasue Var G, ecan G — NOJULHK-
JIH4ecKast U1 MaTpHYyHas rpymnna.

CyutecTByeT KOHTHHYYM He K.6. MHOroo0pasmii.

[Tepeceuenne yOniBamouieli menH He k.6. MHOroo6pa-
3uil Takke He K.G6. 3Haudr, Jro6oe He k.. MHOroo6pa-
3He COAEpXXKHUT MHHHMMaJbHOe INOAMHOroof6pasue C 3THM
CBOHCTBOM, Ha3blBaeMoe IpedesbHBIM MHOrooGpasyueM.
IlpenenpHeix MHoroo6pasuit GecxoHeyHo MHoro. B pe-
merke MHoroo6pasu#i Lat0 mpHCYTCTBYIOT KCHTHHYaJb-
Hblc MHTepBaan € C 9, 1eAHKOM COCTOsIIHE H3 He K.O.
MHoroo6pasuii. He Bcerna u3 KoHeuHOH 6asHPyeMOCTH
€, © cnenyer xoHeunas GasupyemocTb € V D (HO Bcerza
K. 6. MHorooGpasue € A9, mas koroporo 6a3ucoM Mo-
HKeT CJYXKUTb obbeiuHeHHe 6a3ucoB u3 €, I).

CM. oTHOCHTeNbHO mNpuBefenHbix ¢aktoB [3], [45],
[47].

Basuc V mHoroo6pasus W (V) HasuiBaercs xe3asucu-
MbiM, €CJIH HH OJHO H3 CJIOB v € V He c/IelyeT M3 COBO-
KYITHOCTH OCTaJIbHBIX cJoB V\ {v}.

MMpuwmep. Ecinm n— HeueTHoe umcao u n = 1003, To MHOXKe-

n -~
CTBO CJIOB V={ [x{”’, x2”"] }, rie mapaMerp p npoberaer Bce Mpo-
CThie YMCJa, siBJAAeTCA He3aBHCUMBIM G6asucoM MHorooGpasus (V)

(cm. [1]). TMMoamuoxkectBa V/ < V onpefeisioT KOHTHHYYM pasJHy-
HbIX MHorooG6pasuit (V).

Cymectsyer MHorooGpasue € = A7, e obGnagpaiomee
He3aBHCHMBIM 6asucom Toxkaects (Kmei#tmawu 10. T.//
Hs3s. AH CCCP. Cep. mar.—1983.—T. 47, Ne 1. —
C. 37—74).

Cpenn npuMepoB He K. 6. MHoroo6pasuil ykaxeMm
%P,%p, p — mpocToe, 3ajaBaeMoe TOXaecTBaMH (xPxf ...

- xﬁ)pz =1, n=1,2,..., B, 8p,n(5, p — mpocToe,
n N, € — MHoroo6pasue sKCIOHEHTHI, Aeqsliedcsa Ha p
(Kaneitmaun 0. I'.//iss. AH CCCP. Cep. maT.—
1973. — T.37, Ne 1. — C.95—97; — 1974. — T. 38, Ne 3. —
C. 475—483).

Muoroofpasne € Heny/JeBOH IKCIOHEHTH m Ha30BeM
nepuoduueckum nepuoda (3xcnoxentol) m. Ilo onpene-
Jeruio € = B,,. JlokaabHO KOHeuHOe MHOroobpasue 06s-
3aHO OBITh NepuHoAHYecKUM. BepHcalifloBHl MHOroo6pasus
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B, npu m=2, 3, 4, 6 nokaabHO KOHeuHH. Teopema
HosukoBa—AnsHa yTBep:KAaeT, YTO MHOroobpasue B,
NpH HeyeTHOM m = 665 He JIOKa/JbHO KOHe4HO. OTHOCH-
TEJLHO 3TOH TeopeMbl M JPYrHX (DaKTOB, KaCalOUIHXCS
GepHcalifoBHIX MHoroo6pasuit cm. m. 1.5.

Knacc J0KanbHO KOHEYHBY TpYyNn TepHoma m TIo-
pOXAaeT JOKaJbHO KOHEYHOe MHOroodpasHe Toria H
TOJILKO TOTJa, KOrja HOPsAAKH BCEX A-NOPOXKAEHHBIX
noarpynmn, n==1, 2, ..., B HeM orpaHHYeHbl 3HaYeHHSIMH
HekoTOpoH ¢YHKUMH f(n,m). B 4acTHOCTH, JOKaJbHO
KOHeuHble MPYNNbl NPOCTOTO NMEPHOAA p B CHJIY TEOpEMH
Koctpuxura (cm. n. 1.5) obpasyior MHoroo6pasue &,
Ha3blBaeMOC KOCTPUKUHCKUM.

I'pynna G waseiBaeTcs Kpuruueckol, ecid G He npu-
HaAMeXHT MHOroo6pasuio, NMOPOXKIEHHOMY ee cOGCTBeEH-
HeiMH ¢akropamun H/K, rae H << G, K J H. MHuoroo6-
pasie § HasbiBaeTcsi KPOCCOBLLM, €CJH OHO JOKaJbHO
KOHEUHO, KOlcYHO 6asHpyeMO H COJEPKHUT TOJbKO KO-
HEYHOe MHOXKECTBO KPHTHUECKHX TpYIIL.

Mmuoroo6pasne € Torga M TOJNbKO TOrJa KpPOCCOBO,
koria € = Var G, G — KoHeuHas rpynna.

KoHeuHble NpocThie IPYNIbI IBJAAIOTCA KPHTHUYECKHMH,
npHyeM Hel30MOpQHbIE H3 HHX MOPOXKAAIOT pa3Hble MHO-
roo6pasusa. B ofuweM cayuae HeH30OMODQHBIE KOHeuHble
rpynibl MOTYT NOpPOXAaTb OJHHAKOBEIE MHOroo6pasusi.

IMpumep. Hmeem Var Dsg = Var Ks, rae Ds, Ks— rpynnu
JAH3]pa U KBaTepPHIIOHOB BocbMoro mopsaka (cm. [3]).

Muoroo6pasie € Ha3bIBaeTCs NOYTU KPOCCOBLIM, €CAN
camo € He KpPOCCOBO, OLHAKO BCe ero cOOGCTBEHHbIE MOA-
MHOroo6pasusi KpoccoBBl. 3aMeyeHo, UTO JI6oe Hekpoc-
COBO MHOroofpasue COIEPXKHT NOUYTH KPOCCOBO MOAMHO-
roo6pasue.

PaspewrnMele MoYTH KPOCCOBBI MHOrooGpasus Hcuep-
NbHIBAOTCA caelylowuMm couckom: 1) %, 2) A A, p — npo-
croe, 3) A AN, p, ¢q, r—pasiuuHble TPOCTHIE,
4) A (B, \ N2}, g— HeueTHOe TmpoCTOE, p F= g — Npo-
croe, 5) A, (By A\ Rp), p— HeueTHoe mnpoctoe. HHBIMH
C/OBaMH, KaxJoe pa3pelinMoe MHoroo6pasue Jub60 mno-
POXKACHO KOHEYHOH TrpymnnoH, aubo COLEpPXKHT OAHO H3
nepeyHcJeHHBIX MHOroo6pasuii, mpHueM 3TH BO3MOXKHO-
CTH B3aHMHO MCKJIIOYAIOTCH.

Jlro6oe noamuorooGpasue K.G. JOKaJbHO KOHEGYHOIO
MHOroo6pasust rpynn o6./ajaer He3aBHCHMBIM 0a3HCOM.
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B vuactHocTH, BCAKOe paspelliMoe JIOKaJbHO KOHCYHOE
MHOroo6pasue HMeeT He3aBHUCHMHIH Gazuc (Oabuwamu-
ckuit A, 10.//Tp. cemunapa um. M. I'. Ilerposckoro. —
1978. —T. 3. — C. 139—146).

CyiiecTByIOT Hepa3pellHMble IOUYTH KDPOCCOBHI MHO-
roo6pasus rpynn. Hanpumep, mHorooGpasue &, /\ G,
IpH [POCTOM p =05 Hepa3pellHMO H MOYTH KPOCCOBO
(cm. Teopemy PasmreicnioBa B 1. 1.5).

I'pynna F HasbiBaeTcst c80600HOL epynnoii mHo2006-
pasun €, ecin: 1) F= €, 2) cyuecTByer Takoe MHOXe-
cTBO X MOpOXKAAIOUIHX 3JeMeHTOB rpynnut F, HazpiBaeMoe
€€ MHOXMCeCT80M C800600HbLX nopoxdaroliux Hau 6a3ucom
(oTHOCuTenbHo mHoO2000pa3us €), uto J106oe oToGpaxKe-
HHe ¥ MHOXecTBa X B mpousBoJibHYI0 rpynny H € on-
HO3HaYHO NpOJOJKaeTcss A0 roMoMopduama rpynnel F B
rpynny H. O6o3uauum F uyepes F(X,€). MowHocts %
MHOXcecTBa X HasbiBaercst paHrom rpynnsl F (X, €). flcHo,
yTo OOBIYHLIE ONpeLheseHuss cBOOGOLHOH rpymnnbl, ee 6asuca
H paHra OTHOCATCSi K MHoroo6pasuio Bcex rpynm 0.

Has aio6oro HeeAWHHYHOro MHoroo6pasus € u Jo-
60i MOIHOCTH % CYLEeCTBYET €JHHCTBEHHAS C TOUHOCTbIO
no usomopdusma rpynna F,(€), seasomascs cBobon-
HOll rpynno#i MHoroo6pasusi € panra x. Ecan V — 6asuc
MHorooGpasus €, To F, (€) =~ F,/V (Fy).

[Mpumep. Tpynne,, cBoGoaHbie B MHorooGpasun ¥, Ha3bIBaOT
€80000KoIMy abeaceoimu 2pynnamu. CBoGomnas rpynma F, (W) =

4 o ®
=I’-‘,¢/FM paHra x Hu3oMopdua npsMoi cymme D”Z % 3sK3eMIIfA-
poB rpynmbl Z, KOTOPYIO TaKxe 3allHCHIBaeM z"

Has mo6oro JOKaJbHO KOHEUYHOro MHoroo6pa-
susi € onpegenserca nopadrosas ynxyus [ (n) 55

55| F.(G)|. Ecan muoroo6pasusa €;, €, Jjoka/abHO KO-
Heunwl, 1o fo (n)=f_ (n)f, ((n—1)fg (n)+1).

CyuecTByeT KOHTHHYYM JIOKaJbHO KOHEYHBIX MHOIO-
o6pa3uif ¢ nomapHo pa3/JHYHBIMH NODPAAKOBHIMH (YHK-
uuamMu. JIokalbHO KOHeyHoe MHoroo6pasHe € HHJIBIO-
TEHTHO TOrAa M TOJLKO TOrAa, Koria ¢yukuus log fg
HMeeT CTeleHHBbIH pOCT.

MNpumep. sa muoroo6pasus @, D= A Ay A ‘ﬁq, p — npo-
croe, ¢ = p* <4+ p?>+ p+ 2, ofHO M3 KOTOPbIX 3alaeTcs JOIOJHH-
TEJbHBIM TOXIACCTBOM [Xy, X2, pX3, PXs ..., PXpte2, p’xp+3] =1,
a Jpyroe — TOXKAECTBOM [xi, X2, p®Xs, P?Xs, ..., P?Xpys, PXpys] = 1,
Pa3/inyHbl, HO HMMEIT OJHHAKOBBlE NOPSAKOBbie (YHKIHH.
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C nopsiZiKoBBIX (DYHKUHAX MHOroobpasuii cM. OJb-
mauckuit A. 10.//H3s. AH CCCP. Cep. wmar.—
1673. — T. 37. — C. 89—94.

MHuoroo6pasue € Ha3blBaeTCs wWpaliepossim, eciu Jio-
6as noarpynna rpynnbl F,(€) nas Jjwoboro x cBoGomHa
B mrorooGpasuu €. IllpaiiepoBsl MHOroo6pasus Hcyep-
NLIBAXOTCA ClIeAYIOHM cnuckoM: 0, 1, A, A, p — npocroe.

Ilpn X, = X noarpynna <X,) rpynnsl F,(X,€) cBo-
6omya B € man X; (1. e. ¢ 6asucom X,). B uacrHoctH,
rpynua F,(€) Baoxnua B Fny1(€) npu mwobom n e N.
Mhrroo61 asuc § HaskiBaercs pecyAfApHolM, €CJH, Ha-
otopor, Fnyi(€) Heab3a Bnoxuts B F,(€) HH mpH Ka-
KoM nn & N. Xopollio HM3BecTHO, YTO MHOTOO6pasHe BCeX
rpynn 0 HeperyJspHO. Hanpnmep, koMMyTaHt F,  cBo-
6onHoit rpynnu F, npu mwo6oM n = 2 — cBobojHas NOA-
IpyIna CYCTHOrO paHra, 4To JaeT BJOXKEHHe rpynnsl Fg,
B rpynny F, M#oroo6pasue € # 0, kaxpgas cBoGojHas
rpynna Fn,(€), ne N, koroporo ,uonycxaeT KOHeYHbI#
HopMaabHBl  psin E = No N, N, ... N,=
= F,(€), ¢pakropsl kotoporo Niii/N; HIH JIOKAJTbHO KO-
HEYHLI, WJH JIOKaJbHO paspeliuMbl, peryaspHo. Pery-
JIIPHH BCe MHOrooGpas3usi HUJbHOTEHTHHIX H pa3pellu-
MBIX TpPYII, [POH3BEJEHUS JOKAaJbHO KOHEYHBIX H JIO-
KaJIbHO pa3peilHMBIX MHOroo6pasuii u T. I.

CyILuecTBYIOT HeperyJspHble MHOrooG6pasus, OTJIHY-
Hule ot 0. Hanpumep, npu HeueTHOM n = 665 umeer Mme-
CTO BJIOKeHUe rpynnsl Fn,(8,), m = N, B rpynny Fp(38,),
YTO JaeT HeperyasipHocTb MHOI'006Gpa3sus B, Npu 3anaH-
HbIX ycjoBHsiXx (cM. [1]). Bojee Toro, npu Tex Xe npen-
NoJIoXKeHusx rpynmna Fg, (By) Takke BiaoxKEHMa B Fp(B,)
(IWMupsansu B. JI.//Uss. AH CCCP. Cep. mar.—
1976. — T. 40, Ne 1. — C. 190—208).

Ilycte €, O — mHoroo6pasusi, cBoGOIHBIE TPYIIBI
KOTODHIX aNNpPOKCHMHUDPYIOTCS KOHEYHBIMH p-TpynmamMu
HpH OZHOM M TOM e npoctoM p. [lycts ¥V = F, (6D) —
NOJMHOXECTBO, CBOOOLHO INOPOXAAMHIee IO MOAYJIO
V (Fx (D)), rne V — Gasuc ToxjecTB MHoroo6pasus D,
D-cBoboauyio noarpynny. Torga Y ceoGomHO mopoxkjpaer
ED-ceoboanyio moarpynny (¥)<{F«(ED). B uacTHOCTH,
ecJsi sseMeHTH MHoxecTBa ¥ = F,,(%Y), [ = N, HeszaBucu-
MH nmo Moxymo KoMmmyrtanta F; (UA!), To (Y)=F (¥, A).

CnpaBensuso GoJee 06u1.ee yrBepxknenne. Ilycts

Y, |Y|>2, — nogMHOXKecTBO 3/1€MeHTOB CBOGOAHOI Mo-
JHHHIBIOTEH THOI rpynnst Fu(Nee, ... ), L= N. Toraa Y
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fABJsgeTcd 6asucoM IpyMbl (Y)=F(Y, Neky ... k;) B TOM

M TOJBKO TOM cJjyyae, KOTHA 3JeMeHTH H3 Y suHeiiHO
He3aBHCUMBbI HaJ Z M0 MOAYJI0 KOMMYTaHTa F;(‘ﬁk A k)
172" ).

Kodom epynnee G 8 mroeoo6pasuu © Ha3blBaercs
nepedeHb (X[R;€), rie G =~ F(X, €)/{({(R)). MHoxe-
crBO cnoB R B aidaBuTe X Ha3bIBACTCH MHONECTEOM
onpedeasoujux cioe epynnet G oTHOocuteavno §. MHo-
x)ecTBo {r=1|r < R} Ha3bIBaeTcs MHOONCECT8OM ocnpe-
Oeasrougux cooTHowenull epynnot G oTrocureasHo G,
Eciu k ToMy Xxe yxasaHo oroGpaxenne ¢: X— G Ha
MHOXKECTBO MOPOXK/JAIOIIHUX 3JeMeHTOB rpynnu G, TO
NPHXOAUM K HOHATHIO ronpedcrasasenus {X|R; €), or-
rocureasro €. OcraJjbHble TEPMIHBI aHAJOTHYHEL a6co-
JIOTHOMY caydalo € =0, Hy>XHO TOJIbKO OTMEUaTb COOT-
BeTCTByiollee mMHOroo6pasue. QueBHAHO, YTO JIOGYIO
rpyniny G =@ MOXHO 3a4aThb O6eCKOHEYHEIM MHOXe-
CTBOM pPAa3JIMYHBIX KOJOB OTHocutesabHO €. Ilo amasnorum
¢ abcosoTHHM caydaeM € = 0 rosopAT O rpymnmnax Ko-
He4Ho onpedeseHnblx 8 mHo2000pasuu €, KOTOpble MOTYT
He GHITH KOHEYHO omnpelesnedHeiMd (B 0). Hanpumep, Jio-
6ast rpynna F,(%') npu n, | >=2 He KOHeyHO oOIlpefe-
JeHa, X0Ts1 B U ee MHOXKECTBO OnpeessiOUHX COOTHO-
LIeHHH MyCTO.

B wmuoroo6pasusix Ne,...r, (@ 3HauuT, B MHOro0G-

pasusix Re, A u T. A.) copaBelJHB aHAJIOT 06O6LICHHOH
TeopeMbl 0 cBoGoge (cMm. § 2). CyuiecTByoT MHOroo6pa-
3us, ckaxeM, Var G, rie G — KoHeuHasi Hepaspelunmas
rpynna, rae Takoi aHajor He uMeeT Mecrta (cM. [47]).

CTyneHb paspeliHMOCTH [HHJIBIOTEHTHOCTH] J1106Oro
paspellKMOro [HHJIBNOTEHTHOTO] MHoroo6pasus € orpa-
HHueHa, TaKk kKak € 3aMKHYTO OTHOCHTEJbHO OlepaluH
B3fITHA JEKapTOBbIX NMpousbeleHuil. C/cLoBaTeNbHO, Ji0-
Goe paspemuMoe [HHJAbNoTeHTHOe] MHoroo6pasue € siB-
JasieTcss MOJAMHOroo6GpasHeM HEKOTOpPOro MHOrooGpasus
A [Re] .

Ecau € — paspemnmoe MmHoroo6pasue u €2 %%, To
6 = B,R:B. Ans Hekorophix uucea n, k, meN (Kap-
ranoaos M. U, Uypkuu B, A.//Anre6pa u Joru-
Ka.— 1971.—T. 10, Ne 6.— C. 651—657). 3ak/oueHue
NpUBEAEHHOIO YTBEpKIEHUs OCTaerTCsi CHPABEAJIMBLIM,
€CJH 3aMEeHHTb YCJOBHe paspelluMocTH € Ha mpex-
NOJIOXeHHe O TpHHagIexHocTH € Kak moaMHorooGpa-
3Hs [GPOM3BELCHHIO KOHEYHOrO UYHCJA paspeliuMbix H
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MOKAJIbHO KOHeUHbIX MHoroo6pasmnii (Groves J. R. 1.//
Bull. Austral. Math. Soc. — 1971 — V. 5, N 1. — P. 95—
109; Bull. Amer. Math. Soc.—1972.—V. 7, N 3.—
P. 457—441).

CymectByer HeaGeseBo MHOrco6pasue,“BcC KOHEH-
Hble TPyNnb KoTeporo abesesnl (Onpwanckui A 10.//
Mar. c6.— 1985. — T. 126, Ne 1.— C. 59—82).

Mpuoroo6pasue B, abesepo, B; =Ny, By =B,8,B, A
A B;8,8; paspemumo. MuorooGpasus By, By, B, AE,_,,
p =5 — npocToe (4 BMecTe C NHMH Bce MHOI‘OO6p33H$I
By, Bom, By,, m&N), HepaspewnMsl (cM. Teopemy
PasmeicaoBa B m. 1.5). Hasi muorooGpasus €, cnpasea-
JuBbl cTporue BkaioyeHus N, < €, = N;. Jlio6oe MHoro-
o6pasue € = €; skcnoseHTH, B3aMMHO NpPocTOd ¢ 5,
paspemnmo (G upta N.//Can. Math. Bull, — 1972, —
V. 15, N 4. — P. 523—524).

Muoroo6pasne U2 yHOBJETBOPSIET YCJAOBHIO MHHH-
MaJIbHOCTH AJs noaMHoroo6pasuii. [lostoMy kaxpoe me-
TabescBO MHoroo6pasue siBJsieTC  TOYHOH  BepXHelf
rpaHblo KOHEYHOro MHOXKeCcTBa MHOroo0pasuil, Hepas-
JIOXKHMBIX OTHOCHTEJBHO ONepanuH ' HETPHBHAJILHBIM
o6pa3zoM. OJNHO3HAYHOCTb TAaKOTO pAa3JIOXKEHUs Hapy-
1aeTcsi OpPH HeAMCTPHOYTHBHOCTH pelUeTKH MHorooGpa-
suit. K coxaJsicHuio, naxe B HOCTATOYHO Y3KHX TNOJpe-
UIeTKaX HHJBINOTEHTHBIX M pa3pellyMblX MHOroobGpasuii
HMeeT MeCTO HeAHCTPHUOYTHUBHOCTL (cM. JaJiee).

Ecau merabGesneBo MHoroo6pazue € He JOKaJbHO KO-
HEYHo, TO OHO InpeiAcTaBHMO B Buie € =6;V €,V €,
rae € =%, nns Hekotoporo m & N, €, 01HO3HAUHO
NpeICTaBUMO KaK TOYHas BepXHSs TPaHb KOHEYHOIo
MHOXecTBa MHoroo6pasuit Bupa %.%Un A %A%, k, me N,
€3 10KaTbHO KOHEYHO.

Pewerkofi MHoroo6Gpasust € HasoBeM pelterky Lat@
Bcex ero noaMmHoroo6pasuit. [ToxpoiTuem MHOroo6pasus
€ B HeKOTOpOH pelleTKe [ HasbBaeTcAd MHOroobpasue
D D€ u3 L takoe, uro Mexay € u ® B L Her Apyrux
mHoroo6pasmit. B pewerke Lat0 Bcex wmuoroo6pasuit
Jo6oe cobcTBeHKoe mogMHoroobpasue € — 0 umeer Gec-
KOHeuHO MHoro nokpoituit (Onbwanckuit A. 10.//Tp.
cemunapa uM. M. T. TIlerposckoro.— 1978. —T. 3.-—
C. 139—146). CymectBy:or MHOrcoGpasus € < D < A7
Takne, yto € wMeer He3aBHCHMEIi 6a3uc, HO He obua-
laer B D NOKPHITHEM, 3HAUHT He ompejessercd B D He-
3aBHCHMBIM Ga3HCOM B €ro eCTeCTBCHHOM OIpefeseHHH
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(Knefiman 0. I.//H3B. AH CCCP. Cep. mat. —
1983. —T. 47, Ne 1. — C. 37—74).

HycTpuCyTHBHLI PEIURTKH CJICAYIOLUX MHOroo6pa-
3ufi: 1) A, Ro, N3; 2) MHOroo6pasusi MerabeseBbix p-TPyNil
(p — npocToe) CTYNCHH HHJABNOTEHTHOCTH He GoJbIlle
p-+ 1, 3) MHoroo6pasuss MerabesieBbIX TPYIil KOHEYHOMH
9KCIIOHEHTDI, -p-TPYIHIBl (p — NpocTOe) B KOTOPOM HMEIOT
CTYNeHH HUJLINOTEHTHOCTH He OoJablie p; 4) MHOroo6-
pasust AN, m, n = N, ecan kBaapar J1060ro nNpocToro
Jenutens yucia m He NEJHT 1, B YaCTHOCTH, MHOrooG-
pasust A pU , p— npocroe, k< N.

HeancrpubyTuBHBL pemeTKH cJaefyOLHX MHoroobpa-
3I’Ii’i: 1) ?13?].9 /\ S;R“, 2) 9[29]4 /\ ms, 3) Q{ng)lpz /\ mp-'-‘z,
p — npoctoe, 4) muoroo6pasns € = Uy, (p—npocroe),
1s#=neN, (p, n)=1, cocrosiulero H3 TPy, CHJIOB-
CKHEe p-MOArpynnbl KOTOPHIX HMEIOT CTyMeHb HHJBIO-
TEHTHOCTH He GoJabuie p - 1.

[Tycts M, — MHOXECTBO BcCeXx mNoaMHOroo6pa3uit
mHorooGpasns A2 AN, k=N, a My, | > 1, — MHOXKe-
CTBO Tex MHoroodpasuiti u3 M,;, CBOOGOAHBIE TpPYMIH
KOTODHIX He COZepXaT 3/eMeHTOB NOopsiikoB 2, 3, ..., [
ITycts p (k) — nauGoubliee mpocroe, He NpeBbiLIaiollee
—2, ecin k=3, u p(k)=1, ecoiu k=1, 2, 3. Ma=a
Jgio6oro k nogpeuierka Mpyp(ry AUCTPUOYTHBHE, AJT £ > 3
noxapeuietka Mep(r)—1 HenucTpubyTueia (Beunos 10. A.//
Bonp. Teopun rpyom u romoJor. aJare6pol. — Spoc-
Jasip. — 1979, Ne 2. — C. 55—68). '

Pewerka MHoroo6pasus %Bpk AN, p — npocroe,
k, l= N, nuctpubyTuBHa TOrza M TOJIbKO TOrAa, Koriaa
I<3uwmu l=4up>2 umu =5 u p>>5. Pemerka
BCeX MHOrooGpasHii Tpymnn p-npUMapHOH 3KCIOHEHTHI
CTYTeHH HHUJBNOTEHTHOCTH [ < p ecTh NOANPSIMOE MPOHU3-
BelleHHe | pelleToOK, Ka)JXasi H3 KOTODBIX fIBJseTCs NMpsi-

MBIM INIPOHM3BEeNEHHEM pelleToK A‘,‘;‘a), rie o npoGeraer
NMOAXO/flllee MHOXeCTBO HHAeKcoB A. MuoxecTso A H

GyHKIHA @ He 3aBHCSHST OT uucja p. CUMBOJI AZ' 0603Ha-
YyaeT pelieTKy, AyaJbHYI0 pelleTke Bcex TOATPYNI
p-IpHMapHOro MHOEKca B cBoOOAHOH abeseBOd rpymnme
F,N) =2Z™ (Kasuko A. A.//YuopsmoyeHHble MHO-
xKeetBa M pewerkd. Bwum. 1. — Caparos, 1971, —
C. 31—42).

I'oBopsT, uto MHOrooGpasue € HMeeT KoHeuHbli aK-
cuomaruyeckuil paue ro =rq(€), ecan € MoxKHO 3a4aTb
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6a3LCcOM TOMKJSCTB OT rg NEPEMENHBIX H YHCJAQ r,— MU-
HAMAasLHOE € 3THM CRONCTEOM. D IpPOTHBHOM cJaydae,
€CJIM T4KOTO 4YHCIa r, He cyllecTBYeT, rosopst, u4ro €
HMCeT OCCKOHEUHDbIL QXCUOMATUYLCKUL PAH2.

JlroGoe MHOroo6pasue € nopexkiaactess cpoConHeR
rpynnoii Fy,(€) cuersoro paura. [oBopsT, 4TO MHOrO-
ofpazuc € umeer xoxeunsil OvusucHoil pane ry =ry(€),
ecmu § mopoxaaercst cBoGoAHO# rpynnoi F,, (€) u umc-
J0 1y — MHMHHMAJbHOE C 3THM cBoiicTBoM. Ecan Taxoro
4ucaa 7, HE CYLIeCTByeT, To rosopsit, uto € nmeer Oec-
KOHe«<HbLL OQ3UCHBIL paKe.

Mpumepu. 1) [Mockonsky cymectnyer Broxenns rpynns Fg
B rpymny F,, umeem r, (0)=2. 2) llpu &> 2 umeem r, &)=
=k — 1. Bonee toro, ecoiu N, AAN, = C =R, k> 2, 0 r, (€) >
=k —1 Ecmn wpu stom rpynna F,(Q) we nmeer xpyuenns, 1o
r,(B)<k—1. B wuacrtnocrn, r, (‘ﬁk A 211) =k— 1 npu k1> 2.
3) I'pynna F, (%?) annpokcummupyeres rpynnoit Fo (%), T e. jas
Jwboro agementa | #% g Fmo (¥?) cymectByer romomopduaM P
rpynmst F (¥?) B rpynny F, (¥?) raxoi, uto ?, (g) #= 1. Orciona
caenyer, uro r, (¥%)=2. 4) Ipynna F, (M,) npu i{ =1, 2 annpo-
Kcumupyercs, COOTBETCTBEHHO, rpynmok F, (M,), snauut, Var F, (M,)=
= Var F, (mzi), i=1, 2. OnHako GasuCHBI panr r, (sm,.), i=1, 2
cTporo GoJsbuie — OH paBeH YeThipeM. [Ipn £ >3 nens MHOrooGpasuit
Var F_(M,) crporo Bospacraer mpu n=2,3, ..., k—1 u

VarF, (M)y=M, r.er, (M)=Fk—1

Muoroo6pasue € HasniBaeTcss MHOrooGpasHeM aues-
cKoeo tuna, eciu € NMOPOXKAAeTCS CBOMMH HHJBIIOTEHT-
HBIMH rpynnaMu 6e3 kpyueHus. Ilpu nonoJsHHTe/ bHOM
IpeAnoJoOKeHHH 06 OTCYTCTBMHM KpydYeHHsT B (akTopax
HHXHHX LEHTPaJbHHIX pPSAOB cBOGOAHBIX rpynn F,(€)
MHOrooGpasuie Ha3blBaeTcsi mazrycosoim. Kiacc marny-
COBBIX MHOroo6pas3ufi CTporo MeHbllle KJacca MHOroo6-
pasuil JueBckoro THma. O6a kJacca 3aMKHYTHl OTHOCH-
TeJIbHO OlNlepaldH MpoH3BeleHHsA MHoroo6pasuit. Ilpu-
Mepbl MarHycoBelx MHoroo6pasuii: 0, R, ¥, 2, [N, u
MHoroo6pa3susi, noJyueHHble M3 MHoroo6pasuéi R, c no-
MOLIbI0 KOHEYHOH IOCJeNOBAaTENbHOCTH IlepeceyeHHd H
YMHOXKEHUH.

He cymecrtByer Takoro cueTHoro cemeiicTBa Ipynn
G; =97, uto Kaxaoe noaAMHorooGpasune € = U’ mopox-
Zajoch Gbl HEKOTOPHIM ero mojcemeiictBoMm. bBoJsee Toro,
Ui J11060r0 Kjadcca rpynn J¢ MOIIHOCTH MeHbIIeH, yeM
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KOHTHHYYM, HaiifleTcsl KOHTHHYyM MHoOroo6pasuii € = %7
¢ ONHHM U TeM Ke 3anacoM rpymn us # (Kueii-
man IO, TI.//Cu6. matr. x.—1982.—T. 23, No 6. —
C. 117—132).

MHuoxecrso M rpynn Muorco6pasus € maswipaercs
Qucrkpurunupyrowusr nas €, ecan pas moGoro MHoxKe-
CTBa CJOB Uy (X, Xgy ..., Xp), UalXy, X9, oo, X,), ...

.y U (Xy, Xg, - .., X,), He SIBJSIOUIUXCS TOXKAECTBAMH
B @, naiinerca rpynna G & M, a’B Hell — s/ieMeHTH gy,
82 --., &, Takue, uTO V; (g, 8o ---, Gp) F 1 npu i=
=1, 2, ..., m. B atom cayuae @ =Var M. Ecau muo-
roo6pasue € nopoxpaercs MHoxecTBOM rpynn I', a muo-
roo6pasue D JHCKPHUMHHHPYETCS MHOXECTBOM Tpymnm A,
T0 MHoroo6pasue © =GED auckpumMuHHpYyeTCs, H, CJe-
LOBATEJIPHO, NOPOKIAETCSI MHOXKECTBOM BCeX CIJIETEHHH
GeD, rnpe GT, De=A.

FoBopsaT, yTo Ha rpynmne G BHEIIOJHEHO KBA3UTONCOe-

cTeo & vi(g)=1=>v(H) =1, ecaum noxcraHoBKa
i=1, ...,

BMecTO § = (Yy, Y, - . ., Y,) B TpYyIIOBHIe caoBa v;(7), v(7)

mo6oro Habopa g=(g;, g9, - - -, &) JeMeHTOB rpynns G

naer au6o v;(g) 5= | nas Hekotoporo £, suGo v (g) =1.
JpyruMu c/loBaMH, KBa3HTOXAECTBO €CTb YHHBepcalb-
Has (opmyJsia onpefesieHHOro BHAA C OGLIYHBIM AJ51 TeO-
pHH MoJesell NOHATHEM BBHIMTOJHHMOCTH.

Ksaszumnozoobpasuesm Q HasbiBaeTcsl KJacc Bcex
rpynm, Ha KOTOPHIX BHINOJHEHO KaXJoe H3 KBa3UTOX-
JllecTB paHHoro cemeiictBa X. loBopsAT, uro X 3ajaer
HJIK onpeneasieT Q.

ToxpaecTBo v(J)=1 3KBUBANEHTHO KBAa3UTOXICCTBY
Y1 =y = v(§) =1, cienosarejbHo, J1060e MHOroobpa-
3He sIBJsIeTCS KBa3HMHOroobpasueM.

MHoxecTBO KBa3MMHOroo6pa3uil 3aMKHYTO IO mepe-
ceueHusiM. OmpefesieHbl COOTBETCTBYIOIIHE BKJ/IOUEHHAM
onepauuH B3STHS TOYHOH HHXKHeH A M TOUHOH BepxHei
V' rpaueii. [loayuaem pelrerky KBa3HMHOroo6pasuit
Lat q0, koTopast naxe He MOAYJISIpHA.

Mpumepsn. 1) Kaacc Bcex rpynn 6e3 Kpy4eHHst sBJseTcA
KBa3HMHOTo06pasueM, 3a(aBaeMbiM KBa3HTOXKAECTBAMH Y = 1 =y =
=1,n=12...2). Eciu T — cemeiictBo rpynn Gg, T0 O = q (I')—

HauMeHbllee KBa3HMHOroo6pasne, KOTOPOE COJAEPKHT BCe TPYIIHE
Go. Tomopsar, uto Q noposdeno cemetictéom T. B uzcTHoCTH,
4(G) — xBa3uMHOroo6pasue, mnopoxzaeHHoe rpymmoi G. 3) Kaace
BCeX JIOKAJbHO HHAHKaGeNbHbiXx TPYyNN sIBJSETCS KBasHMHoroo6pa-



144 IJI. II. TPYIIIbI

3KeM, 3aJlaBGCMbIM MHOXKECTBOM KBAa3HTOXJECTB & v; (Yo - -

i=1,.... m
v Yg)=1=y;=1, i=1, 2 ... 7  raxex, uro rpynna
Wiy Yo, oy Yn 00, Yoy oy yn) =1, i=11, 2, ..., m) e o6

nagaer romomopdusmom Ha rpynny Z. 4) Bce auuefino ymopsimouu-
BaeMble TDyNnsl 06pPa3yloT KBa3UMHOrooGpasue, OTHOCHTEJbHO 3a-
AaHHsl KoToporo cM. m. 3.4.

’

IIpoussedenue ksasumnozoobpasui O& onpenensercs
KaK KJacC BCeX TpyNN, SBJISIOWIHUXCA pacUIHpEeHHUSIMH
rpynn u3 L nocpeactsoM rpynn u3 &. [Ipoussenenue
Q& camo sBJAsercs KBa3MMHoroo6pasueM. KsasuMHo-
roo6pasue q(F(€)), nopoxaenHoe rpynmnoit F(€), cBo-
60aHOH B MHOroo6pasuu € u He uMewoUlell KpyyeHHSs, He-
pasjoxXumo B rnpousBeleHHe O =&;©,; COOGCTBEHHHIX
nojaksasuMHoroo6pasufi. Eciu rpynna F(€) umeer Kpy-
YeHHe, TO 3TO YTBepKJeHHe, BOOOLIe TFOBOpS, HEBEPHO.
Hanpumep, kBasuMHorooGpasue q(F(¥U3))=AY; pas-
JnioxuMo B npousBegeHve (Penpopos A. H.//Uss. By-
30B. Cep. mMar.— 1986. — Ne 6. — C. 34—39).

[Tycts & — KJaacc BCeX KOHEYHHIX rpymnm. MHoroo6-
pasne Var & cosnajaer ¢ MHoroo6pasueM Bcex rpynn 0.
B To ke Bpema KBasuToXIecTBO y;'yiyy; =1=

= [y, y|>=y, BHOONHEHO B KaXIOH KOHEUHOH
rpynne K, HO He BBHIIOJHeHO B rpynme G ¢ KoOxoM
(xp x| X7 x5 =1), T.e. G&£Q(F) u q(F) #0.

U3 obweit teopuu (cM. m. VI.2.1) caenyer, uro Jio-
6oe xBasnMHOroofpasue Q71 uMeer CBOQOJAHBIE TpyI-
nel F,{(Q) npousBOJbLHOrO paHra x ¢ OOBLIYHBIMH CBOH-
CTBaMH.

KBaszumHoroo6pasusi 3aMKHYTH OTHOCHTEJNBHO B3STHS
MOATPYNI M JAeKapTOBLIX NPOH3BeNeHHH.

Ecnun sobass KOHeWHO nOpoXKIeHHass noxarpynna H
rpynnsl G BJONHMAa B HeKOTOpylo rpynny K KBa3HMHO-
roodpasud £, 10 G = Q. OTHOCUTENbHO ropas3fo GoJiee
TOHKOTO KpHUTEpHs MNPHHALJIEKHOCTH HAaHHOMY KBa3H-
MHOr0006pasuio — JOKaALHOH 32MKHYTOCTH cM. [34].

o .
i
Mpuwmep. Knace # Bcex rpymn K_c yciaosuem ﬂ KP =E,
i=1
p — DHKCHPOBAHHOE MPOCTOE, HE sBJSAETCS KBa3HMHorooGpasuem.
HelicTBuTeablo, Jo6as KOHEYHO LOPOXK/JeHHAast MOArpyNna KBasH-
nukautieckofi rpynnsl C(p*) — uukinueckas p-rpynna C(p”), HO B
1o Xe Bpems umeem C{p®)? = C(p>), caepoBateisHo, C(p=)& K.

Knace rpynn J# sBiasiercds KBasMMHOroo0pasuem
B TOM M TOJbKO TOM cJayyae, ecin Ee X u knace K
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3aMKHYT OTHOCHTEJbHO NOATPYII H QHALTPOBAHHBIX NDO-
usBeleHuil (cM. [34]).

KoHewusio onpenenenHas rpynna G npHHaJeXUT KBa-
3UMHOroo6pasuto ¢(I'), ecaH OHA aNMNPOKCHMHUpPYETCs
rpynmaMy{ H3 COBOKYNMHOCTH [' MJIM, 4TO paBHOCHJIBHO,
ecau rpynma (G BJOXHMA B J€KapTOBO INpPOHU3BeJeHHE
rpynn u3 I

COBOKYNMHOCTb KBAa3UTOXIECTB 3, 3aJalOlUUX KBa3H-
MHOroo6pasue £, Ha3nBaercs 0as3ucom K8a3uToxdecTs
HJIH NpocTo 6a3ucom 3TOro KBasuMHoroo6pasus. Keasu-
MHoroo6paszue £ Ha3BIBaeTCi KOHE4HO Oa3upyemoim
(k.6.), ecan ans Hero cyuiecTByer KoHeuHhlli 6asuc. Ba-
3HC X KBasHMHOroo6pasus Q Ha3bIBAeTCS HE3A8UCUMbBIM,
ecsi J1060e cOGCTBEHHOE MOAMHOXeCTBO X' < I 3ajaer
KBa3UMHoroo6pasue, oTjHuHoe ot X. ['oBopAT, uTO KBa-
3uMHOroo6pasne Q HMeeT KOHeuHbil [OeckoHeuHbil] ax-
cuomarudecKkul pane, €cau L MOXKHO [Henb3s] 3agarh
6a3ucoM X OT KOHEYHOrO MHOXKECTBa NepeMeHHBIX.

BeckoHeuHBIt aKCHOMAaTHYECKHH paHI WUMEIOT KBa3H-
MHorooGpasusi q(F,) (n=2), q(F.(%)) (n,1=2)
(Byaxkun A. U.//Mar. c6.—1980. —T. 112, Ne 4. —
C. 647—655), q(G), roe G — KoHeuHas rpynna c xotst 6bl
onHoi Heabesepo#t cujoBckolt moarpynmo#i (OsnpwraH-
ckuih A 10.//Cu6. mar. x.—1974.—T. 15, Ne 2. —
C. 1409—1413). Cpean npocThiX KOHEUHBIX T'PYHI TOCJb-
ko rpynnsl PSL(2, p*), p?* == 1mod 16, u rpynna $uko
J uMmetor aGeJieBbl CHJIOBCKHE MOATPYHNBL MO BCeM MpoO-
ctoiM p. Koneunsie 6a3uchl KBa3HTOXKAECTB KaXKJIOH H3
3THUX TpyIill yka3aHel B pabore Penopos A. H.//Becrn.
MTVY. Cep. mat., Mex.— 1983. — Ne 5. — C. 16—18.

Ecan kBasumaoroo6pasne O He COAepKHUT OechoHed-
HOrO MHEOXKeCTBa HMKJAHYECKHX TPYMNIN NPOCTHIX NOPSALKOB
U B TO € BPEMs COAEPHKHT OCCKOHEUHYIO LHKJIHUECKYIO
rpymnny, To £ uUMmeeT He3aBHCHMBIH 6a3uc. B uacTHocTH,
kBasuMrorooGpasue q(G), nopoxieHHoc rpynnod 6e3
KpyucHust G, uMeer He3zaBHCcHMBbIE Gasuc (Dya-
kuH A. WU.//Mar. samerku. — 1982. —T. 31, Ne 6. —
C. 817—825).

IokpoiTuem kpasuMHOrooGpasusi L B HEKOTOPOH
pelleTke KBa3MMHoroo6pasuii L HasbiBaeTcss Takoe
KBasuMHoroo6paske Q S &=L, uto mexay Q n &

HeT APYrux KeasuMmuorooGpasuil u3 L. He Bcakoe xBasu-
MHOroo6pas3ue HMeeT [OKDHITHE B pelleTKe BCeX
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KBasuMHoroo6pasuii. Ecan kBa3uMHOroo6pasue £ umeer
He3aBUCUMBIE 6as3uc, To Q UMeeT 6ECKOHEUHO MHOrO mo-
KpPBITHH B pellleTKe BCeX KBasUMHOroobpaskil. 3HauHT,
CYIIECTBYIOT KBa3WMHOroo6pasusi, He oO0Jajaiolide He-
3aBUCHMBIM 6a3ucoM. B kaxxIoH W3 peuleTOK MOAKBAa3H-
MHOroobpasuii 0, Ny, Y2 MHOKeCTBO KBA3MMHOTQOGpa3ui,
He HMEWOLIHX MOKPBITHH B COOTBETCTBYMOLIEH pelIeTKe H
cojJiepKallfX CBOGOJHbIE FPYNIbl MHOrOOGpasus KOHTH-
HyaqsbHo (Byaxkuu A. H.//Cu6. mar. x.— 1986. —
T. 27, Ne 3. — C. 28—33).

basucuoim paneom xBazumMHOrooGpasust L HasH-
Baercs Takoe HaHMeHblllee YHCJIO 1, €CJH OHO cylle-
cTByeT, uto Q = q(G), rae G ecTb n-NOPOXKJEHHAS IPyH-
na. basucHelil paHr s1060ro KBasHMHOroo6pasus L, 3aM-
KHYTOrO OTHOCHTE/NbHO MpPSIMHIX CIJIeTeHH# (T. e. u3 A,
B =9 cinepyer Ae B=9Q), paBeH aByM. 3aMeTHM, 4YTO
€CJIH Ky1ace S rpyni 3aMKHYT OTHOCHTEJIbHO NP SIMBIX CIJIe-
TeHUH, TO M KBa3uMHOroobpasue (/') TakkKe 3aMKHYTO
OTHOCHTeJIbHO mnpsiMbix cmjerexuii (Byakuu A, H.//
Mar. ¢6.—1983. —T. 121, Ne 4. — C. 510—522).

1.5. Fpynnbl ¢ ycJAOBHSIMM KOHEYHOCTH. JYcaosuem
KOHE4HOCTU Ha3blBaeTCsi TEOPETHKO-TPYINMOBOe CBOHCTBO,
npucyilee BceM KOHeuHbIM rpynmam. Ciofa oTHoOCATCSH
KOHEYHasl NOPOXKAEHHOCTb W KOHeYHasl ONpeNes]eHHOCTb,
NepHOAMYHOCTb U JIOKAaJbHAsl KOHEYHOCTb, YCJOBHS Mak-
CUMAaJIbHOCTH H MHHHMMAJIbHOCTH IJSl MOATPYNI HJH HOp-
MaJIbHBIX MOJATPYII, CBOHCTBO TpPyNIBl HMETb KOHCUHBIE
KJ1acChl CONPSI’KEHHHIX 3JeMEeHTOB HJH BepOaJsbHble NMOX-
IpyNNbl KOHEYHOH IWIHPHHBI U T. IL.

PaccmoTpuM KOHeYHO MOPOXKAEHHBIE H KOHEYHO OIl-
peneneHHble rpynmnel. Jlro6ast moArpynmna KOHeyHO MOPOXK-
JeHHO# rpynnel cyeTHa. [IpousBoJsbHast cueTHas rpymnmna
G BJoXxuMa B 2-nopoxieHHylo rpynny H. [lpu 3Tom,
ecin rpynna G 3ajaHa n ONpeJe/sIOLIUMH COOTHOLIe-
HUSIMH, TO U H MOXHO 3alaTb n ONpeleNSOUINMH COOT-
HoweHusimi. CyutecTByer OecKOHEYHOe CUETHOE MHOXKe-
CTBO HeH30MOpP(QHBIX 2-MOPOXKAEHHBIX TPYIIIL.

Beskasi cueTHasi m-Tpynna BJAOXHMAa B 2-NOPOXKIEH-
Hylo m-rpynny. Jlio6as cueTHas rpynna H3 HPOH3BOJb-
HOro MHorooGpasus € BIOXKHMAa B 2-IOPOK/JCHHYIO
rpynny u3 MHoroo6pasusi €%2. B yacTHOCTH, Ji06as cuer-
Hasi paspelidmasi rpynmna cTyneHu [ Bjoxuma B 2-m0-
POXIEHHYIO paspeliuMyio rpynny crynenu [ -+ 2. Ouenka
B o0lieM cayuyae He yJydllaercs, TaK Kak NaJeKo He
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BCsKas cucThast aleneBa rpynma A BJoXHMA B 2-
(v paxe XOHEUHO) TOPOXIeHHYIO MerabeneBy rpynny B.
Onna w3 npHYMH 3TOro — (GHHHTHAST aNNpPOKCHMHpYe-
MocTh B, Koiopasd B caydae BiroxumoctH A B B nepe-
Hocutcsi Ha A. Heawpss, nampumep, B3t A =Q uin
A =C(p®), Tax Kaxk JeJHMble TPYyIIb He (HUHHTHO
anupokKCHMN¥pyeMbl. B KOHEYHO NOPOMIEHHHIX HHJbIO-
TeHTHBIX M, GeoJiee GO0, MOJNHUMKIHUECKHX TPYNIax Jo-
6ag moArpyvina TakXkKe KOHEYHO mopoxkieHa. Jlwob6as ko-
HeYHo IOpOXK/.CHHAs HUJIbIOTEHTHAs [MOJHIUKINYecKas]
rpylina BJOXKKEMa B 2-NOPOXKAEHHYIO HHJBNOTEHTHYIO
[mossuukangeckyo] rpynny. [Moxpo6Hocti cM. B [47].

[Iponzecspras cuetrHas QPA-rpynima G BJIOXKHMA
B 2-nopoxkyennyo $AC-rpynny H rtaxuu o6pas3om, 4To
aneMoHTHl rpynnbel G 6yAyr conpsiceHsl B rpynne H
TOTa M TOJEBKO TOTJa, KOTjJa X 00Da3nl CONPSKEeHH BO
Bcex KOHeuHoIX (akrtoprpynnax rpynnel G (PoMaHb-
koB B. A.//BIl CO AH CCC#{, Hosocubupck, 1984. —
IMpenpunt Ne 515.— 23 c.).

Ksacchl mepHOAHYECKUX H JIOKaJbHO KOHEUHBIX T'pYNI
3aMKHYThl OTHOCHTEJbHO B3fTHS MNOATrpynmn, romomopo-
HBIX 00pa30B, NpPSIMbIX TNPOW3BENEHHH H paclIHpeHHH.

Jliobass p-noarpynma (p — npoctoe) NPOM3BOJBHON
rpynnel G cONEPXKHTCA B HEKOTOPOH MaKCHMaJbHOH
p-noarpymnne rpynnel G, KOTOPYIO Ha3blBalOT CUAOBCKOL
p-nodepynnoii rpynnn G. B oTanuHe OT KOHEYHOro cJiy-
yast CHJIOBCKHME p-NIOATPYNNB NMPOH3BOJbHOH rpynnbl G
MOT'YT 0Ka3aTbCs HE TOJbKO HE CONPSKEHHBIMH MeXAy
co60ii B G, HO Laxe H He H30MOP(HBIMH.

Ilpumep. B cBoGogHoMm npoussenewnn G = Pyx P, p-rpynn
Jio6asi CHIOBCKasi pP-NOATPyHma conpsixkeHa JauGo ¢ Py, mu6o ¢ Pa.

Ecan useectHo, uto B rpynne G CcHJOBCKas p-noj-
rpynna P uMeer TOJIbKO KOHEYHOe MHOXKEeCTBO COMNps-
JEHHBIX, TO MOXKHO TapaHTHpOBaTb, YTO Jl06as CHJOB-
ckas p-moArpynna rpynnsl G compsixkeHa ¢ P, u ux umuc-
Jio cpaBHHMO ¢ | o mMoayJio p.

B Teopyu JOKaJbHO KOHEYHRIX IpyNN HMECIOT MECTO
CrenxajbHbie TEOpeMbl O CHJIOBCKMX mnoarpynnax. Tak,
ecny P — KOHeyHasi CHJIOBCKas p-NMOATPYyNNa JIOKaJbHO
KOHeuHOM rpynnel G, TO Bce OCTaJ/bHbIE CHIOBCKHE p-NOX-
TPYNnbl TaKXe KOHeUHB M compsixennl ¢ P. Ecan aio-
6as cueTHas NOArpynmna JOKaJbHO KOHeuHOH rpym-
nel G uMeeT TOJbKO CYETHOE MHOXECTBO CHJIOBCKHX
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p-TOATPYILI, TO BCe CHJIOBCKKE pP-MOATpyNNw rpyunsl G
conparsedbl. CHJIOBCKNie p-IIOATPYNNbl CUETHOH JOKAJbHO
KOHeuholi rpyniibl (G coONnpsi’KeHbl B TOM H TOJbKO TOM
cJyuyae, ecid HX CYeTHGE MHOXKCCTBO.

Jas moboro mpocToro YHCJaa p CYLeCTBYIOT Gecko-
Heulble KOHEUHO MOpOXAeHHbe p-rpynne. BoJgee Toro,
aas  1oboro uykeaa ne= N cyulectByer GeckoHeuHasi
(n + 1)-nopoxaenHass p-rpynmna, B KOTOPOH BCC A-TO-
poO<JleHHble NOATPYIlNbl KOHeuYHbl (Tecpema ['onoda).

3aMeTHM, UTO 3TH TPYNIH He MOTYT GbITb paspeuin-
MBLIMH M TeM 6oJee HiuJbNOTeHTHBIMH. CBOGOAHYIO Tpym-
ny GepHcaliioBa MHOroo6pasust 8, HMEWILYI0 paHr m,
0603HayuM uepe3 B, (n) u Gyaem HaswBaTh c800600HOU
6cprcaiidogod epynnot (paHra m, mepuOAa n).

HsBecTthast B Teopuu rpynn npodacma bepucaida —
3TO BONPOC O CYILECTBORAHHM O€CKOHEYHOH Tpynnbl
Bm(n) npu Hekortopnix m, n & N. OHa pemwacrca ciae-
Ayiolwed TeopeMoH: AJs JMIO0Or0 HeYeTHOrO 4YHCIa n =
> 665 rpynma Bn(n), m =2, GeckoHeuHa (reopema
Hosuxosa—A0dsana); cm. [1]. Tlpu 3TOM LEHTPa/H5aTOD
HeeIMHHUYHOTO 3jeMeHTa g & B, (n) UMKIUYEH H, cjaelo-
BaTeJbHO, abejieBbl MOATPYNNBl Tako# rpynnsl B, (n)—
KOHEYHBIe IIUKJHYecKHe. DTH rpynnsl 5,(n) He ABJIA0OT-
Csi KOHEYHO Onpeje/ieHHbIMH.

e (5)4(5)

HsBectHo, uTo | B, (2) |=2", | B,, (3) |=3 2 3/

| B, (4)| < oo (TouHBIH MOPALOK BBIYHCJIEH B YaCTHBIX
cayuasx: | By(4)|=2"%, [B3(4)|=2%, [B,(4)]|=2'%),

S s m m
13,,,(6)|=2'3”(2)+(3), re r=(m— 1)3"”(2)*(3),
s=(m — 1)2" 4 1. Bonpoc o KoHeurocTu rpynn B, (n),
mZ=2, npu JApyruix n, B YacTHOCTH, IPH =35,
n=2" (I>>3), ocTaercsi OTKPHITHIM.

O603HauuM yepe3 fn(n) BepXHIOIO IpaHHLY ZJAs MO-
PAAKOB KOHEYHBIX m-NIOPOXAEHHHIX TDYNN nepHoLa n.
Ipu |Bm(n)|=% << co uMeeM fn(n)==Fk. B obmem cry-
yae KOHEYHOCTb |Bn(n)| u fm(n) He paBHOCHAbHHL. M3-
BECTHasi B TEOPHH rpynn ocaabaennas npobreme beph-
caiida — 3TO BOMPOC O KOHEYHO3HAUHOCTH (QYHKUHKK
fm(n) NS MPOM3BOJBHBIX YHCEN M, A.

IMycrs n= pf'p;’l pff — NpHMapHOoe pasyicXKeHHe

nepuoja n. IlpeanosoxuM, uro ocnabienHass npobieMa
BepHcalina pewaercss nmosioXHTeNbHO [Jsi KaXAOTro H3



§ 1. OCHOBHBIE TICHSITUSI TEOPHHU TIPYIIII 149

TMPUMaPIBLIX COMHOXHTeJeH pfi, i=1,2, ..., r. Toraa
CYLECTBYeT KOHEYHasi BePXHAS TPaHHUA gm(n) ANA HO-
PANAKOB KOHEUHBIX DPa3peLIMMBIX rM-MOPOXKIEHHBIX TPYII
nepuoiaa n (reopema Xosra — Xuemaua).

ILsis1 npocToro nepuoaa n=p GYHKUHS [m(p) KOHEU-
HO3HayHa (Teopema Kocrpukurna); cm. [24].

Otciofa H M3 paspelIuMOCTH JI060H KOHEeYHOM rpym-
MBI, NOPAJOK KGTODOH He JAEJNHTCA HAa KBaApaT MPOCTOrO
4HCJIa, 10J1yuyaeM KOHEYHO3HAYHOCTb QYHKUHUH fm(pip2 ...
... pr) (pi— pasiauyuHble NpOCTHIE).

[Mycte  Km(p), p— npocroe, m & N, — cBo6oauas
rpynna paHra m B JIOKaJbHO KOHGYHOM KOCTPHKHHCKOM
mHOoroo6pasuu rpynn &, (cm. n. 1.4). Toraa f.(p)=
=|Ku(p)|.

OTMeTHM TakXxe pe3yJbTaThl, KacaioliHecsi G6ecKo-
HEYHO NMOPOXKAEHHBbIX I'DPYMNIl KOHEYHOro HepHoja.

1) Tlycts B (p, k)— cBoGonHass rpynna GecKoHEY-
Horo pasra B MHoroo6pasuu B, /\ €., p— npocroe. IIpu
k= p—2=>3 rpynna B (p, k) Hepaspewnma. 2) I'pyn-
na B.(4) uepaspewnma (reopema Pa3meiciosa).

Jas rpynn NnpocTOro mnepHoAa YCJOBHS paspellu-
MOCTH H HHJBIOTEHTHOCTH pAaBHOCHJbHBL. 3aMeTHM,
TakxKe, 4yTo Jio6as rpynna u3 €s; He uMeroUlas 3JeMeH-
TOoB mnopsigka 5, paspemrnmMa (Gupta N.//Can. Math.
Bull. —1972. — V. 15, N 4.—P. 523—524). Jlob6as
rpynna u3 @; He uMerOIad 371eMEHTOB MOPAAKOB 2 H 5
HHJIbNICTEHTHA. B TO Ke BpeMs cyllecTByeT Trpymnna
G = G; nepuona 4, He sBJAAOLIAACH HUJIbNOTEHTHOH;
cm. [17].

BeckoHeuHasi JIOKaJMbHO KOHeYHast IPyHNa COLEPXKHT
GeckoHeuHylo abeneBy rnoarpynny (reopema Kapeario-
nos8a — Xoara — Kyaaruraxu).

I[pyuna U HasblBaeTCcsl YyHUBEPCAAbHOU AOKANLHO KO-
Heuroll epynnod, ecJM BBHITOJHEHB! CJAeAYIOliHe yCJOBHS:
1) U copepxut xomuwo J1060#i KOHeuHOH rpynubl K;
2) ecmn K,, K;<< U-—usomopdHble KOHCUHbIE MOJI-
rpynnsl, To ouu conpsikensli B U. CyliectByeT eauH-
CTBeHHasl cyeTHas YHUBepcaJbHas JIOKaJbHO KOHEUHas
rpynna, U Jo6as cueTHas JIOKaJbHO KOHEeYHas rpynna
B Hee BJOXHMA. [l GOJbUIMX MOLIHOCTEH aHaJor
3TOr0 YTBEpXKICHHS He MMmeeT Mecta (cM. [47]).

HsBecTHB npuMepbl GeCKOHEYHBIX MNPOCTLIX KOHQUHO
NOPOXKJEHHBIX TPYNN KOHEUHHIX Nepuoios. Hampumep,
npH npoctoM p = 665 nepeceyenHe N, (p) uJEHOB.
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HHXKHEro IeHTpaJbHOro psifa rpynne Bm(p), m =2, —
OeckoHeuHass KOHEYHO NOPOXKAeHHass MOArpynna KoHeN-
noro nugekca. ®akroprpynna Nm(p)/Mm(p) nmo MakcH-
MaJbHOH HOpMaJbHOH moarpynne M, (p)— HckoMas Ko-
HEYHO IIOpOXKJAeHHasi GecKOHeuHas NIpocTasi Tpynma re-
puozna p.

PaccMOTpUM rpynmsl € YCJAOBHSAMH MaKCHMaJbHOCTH
1 MuHHMaJjbHOcTH. Kilacc HETEPOBBIX IPYNN 3aMKHYT OT-
HOCHUTEJNbHO MOArPYMI, roMoMopdHBIX 06pa3oB H pacilu-
peunnii. Pazpemnmas rpynna sBJiseTcs HETEPOBO#l B TOM
U TOJBKO TOM cJ/yuae, eCJH OHa MOJHUHK/IUYHA. Hérte-
poBa 2-rpynna KOHeyHa.

1) CymectByer GeCcKOHeuHas HEKOMMYTaTHBHasg 2-mo-
poxJIeHHas mpocrast rpynna A, maiobas co6CcTBeHHas He-
elMHUYHAs MNOJrpynna KOTOPOH — UMKJIHYECKas rpyuna
6eckoneu”oro mnopsanka. 2) CyumecTByer 6ecKoHeuHast
HEeKOMMYTaTHBHAs 2-MOpOXKIeHHas rpynna B, maw6as
co6CTBeHHAsi HeeAMHWYHAs UOATPYNNa KOTOPOH — LHK-
Jyyeckasi Tpynma IMpPOCTOro mopsifka (mpH MNpPOCTOM
p > 107> takas rpynma B ects B MHorooGpasuu Bp)
(reopema Oabwarnckoeo); cm. [48].

Slcwo, uto A, B = max, B & min. 3aMeTuM, uTO 3Ta
TeopeMa peuaer npobsaemy IlIMuara o cyumectBoBaHHH
6ecKOHeuHOH HeabeJsieBOH TpyHNbl, BCe COGCTBEHHbIE NOA-
rpynnel KOTOpPOH KOHeuHbl (abeJjeB MNpuMep — rpymna
C ().

Knacc apTHHOBHIX Tpynm 3aMKHYT N[O NOATpYIIaM,
romoMopdHEIM o6pazaM M pacluupeHusiM. Kaxpas ap-
THHOBA I'pyNna NepHoAHYHA.

DBeckoHeuHast moutu paspelunmas rpynna G sBJsieT-
Csl apTHHOBOH B TOM H TOJIbKO TOM cJyyae, korgza G —
KOHEYHOe paclUIHpeHHe MpPsSMOro IpOH3BeAeHHS KOHeY-
HOTO MHOXKECTBAa KBa3HUHUK/JIMYECKHX rpynn (TeopeMa
UepHuKkoBa).

Takne rpynnel Ha3bIBaOT #epHuxkoscxumu. Jliobas
[mouTu] noKasbHO paspellnMasi rpynmna ¢ yCJIOBHEM MH-
HMUMAaJbHOCTH [mOuTH]paspewiuMa, a 3HAYUT, YEpHH-
KOBCKafl.

[IpousBosbHas J0kaabHO KOHeyHast rpynna G ¢ yc-
JOBHEM MHHMMAaJbHOCTH SIBJISETCS YepHUKOBCKOH. bo-
Jee TOro, 3aKJIOYeHHe 3TOro yTBepXK/JeHHs BepHO H IIpH
6osiee cnaboM NPEANOOXKEHHH O HAJHYHH YCJOBHS MH-
HHMaJIbHOCTH y BCeXx abesieBuX moArpynn rpynnn G
(reopema Ilynkosa).
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Jiobasg 2-rpynna ¢ yc/aI0OBHEM MHHHMAJbHOCTH 6B-
JfeTcs yepHUKOBCKol (Teopema Il/muora).

PaccmarpuBatotess pasiuuHble 0600LIEHHS YCJIOBHS
MuHuManbHocTH. I'oBOpAT, uTO rpynna G YAOBJETBO-
pser caaboMy YCJAOBHIO MHMHHMAaJbHOCTH, €CJIH JiI0GOH
y6uiBatomuit pag noarpynn Gy = ... =G, =G > ...
«ICYTH» CTaOHJIH3HpyeTCs Ha KOHEYHOM liare, T. €. Cy-
LiecTBYeT YHCJO {, JJIs KOTOPOro Bce HHAEKCH |Giyt:
:Gipep|, t=0, 1, ..., KOHeuHH. B ksacc rpynm co caa-
6biM  ycJOBHEM  MHHMMAaJIbHOCTH, KpOME apTHHOBHIX
rpynn, MOMajaloT, HaNpuMep, BCe MOJHUHKJIHYECKHE
FPYMIHL.

JlokanbHo paspewrnmast rpynna G TOrfa H TOJbKO
TOTAa YAOBJETBOpPSAET cJNabOMy YCJOBHIO MHHHMAaJbHO-
CTH, KOrja B HeH HafifleTcl HOpMaJbHas NOATPYMNMa KO-
HeuHoro uHiekca H Takas, 4ro: 1) mepuoxuueckasi yacTtb
T(H) ectb npsiMoe MpoH3BeJeHHe KOHEUHOrO MHOXeECTBA
KBa3HUUKJIHUeCKUX rpynn; 2) dakroprpynna A=H/|T (H)
o6Js1alaeT KOHEYHHIM CyGHODMAJbHHIM PallHOHAJbHHIM

psiazoMm H=H,[> H,[> ... > H,=E KoHeuHoro Ttumna.
3lech «pauHOHAJbHBIA» O3HAuaer, Y4TO BCe (AKTOPHI

H,/H;,, BioXxuMbl B rpynny Q, <KOHEYHOTrO THIa» —

yto Jiob6as ¢akroprpynna Jawoboro ¢daktopa H,/H,;,, no
HeeIHHHYHOH UHMKJIHYECKOH NOArpYIIe ecTb NpsAMas CyM-
Ma KOHEYHOTO MHOXeCTBa IHKJ/JIMYECKHX H KBa3HLHKJIH-
geckux rpynn., s JIOKaJbHO KOHEYHBIX rpynn ciaaboe
YCJIOBHE MHHHMAaJbHOCTH PaBHOCHJBbHO OGHLIYHOMY YCJO-
BHIO MHHHUMaJbHocTH (3 aMuen . U.//YKp. maT. K. —
1968. — Ne 20. — C. 472—482).

YCcnoBHST MaKCHMaJbHOCTH W MHHHUMAaJbHOCTH JAJd
HOpMaJbHBIX NOArpyInn, o603HayaeMble, COOTBETCTBEHHO,
KaK max, H min, (opMyJHUPYIOTCS TaK Xe, KaKk H 0OBIU-
Hble YCJOBHA max M min. HyXHO TOJbKO 3aMeHHTH
B (POpMYJIMPOBKAX CJOBA «MNOATPYNIa» Ha «HOpMaJbHas
noAarpynnas.

Koneurno nopoxjieHHas rpynna @, siBaswoouascs pac-
IHpeHHeM abeJieBOH TPYNNBl NMOCPEACTBOM TMOJIHIHKJIH-
yeckod rpynnbl (YP-rpynna) yAOBJAETBOPSIET YCJIOBHIO
max, (reopema ®. Xoara).

B yactHOCTH, KOHEYHO MOPOXKJAEHHbIE 'PYNIILI H3 MHO-
roo6pasuit AN, Y2 yAOBAETBOPSRIOT MaXn.

Bcsikasi JIOKaJbHO HMJIbNOTEHTHAas TpyONa ¢ ycJo-
BHeM min, sIBJseTCS YepHHUKOBCKOH rpymnmo#t (cm. [109]).
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B rpynne B, (n) npu HeueTHOM n =665 u m = 66
cyuectsyer GeCKOHeYHasi cHCTeMa JOMOJHHTEJNbHBIX OIl-
penessoUliX COOTHOIIEHHH, HEe3aBHCHMBIX IO MOJYJIO
toxaecTBa x"==1. Otciofa cJeayeT CYLIECTBOBaHUE
B rpynne Bp(n) 6ecKOHeuHBIX BO3pacTalOUHUX H YGHI-
BAIOUWUX PAJOB HOPMaJbHBIX MOArpynm, T. €. Ha B, (n)
He BBHINOJHEHBl YCJOBHA max, M min, AHajor srtoro
yTBepXKAeHHs AJs J060ro m == 2 H3BeCTeH NPH COCTaB-
HOM HeueTHOM n==ks, rjle k=665 u s > 2
(Ansu C. U.//H3s. AH CCCP. Cep. mar.— 1981. —
T. 45, Ne 5. — C. 931—947).

PaccMOTpUM rpynnbl ¢ KOHEUHBIMH KJjaccaMM conps-
JKEHHBIX 3JIEMEHTOB. DJeMeHT g rpynnbl G HasbiBacTcs
FC-szemenrom, ecnu g uMmeer B G KOHEUHOE MHOXKECTBO
CONpSIAKEHHBIX 3JEeMEHTOB HJIH, UTO TO Ke caMoe, ecJH
ungeke |G :Cs(g)| xoneuen. MHoxecTBo Bcex FC-ame-
MeHTOB rpynnbel G o6pa3yer aBTOMOPGHO ZOMYCTHMYIO
noarpynny FC(G), comepxamyio uedtp C(G). Tloxn-
rpynna FC(G) wuaswmBaerca FC-yenrpom rpynoet G.
I'pynna G wuaswmBaercs FC-epynnod, eciu G = FC(G).

AGeseBbl rpynmbl, npsMble NPOU3BELEHHsS KOHCUHBIX
TPYHN, W HX INpsSMble NPOH3BEAEHH MeXAYy co60ii sB-
asores FC-rpynnamu.

[IpsMble NpOH3BeleHHS KOHEUHBIX Tpynnm o06/1a4aioT
6oJsiee CUIbHBIM, uyeM «6biTb FC-rpynnoit», cBoicTBOM:
OHU A0KAAbHO HOPMAAbHEL, DTO 3HAUHUT, YTO JOOOE HOp-
‘MaJjlbHOe, T. €. HHBAPHAHTHOE OTHOCHTEJbHO BHYTPEHHHX
aBTOMOPGH3MOB, KOHEYHOe INOAMHOXECTBO 3JeMeHTOB
rpynnsl G CONEPXKUTCS B KOHEYHOH HOpPMaJbHOH MOA-
rpynne N < G. Cuaepyoumas TeopeMa M03BOJISIeT CBO-
AuTb u3yueHHe FC-rpynnm Kk HccJaeLOBaHHIO JIOKaJabHO
HOPMaJIbHBIX MOJArPYN.

[MpousBosbHas rpynna G siBasiercss FC-rpynnoit B Tom
H TOJbKO TOM cJayyae, korga G BlOXHMa B NMpsIMOe Npo-
H3BeleHHe abeseBON rpynmnel 6e3 KpyueHHs H JOKaJbHO
HOpPMaJIbHOH TpPYMNIHI.

B uacTtHOCTH, nepHoauueckas rpynna G OGyier FC-
Tpynnoi Torfga W TOJbKO TOTAa, KOrAa G JIOKaJbHO HOp-
maJgbHa. ®akroprpynna FC-rpynnu G no ee ueHtpy ¢u-
HHTHO anmnpoKCHMHpyeMa.

[IpsiMmbie mpou3BeZeHHS KOHEYHBIX TPYMNI, HUX MOA-
rpynnel 4 roMomopdHble 06pa3bl JOKaJbHO HOpMaJbHHL.
Onnako He Jqi06asi JOKaJbHO HOpMaJbHas Tpynna Mo-
XeT GbITb MoJyueHa TakuM crnocoboM. I1puBenemM CCHOB-
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nole ¢axtei: 1) CueTHas J10KalbHO HOpMaJibHAsl rpynna
G BJOXHMa B NpAMOE NpPOH3BeJeHHE KOHEUHBIX Tpynm
B TOM H TOJbKO TOM cJaydae, ecid G (UHHTHO anmpox-
cumupyema. 2) IlpousBoibHast (PHHHTHO aNIPOKCHMH-
pyeMast JIOKaJbHO HOpMaJibHasi Tpynna siBJseTCs TOMO-
MOphHBIM 06pa3oM MNOANPSIMOTO INPOHM3BeJEHHS KOHey-
Hbix rpynn. 3) CueTHas J10Ka/JbHO HOpMaJbHasi Tpynmna
ABJISIeTCS] TOMOMODMHBIM 06pa3oM NOANPSMOro Npousse-
IleHHsl KOHeuHBIX rpynm. Bmecre ¢ TeM cyuiecTByer He-
CUeTHasl JIOKaJbHO HOpMaJbHasl Tpynna, He sBJsA0OUAsACS
roMoMopdHBIM 06pa3oM MNOANPSMOrO NPOHU3BENEHHS KO-
HeuHblXx rpynn. 4) ®Pakroprpynna no ueHtpy G/C(G)
(HHUTHO  annpOKCUMHPYeMOH JIOKaJbHO HOPMaJbHOH
Ipynnel SIBJASCTCSH MOANPSAMBIM ITPOH3BEJEHHEM KOHEU-
HBIX rpynn. 5) KoMMyTaHT QUHHTHO amnpOKCUMHpYyeMOHk
JIOKaJIbHOH HOpMaJbHOH I'PYNNBl eCTh NMOANPSIMOE MPOHU3-
BelleHHe KOHEUHBbIX TpYIIL.

I'pynna G HasbiBaeTcsl 02pPAHUYEHHO CONPANCEHHO KO-
Heurnou uan BFC-epynnod, ecau cyliecTByeT Takoe YHCJO
n, 4TO B KaXIOM KJacce CONpPSIXKEHHOCTH He GoJsec n
3nemeHTOB U3 G.

I'pynna G sasascrcs BFC-rpynmo#i Toraa M TOJbKO
TOra, KOoria KOMMyTaHT G’ KOHeueH.

Hast toro yto6nl p-noarpynna P JoKaJbHO HOpMaJb-
Ho#t rpynnbl G sBJsJach ee CHJIOBCKOH p-MOArpynmos,
Heo6XOJHMO H AOCTAaTOYHO, YTOGHI NepeceueHue P c Jio-
6ot koHeuHo#l HopmaJsbHO# noarpymnmoii K rpymnel G
6bl10 Obl cuOBCKOH p-noarpynno#t rpynnet K. Jpyrumu
cJIoBaMHU CHJIOBCKasi p-noarpynna P ponxHa G6bTh 00b-
eMHEeHHeM CHJIOBCKHX p-NOATPYNN KOHEUHBIX HODMaJb-
HBIX noarpynn rpynnsl G.

ABroMopdusM ¢ rpynnsl G Ha3blBaeTCs A0KAA6HO
6HYTPEHHUM, €CJH Ha JIOO0M KOHEYHOM MOAMHOXKeCTBe
K = G oro6paxenue ¢: K—¢(K) coBnajgaer c ueko-
TOpBIM oToGpaxeHueMm o;: K — Kf, rae o — BHyTpeHHHH
aBTOMOpdu3M, oTBeuaroluil sjeMenry [ rpynnsl G. Cu-
JIOBCKHE p-TIOATPYNIbl JIOKaJbHO HOPMAaJbHOH TpYMIbI
G 10KQAbHO conpsscensl, T. e. NIepeBOAATCs OLHA HA IpY-
TYI0 JIOKaJbHO BHYTPeHHHM aBTOMOp¢dusMoM rpymnnu G.
KoHeuHOCTb YHCJa CHJIOBCKHX p-MOATPYNI M HX CONpS-
SKEHHOCTb  Mex1y c060ii — 9KBHBAJEHTHHIE  YCJIOBHSA
B KJacce JIOKaJbHO HOPMaJbHBIX [PYIII.

[lycte G —rpynna, B KOTOPOH 3/1EMEHTOB KaXJOro
KOHKDeTHOro Nopsiiika, BKJuas 6eCKOHeUHbIl, KOHeYyHoe
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uyucao. Takue rpynnu HasuBaworca FO-epynnamu vau
CcA0liHO KonewHeimu epynnamu. 1) IlpoussosabHas FO-
rpymnmna JokaJbHO HopMaJbHa. 2) Kaxpias uepHHKOB-
CKasi TMOYTH UeHTpaJabHass rpynna ssasercs FO-rpyn-
noii. 3) JlokanbHO HopMasabHas rpynna G 6yxer FO-
IpyNnoi Torjga M TOJILKO TOTAa, KOrjla BCE ee CHJIOBCKHE
HNOATPYNIH SIBJASIOTCS YepHHKOBCKHMH. [loatomy, smu-
MopoHei o6pa3 FO-rpynnu ToxXe ectb FO-rpymnna.

Otnocurenpio FC-, BFC-, FO-rpynn cm. [12].

[TIycts G — npousBoJibHasi rpynmna, ©(G)— ee Bep-
6asnbHas NOArpymna, onpegesnsieMas cjJoBoM w. Bynem
roBopuTh, uyTo. @ ((G) uMeer wupuny [, ecnu Jw6oi 3Je-
MeHT g € w((G) npeicraBAsercss Kak INpou3BefeHue [
3HaueHHil cjoB w*! B rpynme G, npuueM [— MHHUMaJb-
HOe 4YHCJO ¢ 3THM cBoHcTBOM. Ecam takoro [ He cyuie-
CTBYeT, TO TOBOPAT, YTO WIMpHHA noarpynnu w (G) Gec-
KOHeYHa.

Tak kak npum J060oM snuMmoppusMe ¢: G—H,
¢(w(G))=w(H), wupuHa noarpynnu w(H) He mnpe-
BOCXOAHT WHpHHY noarpynnsl @ (G). OgHako npu nepe-
X0Je K NOATpYyNnnaM M pacllHpPeHHsSM IDYNN LIHPHHA MO-
HKeT CyllecTBeHHO wu3MeHHUTbc. CyMMHpYeM H3BeCTHEHIE
¢akThl o wHpuHe Bep6GaabHeX moarpynm. 1) Jlio6Gas He-
eluHHYHas cobcTBeHHas BepOaJsbHas MOArpynmna cBoGoa-
Horo mnpousBefenuss rpynn G = G; = G, OTVIHYHOTO OT
GeckoHeuHoH rpynnel ausgpa Z(2)xZ(2), umeer Gecko-
HeuHy1o WHpHHY. B yactHocTH, Jal06as BepbasbHAad NOA-
rpynna cBo6oAHO#H rpynnel Fn, n>=>2, iMeeT 6eCKOHEUHYIO
wupuny. 2) Jlio6ass Bep6asibHasi NOATpPYyNna MOJHIHK-
JIHYECKOH (B YaCTHOCTH, KOHEYHO MOPOXKAEHHOH HHJIb-
NOTEHTHOH) TpYNNB HMeeT KOHeuHylo WHpHHY. Jlio6as
BepGajibHass MOAIPYNIa KOHEYHO TMOPOXKIAEHHOH MOUTH
HHJIBIIOTEHTHOH TPYNIE HMeeT KOHeYHYIo wupHHy. 3) Jlo-
6asi BepbajbHass TMOATPYNNna KOHEYHO MOPOXK/JeHHOH
rpynnbl G = AR, R =N, HMeeT KOHEUHYIO LIHDHHY.
4) Ecan G = Y€ — KOHeyHO NOPOXKJAeHHas pa3pellnMas
rpynna, rie € — kJaacc, B KOTOPOM KaXJAas KOHEYHO IO-
pOXIeHHasi rpynna yAOBJeTBOPSET YCJOBHIO MaX,, TO
KOMMYTaHT (G’ HMeeT KOHEYHYIO IIHPHHY OTHOCHTEeJbHO
cloBa W =[xy, xo]. B uacTHoCTH, NpHBeleHHOe yTBepK-
JleHHe HMeeT MecTO [JIs KOHeYyHO TOpOXKAEHHHX YAP-
rpynn. 5) Bropo#t kommyrant Fj (R,%) umeer Gecko-

HEUHYI0 IUIMDHHY OTHOCHTENbHO caoBa @ =[xy, xs],
[%5, x4]]. OtHOCHTENBHO 2) H 5), a TakXKe 0630pa NpHBe-
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JeHHbIX yTBepxleHuit cM. (Pomaubrkos B. A.//Aa-
re6pa u Joruka.— 1982. —T. 21, Ne 1.—C. 60—72).

B HeKOTOpHIX CJydYasiXx HM3BECTHO TOYHOE 3HaueHHe
nas wupuHsl [ kommyraHta G’. Ecau G=F,N,), 10
[=[n/2], ectn G=F,(Ny), To I=1, B ocranbHBIX CJy-
gaax G=F,N), n>=2, k=3, umeem [=n. To xe
camMoe BepHO, ecan Bmecto G=F, (N, 6Gpars
G=F,R.N¥) wm G=F,U) (Annambepre-
HoB X. C.,PomaubkoB B. A. //loka. AH ¥3. CCP.—
1984. — Ne 4. — C. 14 — 15).

MoikHO TOBOPHTbL O IIUDHHE 3JjeMeHTa g = w (G) Kak
O HauMeHblIEM  YHCJe MHOXHTeJed B  3anucH
g=wWw, ... W, I'le W; — 3HAUEHHE CJIOBA W WJIH w !
B rpynne G. Ilyetb g=g18, ... g, =G %Gy% ... G,
1 = g, = G;, — 31eMeHT CBOGOLHOrO TNPOU3BENEHHS KO-
HEYHO omnpefe/eHHbix rpynn. OueBunHo, uto g G’

B TOM H TOJIbKO TOM CJ/yuae, eclid g, € G;, i=1,2,...,n.

IMycTh wMpHHA KaX/J0TO MHOXHTEJS g; KaK aneMenta G
paBHa [;. Torma wupusa g G’ pasHa l=2?=1 l;
(Goldstein R. Z.,, Turner E. C.// Contemp.
Math. — 1985. — V.44, — P. 69 — 72).

Ecin unpexc uentpa |G : C(G)| xkoHeueH, TO H KOM-
MytaHT G’ koHeueH (2emma Llypa).Ecau dakroprpynna
G/t.G KoHeuHa, TO M NOATpynna y.+1G KoHeuHa. Ecau

noarpynna y.+1G KoHeyHa, To u ¢akroprpynna G/t:.G
KOHeuHa.

§ 2. Paspewumbie rpymnibi

2.1. HuabnoTeHTHBIE M NOJHUHKJIHYECKHE TPYNNBL.
Hopmanbuniil psn

G>Gll>02l> DGn+1=E

c aGeseBniMu ¢axktopamu G;/G;,, GyneT UeHTPaJbHBIM
B rpynne G, ecad neficteue rpynnel G Ha ero (akrto-
pax, onpexeneHHoe Gbopmyaoi (yG;.y) o x 55 xyx~'Giyy,
x =G, y=G,;, okasnBaercs ToxuaectBeHHslM. [locuen-
Hee Ha sI3blKe B3aMMHBIX KOMMYTAHTOB O3HaudeT, 4YTo

[G» Gl]<01+1’ 1<l<n.

Iasi unenos uuxkuero {y;G} u Bepxuero {§;G} ueH-
TPaJbHbIX PSIAOB IIPOH3BOJIBHON Ipynnbl G cnpaBel/IMBH
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BKMoueHHs: [ymG, ¥.G]=VminG (m,n=N), [ynG,
Gl < Cw-mG (n=m =1). I'pynna G HUJIBNOTEHTHa,
ecJi OHa o06JajaeT LEHTPaJbHBIM pPSAOM KOHCYHOH
JUTHHBL.

[IpuBefeM HeKOTOphle  CBOHCTBA HUJBIIOTEHTHBIX
rpynm.

1) Ecin G — HuabnoteHtHas rpynna u H — rakas
noarpynna, 4ro G = HG’, to H = (, B 4acTHOCTH, KOM-
myTanT G’ comepxurcs B moarpynne Pparruan O (G)
rpynnel G. 2) Ecan G — HUJbNOTEHTHas rpynna
Es=H G, to HNEG = E. 3) Ecan A — mobasi Mak-
cuMaJibHas abeseBa HOpMaJibHAas MOATPYNNa B HUJLIO-
TenTHOH rpynne G, to A coBmajaer coO CBOHMM LieHTpa-
auzatopoM Cg(A). 4) Jlio6asi moarpynna KOHEYHO MO-
POKJCHHOH HHJIBNOTEHTHOH 'PYNNbl KOHEYHO MOpPOXK/IeHa,
T. €. KOHEYHO NOPOXKJEHHble HHUJbIOTEHTHbIE TPYINBl HE-
tepoBbl. 5) IlponsBeleHne NM HOpMaJbHBIX HHJBIO-
TEHTHBIX MNOATPYNN MpPOH3BOJIbHOH rpynnel G — cHOBa
HOpMa. bHasi HHUJbLIOTEHTHasa noarpynmna B G *).

CoBoxkynHocTh T ((G) NmepHOAHYECKHX 3JIEMEHTOB HUJIb-
NOTeHTHOH rpynnul G sABJAseTCA NOATPYIIOH, pacnanalro-
uiefics B INpsAMOC MNpOU3BEJEHHE CBOHX HPHUMapHBIX
(T. e. p-) moarpyni.

Basucneie kommyraroper csobogHolt rpynnel F c Ga-
3HCOM X, ..., X, ONpENEeJSIOTCH MO0 HHAYKUHHU:

1) ci=xi;, i=1, 2, ..., r,— 6a3ucHble KOMMYTa-
Tophl Beca OAuH: o(x;)=1. 2) Ilyctb GasucHble KOMMY-
TaTOpPbl BECOB, MEHBIIUX /7, YXKe ONpeLesNeHbl H yNnopspo-
YeHbl TaK, YTO KOMMYTaTOpbl Beca [ CAeAYyIOT 3a KOMMY-
TaTOPaMH MEHLIUIHX BECOB, H MeXJy cOO0H yrnopsiioueHbl
NpPOU3BOJIbHBIM crnioco6oM. Torga GasHCHBIMH KOMMYyTa-
TOpaMHi Beca n SIBJISIIOTCS KOMMYTaTophl C, = [cy, ¢}, re:
a) ¢; u ¢;— 6a3ucHble KOMMYTaTtopel H (c)+ w(c)=
=n; 6) ¢; > cj, u ecau ¢; =|cs, ¢i], TO ¢; = c1.

Ecan F — cBoOoaHas rpynna ¢ 6asucoM xy, Xo, ..., X,
He << ... <(¢p—ynopsaoueHHass MnocJeqoBaTe b-
HOCTb Bcex GasdCHBIX KOMMYTaTopoB BecoB I, 2, ..., n,
TO NMpPOK3BOJbHBIA 3/7eMeHT [ & F 0EHO3HAYHO mNpencTa-

BHM B BHJIE f‘ch' cft modv,, F, [, Z. O6passl
npu ecTecTBeHHOM romomopdusme y,F —v,F/y, . F 0Oa-

*) TlpousBesenne BceX HHJBMOTEHTHBIX HOPMAaJbHBIX MOATPYNN
Fitt G rpynnm G nasmBaerca nodepynnoi Purrumea rpynnsl G.
IMoarpynna Fitt G nopmanbua B G M JIOKaJbHO HHJILIOTEHTHA.



§ 2. PASPEIIMMBIE TPYNIILI 157

3HCHEIX KOMMYTaToOpoB Beca n o6pasyloT Gasuc crobog-
Holi a6eseBoit rpynnel v, F/y,, F.

Mpumepsn. 1) Tlyern R — accounaTuBKOoe XOJbLO € eAHHH-
uedt, torna rpynna UT(n, R) HuJabmOTeHTHA cTymeHn n— 1.
2) Ilycte R — accouraTdBHOE KOJMBLO € efHHHUEH, S — ero mod-
Koabuo co ceoficteom S” == 0. Torna G =<l + x|x = S) —nox-
Ipynia MyabTHOAMKaTHBHOH rpynnbel R*. O6o3naulim uepes G =
=(l4x|xe8). Torpa [GV, GD] < G+) y rpynna G nuib-
NoTeHTHA.

ITyctb G —rpynna onepatopos, AeHcTByiolasi Ha
rpynne N. CemefictBo {N;|0 <<i<Ck} G-omepaTopHbx
noarpynn 3 N HaszoBeM ¢aazom daunet k, ecau No= N,
Ne=EuN; N; i=0, ..., k— 1. [eilictoue G Ha
¢arc Ha30BeM HUABLNOTEHTHOIM, €CJH HHAYHUHPOBAHHOE
peitctBue G Ha N;/Ni siBAsieTCss TOXKIECTBEHHHIM AJA
Bcex {, 0 << i << k.

Ecan G nefictByer Ha ¢aare anuubl £ TOUHO M HHJb-
NOTEHTHO, TO G fABJAETCA HUABNOTEHTHOH rpynno# cry-

k .
Me’H l<(2 ) Ecou ¢daar — nentpadbHblit psag aas N,

To cTyneHb G He 6oJsee yem £ — 1.

‘Ecnun G-onepartopHas rpynna N siBJASeTCs BEKTODHBIM
NpPOCTPAHCTBOM HajA noJeM, a 3JeMeHTH H3 G Jed-
CTBYIOT KaK JIMHeHHble Npeo6pa3oBaHUsl, TO HHJbMNOTEHT-
HOCTh AeHcTBUS (G O3HAuaeT, 4To B N cCylecTByeT Ta-
Kasi 6a3a, OTHOCHTeJbHO KOTOPOH Bce 3JeMeHTh H3 G
6ylyT npeacTaBJeHbl YHUTPEYTOJbHBIMH MaTpHLAMH,

HunbnoTeHTHble JefiCTBHS BaXHbl B HCCIeJOBAHHAX MO aJjre-
6panueckoli TomosoruH. Ecaum X — nuHeitHo cBsi3HOe TomMoJOrHYe-
ckoe npoctpaHctBo H G —ero ¢dyHzamenraspHas rpynna, to G
HeficTByeT Ha BceX TFOMOTONHYeCKHX rpynnax m.(X). Iosopst, uro
MPOCTPAHCTBO fABJSETCA HUALNOTEHTHbIM, €CHH Bce I3TH ACHCTBHSA
SIBNSIIOTCS HHUJIBIIOTEHTHBIMH; B YacTHOCTH, rpymna G B 3TOM cayuae
TakXe sBJseTca HHabmoTentHoll. Teopema YaiiTxega o rovoTtomu-
YeCKOoi JKBHBaJIEeHTHOCTH ofHocBs3HbIX CW-KoMnsekcoB oGobiiaer-
€ Ha HHJbNOTEHTHble NPOCTPAHCTBA.

Jli06ast KOHEYHO NOPOXK/JeHHAass HUJIbIOTEHTHas Tpym-
na G6e3 kpyueHusi (A-epynna) siBiasieTcs MNOATPyNnon
rpynne UT (n,Z) ans noaxopsilero uucaa n. B cBowo
ouepenb, noirpynnel u3 UT(n,Z) sBasworca A -rpyn-
namu.

HOast rpynnet UT (n,Z) cTpouTcs, HAUMHAS C KJETKH
B NPaBOM YIJYy, LeHTpPaJbHBIH PAA C UHKJIHYECKHMH ak-
TopaMu 6e3 KpyueHus. [ToaTtomy H AJis J1060# A’-rpynnu
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TaKXe CYIeCTBYeT LEeHTPaJbHHH psAl, (PaKkTOpH KOTO-
poro usomMopoHH Z.

[Mycts R — 6uxnomuansvHoe Koasyo, T. e. obaactb ue-
JIOCTHOCTH, cofepxamass Z B KayecTBe INOAKOJbIA H
BMecTe C KaxXJbiM 3JeMeHTOM A Bce GHHOMHAJbHEE
KO3(p(HULHEHTH: ’

(x)= AGA—1) ... (A—n+1)
n

o , neN.

Husbnorentnasa rpynna G cTyneHH m Ha3mBaeTcs
R-crenennoti, ecan pasa Jwobbx x& G U A =R oxHo-
3HaYHO oOInpejeneH 3JeMent x* e (G, npHueM BHIOJ-
HSAIOTCS CJefylolllHe aKCHOMB (X, Y, X1, ..., Xn— IIPOHU3-
BOJIbHBIE 3JeMeHTH H3 (; A, p— IPOH3BOJIbHBIE 3Jje-
MEeHTH U3 R):

) x'=x, xtxp=uqrtr (H'=xM
2) y~lxty = (y~"xp)",

3) xhxh . xh=(xx, ... xn)"t2(x)(g)... 'rm(x)(":'),

rie v;(x) ecTb i-e CIOBO OT Xy, X3, ..., Xp, ONpenessie-
MOe DEKYPPEHTHO M3 COOTHOIUIEHHS

xix ..o xb=1i(x)", (x)(;). .. ri_l(x)(‘i‘ )n (%),

B cBOOOJHOH rpynne ¢ 6a3HcoM Xy, ..., X,

IIyctb G ectb R-ctemenHas rpynna. [loarpynny H
rpynnnl G GyneM Has3eiBaTb R-crenennoil nodepynnod,
€cJIH OHa 3aMKHYTa OTHOCHTEJbHO BO3BEIEeHHUS B JIOOYIO
crernedb A & R. 3ambikanue HR nmoxarpynnel H ecTb Hau-
MeHblllast R-cTeneHHass moAarpynmna, coxepxauiass H.Ecau
st MHOXecTBa {gi|i [} snemeHTOB rpynnu G mOA-
rpynna {g:;|ie I)R paBHa G, To MHOXecTBO {g:|i< [}
Ha3bIBAaeTCS CUCTeMOU nopoxcoaroujux R-CTeneHHOH rpym-
nel G. I'pynna G HasbiBaetrcs epynnoti 6e3 R-kpyuexus,
eciin A5 Bcex g G, A= R u3 paseHctBa gh=1 cue-
nyet, 4to au6o A =0, qub6o g =1.

YynopsaoueHHbH Ha6op 3JeMEHTOB Uy, ..., U, HA30-
BeM maasyesckoli 6a3oi R-creneHHol rpynnbl G, eciu:

1) xaxawlft 3jeMeHT x U3 G MOXHO €JHHCTBEHHBIM
crnoco6oM npeacTaBUTh B BHIE

ot (x) t, (%) t, (%) .
x=u'"u2" ...ur", t(x)ER;
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2) nyctb G;=<{ui, ..., unyk, TOrma memouka noAarpymm
G=0_G,>= ... obpasyer LeHTpaJbHHH psx rpynnn G.

DJleMeHTH ti(x), ta(x), ..., ta(x)— KOOpAMHATHI
sJjeMeHTa x B 6Gase uy, U, ..., U,. Koopaunatw ¢;(xy)

NPOHU3BEJeHHST 3/71eMEHTOB X H Y B (DHKCHPOBARHHOH MaJlb-
LeBCKOH 6a3e SIBAAIOTCA MHOTOUYJIEHAMH HaJ KOJbIOM
Rz (Rz — KoJbUO 4YacTHBIX HJas R, B KoTopoMm o6pa-
1Ial0TCs 3JeMeHTH M3 Z) OT 2n nmepeMeHHBbIX f;(x), £ (y).
Ananoruuno, eciu A& R, TO KoopauHaThl f;(x*) sB-
JAI0OTCSL MHOTOUJIeHaMHU HaX KoJgabluoM Rz ot n 41 ne-
peMeHHOH #;(x), A. Tem camMbIM Ha creneHHOH R-rpyime
G, umeooumell MasbleBcKylo 6a3y, onpelesneHa CTPYK-
Typa adduHHOA asrebGpamveckodt rpynnel (cM. [40],
[63])-

Ecan R — ko/1b1O TJ1aBHBIX HAeasoB U (G — KOHEYHO
nopoxjaeHHasa R-creneHHasi rpynna 6e3 R-KpyueHHH, TO
MaJbleBckass 6asa B G Bcerga ectb, a rpynna G H30-
Mopdua R-nmoxarpynne UT(n,R) nns NOAXOASILIErO A.

Ecan S —moakosabuo R, To rpynny G Ha3BBAIOT
S-onpedeaentodi, ecau cyuiecTByeT MaJgblieBckas 6Gasa
rpynnbel G, B KOTOPOH YMHOXeHHe H BO3BeJleHHe B CTe-
NneHb 3aJal0TCAd MHOrOW/IeHaMH ¢ KoadpoduuneHramMu u3 S.
Ilycte G u H — npou3sBoJibHEIe R-CTeNeHHble TPYyNIHl.
CtpyKkTrypa R-CTeneHHO# I'pyNnbl NO3BOJSAET CPeAH rOMO-
Mop(puaMoB ¢: G — H ecTecTBEHHO BHIJE/HTL ClAeAyloLIHe
MOJKJIaCChi:

1) R-ecomomopgusmos, ansi xotophix (g*)®=(g%)*
npu aw06ex g G, A E R,

2) R-cxpeujernbix eomomopuamos, AJasi KOTOPBIX CY-
LIECTBYIOT Takoi s3HAoMopdusM 0 kosabua R, urto (gh)? =
= (g®)™ npu J06bXx g = G, A =R.

Teopuss kaTeropuéi HHJIBNOTEHTHBIX R-Tpynm napaJ-
JeabHa TEOPHH HHJBIIOTEHTHBIX TPyNN U pas3Bura B [66],
[118].

[Iyctb G sBnsierca R-cTemeHHOH Trpynmmoi ¢ MaJib-
neBcko#t 6aszofl uy, ..., Un; fi, gi, i=1, ..., n,— MHO-
rOujJieHbl YMHOXKEHHsT M BO3BeJeHHs B CTeNeHb B 3TOH
6aze. Ecitm R<<S u S — O6HHOMHA/JbHOE KOJbIO, TO
MOXHO NOCTPOHTb HOByI0 rpynmy GS, Ha3BBaOILYIOCS
S-nonoanenuem rpynnn G.dnementamu G° cayxar Bce-
BO3MOXHBIE (OpMaJbHbIE NMPOU3BEICHHST uf' uiﬂ, W=

& S, a yMHOXeHHe HBO3BeJeHHE B CTENEeHb 3aJa0TCs IPH
noMomu MHOroYJeHoB fi, gi, i=1, ..., n. Ilpu Takom
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onpefeseHud G cTaHOBUTCST S-CTemenHoi rpynnoii. J1o
KOOpAWHATHOE ONpejeseHHe NONOJHEHHS NMPHIOJHO TOJIb-
KO /s rpynmn, ofJanamouux MaJblieBckod Oasod. On-
lleM KaTeropHbH MONXOX K ONpeleleHUI0 MNONOJHCHHH
[pH CJAeLYIOUIHX OrpaHHYCHHSIX:

1) paccmatpuBaemble Kosbua R, S — SBAAIOTCA KOJb-
LlaMH [JIaBHBIX M]1€aJIOB;

2) R-cremeHuble TIpynnbl SBJSIOTCS TIpynnaMu 6e3
R-xpyueHus.

[Iycte R << S — KoJbua, a N ecTb R-cTeneHHas rpyn-
na. Torza S-rpynna G O6yHAeT Ha3bIBATbCS TEH30PHOLIM
S-nonoanenuem rpynnel N, ecju cyllecTByeT R-roMo-
mopdusM a: N— G Tako#, uto mias Jw6oii S-rpynnsl H
H B-romomopdusma N — H cyuiecTByeT OAHO3HAYHO OIl-
penenenubiii S-romomoppusm y: G — H, penarownit qua-
rpamMmy

N——¢C

KOMMyTaTHBHOH. I'pynny G GyfeM o6Go3HauaTb uepe3 NS,

TensopHoe S-nonosHerne R-rpynnel N ompejaeseHo
C TOYHOCTbIO A0 S-nzomopdusma. Ecau B rpynme N cy-
uiecTByeT MaJbliesckassi 6asa, TO KaTeropHoe H KOOpIH-
HaTHOC ONpejesieHHs] MNPHBOLAT K OJHOH M TOH XKe
rpynne NS,

o B
[Mycts N,—> N,—> N; — TouHas IOCJENOBATE.Ib-
HOoCTbh R-rpynmn. Tormga oJHO3HAuHO onpeneJsieHb S-roMo-
mopbusmbl oS u PS mpoposkawume o U B, © mocJae-

JOBATEJIbHOCTh .'V‘f'—a—> Ngs—ﬂ—> Ng TaK»Xe SsBJASeTCH TOouY-
HOH.

Eciu G — nunpnoTenTHass rpynna 6e3 KpydeHus,
R=7Z, S=Q, 1o rpynna G? HasnlBaeTCs MAI6YEBCKUM
nonoaicnuem rpynnsl G. Ecin R=1Z, S=Z,, To rpynna G%p
HasblBaeTcsl p-aduueckum nonoanernuem G. IloapoGhee
O TeH30pHBIX S-momoJHeHHsXx cM. MsacuukoB A. T,
Pemecnennukos B. H.//Cu6. mar. x.— 1982. —
T. 23, Ne 5. — C. 152—167.

ITycTe 51— MHOXKecTBO HpPOCTHIX uHces, a G — HHJb-
noteHtHasa rpynna. osopsat, uto rpynna G m-s10Kane-
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HQ, eCcaH IJIst Ka)KJAOTO0 pe& m OTOOGpaXKeHHE Xir»xP sB-
Jasietcss OGHekuued. B cuay 3TOrO ompenesieHUs KOHeuHas
p-rpynna spJjsieTcs p-JexkaJjbHo# rpynnoid. Ecau G ectb
n-JI0KaJ/bHAsl TPYyNNa, TO OHA He CONEpPXKHUT 3JEMEeHTOB
nopsifika p Aas p & n. Eciau ; cocToUT M3 mycroro MHO-
XecTBa, To G m-J10KaJbHa TOr'AAa W TOJIBKO TOrJA, KOrja
G — nenumas rpynna 6e3 KpydeHusl.

AGeneBa rpynma sBJseTcs n-JOKaJbHOH Torga H

TOJIbKO TOrJa, KOrJa OHa AONYCKaeT CTPYKTYpy Z[%,

p&E n]-MOILyJISl .

Ecan G ectb m-iokagabHas rpynna 4 H —ee moa-
rpynna, to H sBasercs m-JOKaJbHOH TOrAa H TOJIBKO
TOrla, Koraa oHa n’'-uzoauposana (t. e. ecniu gP = H
o p&En, 10 g <= H).

Teopema o aoxkasusayuu: nycre G — ni06asi HUJIbNO-
TEHTHasl IPynna, s — NPOU3BOJbHOE MHOXECTBO HPOCThIX
yHces, TOrAa CYIIECTBYIOT fn-Jl0KaJbHas rpynna G, 4
romoMopduam 0,: G— G, Takue, YTO A/ JIOGOro ro-
momopdusMa a: G — H, rae H ectb m-nokajbHasi rpyn-
na, HafijeTcs eIHHCTBEHHBI romoMopcduaMm B, AJs KOTO-
poro puarpamma

0, .y
G———>b

a

v

I
i
H

¥

H
AABJISIETCS] KOMMYTaTHBHOH.

[ToapoGHee O JOKaAM3aUHAX HHJIbIOTEHTHHIX TPYNI

cm. [118]. Ormerum, uTo m-JOKaJaH3auust rpynnel G —
1

3TO TeH30pHOe Z[—,—J-, paén]-nono.nﬂeﬂue rpynns. K co-

KaNeHHIO, B MOJHOM OGbeMe TeOpHS TEH3OPHHIX S-Mo-

HoJiHeHHit noka elle He paspaboraHa.

PaccMOTpHM pa3MepHble MOATPYNIE M TOYHBIE Mpex-
craBnenus. [lyctb G —rpynna, ZG — ueJOYHCIEHHOE
rpynnosoe koabuo G, g: ZG — Z — KOJIbLEBOH FOMOMOD-
¢GHu3M TpHBHAJIM3AlNY, [PONOKAIOUUH 0TOGpaxeHue
G—1. Slnpo ©— pastocrroul (ynOamenTanrbHoLil)

udear g={Y. nggl > ng=0}. [ HaTypaJsbHOTO 4HC-
Aa | i-1 pasmepHas moarpynna aisi G ecte D;G =G
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N(i+g) (cm. n. 2.4). HenocpeacteHHo mnpoBepsercs,
uro y;G << D;G.

Eciu G — HHJIbIIOTeHTHast rpynna 6Ge3 Kpy4yeHHs, TO
CYLIECTBYEeT TaKoe YHCaO m, 4To D, G = E; ecau, kpome
Toro, G A u G cryneHn ¢, 1o m=c -+ 1.

ITycts G — HekoTOopas A’-rpynmna CTyNeHH €, H NycThb
ng — panr cBoGoxuoro Z-monpyas ZG/gct!. Torpa neit-
ctBue G NpaBEIMH YMHOXEHHSIMH Ha psne

ZGlg=q"8'>¢'/e? > ... = ¢°/¢°t' >0

onpenensier TOYHOe BJOXKeHHe og: G— UT (ng, Z). Ha-
30BeM BJIOXKEHHE O KAHOHUHYECKUM npedcTasieruem
A-rpynnel G, a 4YHCIO N — CTeNerHs6!0 KaHOHHYECKOTO
npeacTaBJeHHs.

OTMeTHM CBfI3b HHJBIIOTEHTHHIX TPYNN C KOJbIaMH
JIn. O6o3nauum uepe3 NT (n, K)— MHOXecTBO BepXHe-
TpPEeyroJbHEX MaTpHL Hax nojem K HyseBoil xapakTepH-
CTHKH C HYJISIMH Ha IVIaBHOH JlHaroHaJiu.

Has moboro x =e 4+ ue UT(n, K) (e — ennHu4yHasd
MaTpHIa) MOJIOXKHM

logx=u-——;-u2-|— e G ) i !

n—1

un—l’

a aasa awoboro v e NT (n, K)—

1 n—1
expv=e+—§!—02+ +(:_—I_)T'

Torpa
log: UT (n, K) = NT (n, K)

exp: NT (n, K) = UT (n, K)

n

— B3aUMHO OOpaTHHeE OTOGpaXxeHHS, H MJIA KOMMYTH-
PYIOILKX MaTpHL X, Yy HMeeM

log xy =log x + log y,
a Jjad KoMMyTtHpyomux Martpuu u, ve NT (n, K)—
exp (« + v) = (exp u) (exp v).

JIunefinoe mnpocrpanctBo NT(n, K) napx nonem K
CTaHOBUTCS aJjre6poit JIu, ecqH NoJoXurh (4, v)= uv —
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—vu. Jas mo6Goro BekTOopa M ==(my, ..., m,;) C HaTy-
pPaJbHBIMH KOOpDAHHATAMH ONpeReSHM
[x, yla=1Ix, 9, ..., 4, x, ..., x, .. ],
N N\
m, pa3 my pas
u, v)=W, v, ..., 0,4, ...,u,...).
[
my pa3 ~ my pas

CyulecTBYIOT palHOHAJbHHE YHCIA Ry Takue, Yro AJs
Mo0LIX ABYX MaTpHl 4, v € NT(n, K) Matpuua

u*v=u+v+Zk,;,(u, V)

(¢popmysra Beiikepa — Komnbesra — Xaycdopga) ynos-
JICTBOPAET PaBEHCTBY

(exp u) (exp v) =exp (u * v).

Hns mobuix x, y = UT (n, K) log xy = (log x)«(logy).
Onst mo6oit noarpynnsl G w3 UT(n,K) nonoxum
L(G)=Klog G. Toraa:

1) L(G) ectb nomaare6pa JIlu ans NT (n, K);

2) exp L(G) ecrp noarpynna UT (n, K);

3) ecii G ectb K-cTemeHHas noArpynna, TO
exp L (G)=G;

4) ecau @ ectb K-aBToMopdusm K-creneHHo# rpynns
G u3 UT (n, K), 10 otobpaxenue ¢: log x+> log (¢ (x))
xeUT (n, K)  saBaserca aBroMopdu3MoM aarebpu JIu
L(G); BepHo u oGpatHoe, aBToMOppusm anare6psl Jlu
L(G) onpenensier aBroMopdusm rpynns G.

Kareropust K-cTeneHHBIX HHJbIOTEHTHHX I'PYNN H Ka-
TEropHsl HUJABNOTEHTHHIX ajre6p Jlu Han K, rae K—
noJie HYJIeBOH XapaKTepHCTHKH, M30MOPQHBHI.

[Tepexonss ot moass K K Kojabuy Z, OTMETHM, 4YTO
log UT (n,Z) ue sBasiercs Z-MoLyseM, XOTS H cylie-
cTByeT Takoe uHcao m, uto mZlog G < log G aas ao-
6oit noarpynnua G u3 UT(n,Z) (m 3aBHCHT TOJILKO n).
Ipynna G HasmBaeTcst pewerouHold epynnoti, €ciH
log G siBastercss agOUTHBHOH Trpynmod  MaTPHYHOrO
Kosbua. I'pynna marpun

1
1272
1 Z
. 1

6
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— npumep pewerouHoil rpynnel. Ilycte G ects A-rpyn-
na, o — ee KaHOHHWYecKoe mpejcTaBjeHde. Torma nepe-
ceyedne Bcex pemleroynnlx noarpynn UT (ng, Z), conep-
Kamux og(G), sBJAsSeTcs pelleTOYHOH Tpynmod u o6o-
sHauaetrcs G'2t; [G'?t: G] <C co. AHaJOrMYHO, MOATPYMNY
G u3 UT (n, Z) Ha3oBeM auesoi epynnou, ecau log G
ABJsieTcs KoabuoM Jlu. IlepeceueHne Bcex JIMEBHIX MOJA-
rpynn, coaepxawHux ag(G), sBasercs JHeBOH MOArpym-
no# u o6ozHauaercs Glie, [GlYie: (] << oco.

C HHUJBNOTEHTHOH TPYNIOH MOXHO CBSI3aThb KOJbLO
Jlu mpyrum cnocoGoM yepe3 NMOHSATHE aCCOLHHPOBAHHOIO
koabua Jlu (cMm. [24]). [Tocnennuit MeTox okasaJjcsi oco-
6eHHO IJIONOTBODHLIM INpPH pelleHHH npobaeM OGepHcai-
I0Ba THIIA.

I'pynna G Ha3bIBaeTCA NOAUYUKAUHECKOU, €CJU CYllle-
cTBYeT cy6HOpDMaJIbHBIH psl

E=G,<G,< ... <G,=GC (*)

C UHKJIHYeCKHMH ¢akTopamMi. PaccMOTpHM OCHOBHBIE
CBOHCTBA NOJHUHKAHYECKHX TPYMIL.

Uncno GeckoHeuHbIX (AaKTOPOB B psile (x) sABJAACTCA
KHBaDHAHTOM IOJHUHKJIHYECKOH TFPYINH; €ro Ha3bBaloOT
yucaom Xupwa un o6osnauaor h(G). Ecim H << G, 10
h(H)<h(G) h(H)=h(G) B TOM H TOJbKO TOM CJy-
yae, korga |G:H|<<oo. Ecim NG, T0o h(G)=
= h(N)+ h(G/N). NNoarpynnsl 1 ¢GakTOPrpynnsl NnoJH-
UHMKJIHYECKHX PPYNIN TaKKe SIBJSIOTCS NOJHUHUKJIHYECKHMH
rpynnaMi. Pax KOMMyTaHTOB NMOJNHUHMK/IHYECKOH TPYyNIbl
G He Gosee ueM uyepe3 n— | mar o6pHBaeTcs Ha elH-
HHle, T. e. rpynna G sBasercs pa3spemnmoii. Kpome
Toro, rpynna G KOHe4YHO onpejesneHa W (HHHTHO aNNpOK-
cumupyeMa. AGesieBbl H HHJIBNOTEHTHBIE TPYINBI SBJSIOT-
cs NOJHLHKJHYECKHMH B TOM H TOJbKO TOM cJyuae,
KOrja OHM KOHEYHO NopoxieHbl. Eciau Kaxnaas KoHey-
Has ¢axkToprpynna rpynnsl G HHJbIOTEHTHA, TO U caMma
rpynna G HusbnotentHa. Jlio6as GecKoHeyHas MOJIHLHK-
JiMyeckasl Tpynna comaepXHT 6eckOHEéuYHylo abesleBy HOp-
MaJbHyl0 mnoAarpynny 6e3 kpyuyeHus. Has Jio6oro Haty-
panbHOro uxcia m c¢akroprpynna G/G™ KoHeuHa.

B kaxn0#f NOJHUUKIHYECKOH Trpynme CyLiecTBYyeT
NOArpynna KOHEYHOro HMHAeKca, sBJAKIAsAcA pacluHpe-
HHEM HHJBNOTEHTHOH TpYNnH nocpeicTBoM abeseBof
FPYNIBI.
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[Toarpymia ®urrunra Fitt G noanunkanteckedi rpyn-
nel G SIBAsieTCS MAKCUMAJbHOH HOPMaJbHON HHILICTCHT-
Ho#l moarpymnnoi. @akroprpynna G/Fitt G pasi noaupuk-
JiHyecKoH rpynnet G nmouTH abenesa.

Jlio6as nosuuukaHyeckas rpynna G usomopdHa noa-
rpynne rpynnbl GL(m,Z) npu HexotopoM m. DBoJec
toro, rpynnel Aut G u Hol G Takxe Moryt 6biTb BJIG-
XKeHbl B rpynny GL(n,Z) npu HEKOTOPOM A.

ITycts N — nekotopast A-rpynna u A = Q log (ayN)-——
aare6pa JIu. AsroMopdusm @ rpynnsl N Hazwbizaetcst
ROAYRPOCTOLM [YHUROTEHTHOIM], €CJTH COOTBETCTBYIOLIH
aBToMopdHu3M ¢ auarebpnl JIu A guaroHaausupyemblit
[yaunorentHniil]. T'oBopsT, UYTO  NOJHUHKJHYCCKAS
rpynna G, comepxamas G, eCTb nOAYNPOCTOe puctlyen-
aenue pasi G, ecun: 1) G=M>T, rne M =Fitt(G)
ectb  A-rpynna, I —cBoGoxHast aCeseBa Tpymmna;
2) T pefictyer noaynpocro Ha M; 3) GG, Cr (M)=E,
G=MG=GT, 4 M=(MNG)Cy,(T).

[Tonunuknanyeckass rpynmna G Ha3bBaercs pacujen-
Aflemoli, eCM OHa JONYyCKaeT MOJYIPOCTOE paclienJe-
Hue. JlBa pacuenneduss G, u G, rpynnbl G sKsusa-
AEHTHbL, €CJIH MeXAy HHMH CYIIecTBYeT H30MOD(H3M,
TOXAecTBeHHbIH Ha G. B /1060 MOJHIHUKAHYECKOH TpyI-
ne ecTthb pacuensseMasl aBTOMOpGHO [JomycTHMasi MOA-
rpynna KoHeyHoro HHAekca. [losynpocThle paclienyieHHs
IJIS pacllenyseMoi TpPYNNbl C TOYHOCThIO A0 3SKBHBA-
JICHTHOCTH COCTAaBJISIIOT KOHEYHOe MHOXEeCTBO KJaccoB
MOJIyNPOCTHIX pacillenJieHHH.

Ecin G = M> T — HeKOTOpOe MOJyIpPOCTOe paclien-
aerne nas G, To G TouHo neficTByeT Ha psage ZG/g=
=q%¢' >g"/82> ... >0°8°*' >0, u 310 neiictBue uH-
AyuHpyeT KaHOHHYeCKoe BJOXenue az: G—GL (ng, Z),
Tle ng =n, — CTeleHb KaHOHHYECKOTO MpeACTaBJeHUs
rpynnst M.

[Tycts ay, ..., 0 — NOJHBIA HabOp NOMapHO HE3KBH-
BAaJIEHTHRIX KAHOHHYECKHUX IIPEACTaBJEHHH MNOJYNPOCTHX
pacuienyienudit ans pacuenssiemoit rpynnet G. Torna ka-
HOHMUECKOEe BJIOXKeHHe /s pacilensiseMoid rpynnu G
€CTb

ag: G—>GL (nG» Z)» g diag (alg7 LR akg)r
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U ng=n1-+ ... + ng, rle n;— cTeneHb KaHOHHYECKOro
npejacraBjaeHust a;, i=1, ..., &

HOast npousBosbHO# rpynnel G o603HauuM 4depes Sg
HauMeHblilee HATypaJbHOE UYHCJIO CPefd TaKHX 4YHCeJ S,
yro F° (rme F==Fitt(G)) —rpynna Ge3 KkpyueHus,

. t
tq=min{t = N|F°G" — pacumenisiemass  toarpymnna};
— FSGiae! . .
Gspiit 7 F°G'9. Torna oro6pakenue ag: G—>GL (ng, Z),
MHIYUHPOBAHHOE Og i\, HASBIBACTCS KAHOHUYECKUM Nped-
r

crasaenues tpynnst G; ng=|G: G| Mg — CTENeERD
KaHOHHYECKOrO MpeACTaBJEHHS.

Paccmorpum Q-ompegenednyio anre6panyeckyo MOA-
rpynny A rpynnsl GL(n,C) (cM. 63). Hdas moaxoabua
R u3 C o6osnaunM A(R)=ANGL(n,R). Iloarpynna T’
u3 A(Q) HasweBaercs apugmeruveckod B A, ecan T <<
<A(Q) u I cousmepuma ¢ A(Z), 1. e. TN A(Z) umeer
KoHeuHnHt MHAexkc B I' u B A(Z). Jlwo6as paspemwnmMas
apH¢pMernyeckasl TPyNma MOYTH paculenyscMa Ha HHJb-
NMOTeHTHYI0 H abeseBy yactu. Bosee TouHo, B G ecTb Ta-
Kasl MOArpynna KoHeuHoro uuuekca H, utro H=N>T,
raie N saBaserca JA°-rpynnoit, T — cBo6oaHoii abeseBok
rpynno#, Jlio6as A°-rpynna, a notoMy u Ji06asi KOHEYHO
NOpOXKJeHHAas HHUJbIOTEHTHAas rpynna sjasiercs apud-
MeTHyeckKoH rpynno#. CyLIecTBYIOT HOJHUHKJIHYECKHE
rpynnsl, He siBJsifomiMecss apudMernyeckumu. Hampumep,
nyctb A ~Z3, T~7Z?> u T pnelficteyer Ha Q ® A Henpu-
BoauMo, a F—cBoGojHasi HUJBIIOTEHTHAs Tpynna cry-
NeHH 2 W ABYMS CBOGOJHBIMH NOpOXKJaloumuMu; f: F—-
— T — KaHOHHUecKoe HakphiTHe. Toraa rpynna G=A>~
> F, rne f = F geiictByer Ha A conpsikeHHeM Kak 3Je-
MeHT B (f) He aBasAercs apudMeTHUeCKOH.

ApudMernueckie NMOATPYNNEl KOHEYHO ONpelNesieHh H
KOHeYHble MOJATPYINBEl B HHX COCTABJISIOT KOHEYHOEe MHO-
JKECTBO CONpSIKEHHHIX MOATPYMII.

OnucaHue rpynn aBToMOp(H3MOB KOHEYHO MOPOIKJEH-
HEIX HHJBIOTEHTHBIX TPYNN OCHOBaHO Ha CJeAYIOUIMX
IBYX pe3y./bTaTax: )

a) Ecan Gy u Gy cousmepumue (T. e. oGJajaiouine
H30MOPGHEIMH TOArPYNIaMH KOHEYHOTO HHAEKCa) KO-
HEUHO MOpPOXKJEHHble HUJBNOTEHTHhe rpynnel, 1o Aut G,
n Aut G, TakKe COMU3MEPHMHIL.

6) Ecan G ectb A-rpymna u G=GY°, 10 AutG
coBmajaer ¢ Trpynnoi aBTOMOPGH3MOB COOTBETCTBYIO-
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wmero KoJbua JIg, a mMOTOMY siBJsieTCs apUpMeTHUYECKOMH
I'pYMIOA.

I'pynna aBTOMOpP(H3MOB KOHEYHO MOPOKIEHHOH HHJIb-
NOTEHTHOH Trpynnel siBasiercss apupmeruyeckoi. OmHako
rpynna aBTOMOP(H3MOB MOJHUHKIHYECKOH TpyHmbl He
06s13aHa 6bITb apH(MeTHYECKOH Ipynmoi.

Ecnin G — noanuukauyeckas rpynna u A = Aut G, 1o
cymectByer B A rakas, uto A/B — KOHe4HO [OPOK-
JlleHHass mouTH abeseBa rpynna, B — apudmernueckas
rpynna.

Jlio6asi noJuuukaHYeckas rpynna sBasercs PAC-
rpynno#t (reopema Pemecaennukosa—Popmanexa).

3 atoro pesyJabrata cjeayer: |) moJoxuTesnbHOE pe-
uleHHe npobJeMul CONPSIXKEHHOCTH B KJacce MOJHIHMKJIH-
yeckux rpynn (cm. m. 4.4); 2) pellileHHe KOHI'PY3HII-NPO-
6sieMbl AJs1 pa3pewlMMuX moarpynn u3 GL(n,Z).

[Tyctb G — nosunukauyeckass rpynma, npencraBJjleH-
Hasi kak noxarpynma rpynnel GL(n,Z), u Kn={g <
e GL(n,Z)|g = emodm}, 0%=m & N. Toraa: a) G=

= ﬂ GK,,; 6) B G NMOJIOXKUTEJNbHO pellaeTcsl KOH2PYIHY-
m

npo6aema, T. e Kaxjaas MOATPyNNa KOHEYHOrO HHAEKCa
B G copepxur G K. nns Hekoroporo m = 0.

OnpenenyM Ha NOJHUHKJAHYecKoil rpynnme G <<
<< GL(n,Z) nBe TONOJIOTHH: NMPOKOHEYHYIO TOIOJIOTHIO
(cM. n. 33) u KoHepysry-ronosozuro (6ashc OKpPECTHO-
creit efuHHUbl cocToHT W3 nmoarpynn Km (G, me N).
IMpeanaymui pe3yabTaT JOMNyCKaeT CJAeAyIOULYI0 TOMOJIO-
rudeckyio nepeopMyJHPOBKY: a) Kaxnaas MOJHUHKIHYE-
ckasi rpynna G<<GL(n,Z) 3aMKHyTa B KOHIPY3HI-TOIO-
aoruu rpynnsl GL(n,Z); 6) ecin G — NOJMHLHKAHYECKAS
rpynna, G << GL(n,Z), To KOoHrpysHu-tonosorusa Ha G
COBTAMAaeT C IPOKOHEUHOH TOMOJIOTHEeH.

ITycts G — nosuuukanyeckass rpynna, F (G) — MHo-
JKEeCTBO €e KOHEUHHIX FOMOMOpP(HBIX 06pa3oB.

CyIeCTBYIOT MOYTH LUKJINYECKHE HHJIbINOTEHTHHE CTY-
menu 2 rpynnst G u H rakue, uto & (G)=% (H), o
camu rpynns He H3oMop¢HH. COOTBETCTBYIOIUIHE KOIRI
rpynn: G =(a,blla® =1, b-lab=as), H={c,d||a®*® =
=1, d-lcd = c't).

Ecau G — noauMuMkJAHYecKasi rpynna, TO BCe MOJHIHK-
auyeckue rpynnu H Takue, uro ¥ (H)= ¥ (G), cocras-
JSIIOT KQHEYHOE MHOMXKECTBO KJIacCOB  H30MOPGHHIX
rpynn  (reopema I pynesarsda — Iukkean — Cezana).
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MomHocTb 3TOr0 MHOXKECTBA HA3bIBAIOT pPOJOM TPYIIIHL
IMonuuukANUeCKIe TPYNNbl poaa 1 MoKa He ONHCAHBI.

[Monuuuknuueckue  Tpynnbl — HauboJsee  LIMPOKHH
KJacc Tpynh, B KOTOPOM BCe KJacCHYecKHe aJropHTMH-
yeckue NMPo6JeMbl HallJIH NMOJIOXKHTENbHOE pelleHHe.

Jlic6asi nosuuukanyeckass rpynna sisastercs DA-,
OAB-, ®PAC-rpynnoii, a NoToMy B Hell paspemlMMBbl NMpo-
6JieMbl DaBeHCTBA, BXOXKIEHHSI M CONpSXKEHHOCTH.

[Ipo6nema muszoMopduaMma paspelrnmMa AJAs  Kjaacca
HONHUHKIHUeCKHX rpynn (reopema I pyunesarsda — Ce-
aaia).

Paszpewarounit asroputm Gasupyercs Ha CJAeAYIOLIHX
TpeX OCHOBHbIX aJaropktmax. Ilycts G — nosuuuk/IHde-
ckasl rpymnna, 3ajlaHHas NMOPOXAAIOLWUMH H ONpcaessio-
LIMMH COOTHOLICHHSAMH.

Anroputrwm 1. Tlo rpynne G anropuTM BHIUHCJSIET
BEPXHIOIO TpaHHUy ¢ IJA 4YHCJa fg, ONpedeJCHHOrO Ha
c. 166.

Anroputrwm 2. Ilo rpynne G u uucay t > tg anro-
PHTM BBIYHCJ/SET UHCAO ng(f) H HaXOLHT LeJOUHCJICHHOE
npeacraniaedue ag(f): G— GL(ng(t),Z), T. ¢. BHINH-
CbIBa€T MaTpHILbl, COOTBETCTBYIOUIHE JAaHHLIM NOPOXKAalo-
mum rpynns G.

Aaroputrm 3. Ilna XaHHOrO YMc/aIa A M TOJHUHK-
audeckux noarpynn A u B u3s GL(n,Z), 3ajaHHBIX 1O-
pPOXAAIOWHMH MaTpHLAMH, aJropHTM JaeT OTBET Ha BO-
npoc o conpsixkenhocti A u BB GL(n,Z).

2.2. Paspewnmble rpynnbl. 1/ NpOU3BOJIBHOM IPYNIIbl
G paBHOCHJ/IbHHI CJeAYIOlIHEe YC/IOBHSA:

(1) G obnapaer KOHeYHbBIM CyOHOpDMAJbHBIM pSAOM
c abesneBHIMH (hakTOpaMy,

(2) G ob6n1apaeT KOHEYHBIM HOpPMAaJbHBIM pPSAAOM
c abeneBbiMH haKTOpaMH,

(3) paz xomMmyraHtoB G =G"= ... = GV >
yepe3 KOHEYyHOe YHCJIO IaroB o6pbiBaeTcss Ha edHHHLE.

Ipynna G paspemnMa (cM. c. 85), ec/i BHIOJHEHO
oaHo u3 ycaoBuit (1)—1(3). Panw noarpynn B (1)—(3)
HasblBaloTcs paspeuwiumsimu padamu. HanMeHbilee n co
cBofictBoM G = E — cTyneHb pa3pelIHMOCTH TpYMNMbl
G. FaspemnMble Tpynnel CTYNeHH pa3pellUMOCTH <n
cOCTaBJAIOT MHOroo6pasue, o6o3HauaeMoe yepe3 ¥ Ilpn
n=1—>310 MHOroobpasue abeseBbX rpynn, nNpu n =
= 2 — MHoroo6pasne Mera6eseBblx rpynn, Huabnorent-
Hble H NOJIMUMKJIHYECKHe I'DYNINH TaKxKe ABJSAITCS paspe-
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wHMBIMH. Kiacc paspelIMMBIX rpynm 3aMKHYT OTHOCH-
TeJIbHO MOArpynn, ¢axkroprpynn M pacwupenui. Ipowus-
BelleHHe [BYX HOpMaJlbHbIX Pa3pellHMbIX MOATPYII B PO-
H3BOJILHOH Tpylne ABJAETCS pa3pellMMOil MOATPYNMOM.

B npousBosbHOH JMHeHHOH rpynne G (B TOM 4HC/e
M B KOHEeYHOH rpylne) cCylecTByeT eAMHCTBEHHAsi Mak-
cHMaJibHas HOpMaJibHasi paspelluMasi noarpynmna. Jta
NOArpynna HasblBaeTCs pPaA3peuLumoin paduKkaiom Tpyi-
nel GG, u B (axkroprpynne no Hef HeT HeeAMHHYHLIX pas-
pelINMbIX HOpMaJbHBIX MOArPYMI.

IMycts F—cBo6oanas rpynna, N (F, N’— koMMmy-
taatT N. Torpma rpynna G = F/N’ saBasiercsa pacuinpe-
HHeM abejeBoit rpynnsl N/N’ nocpeactsoM rpynnsl H =
= F/N. I'pynna F/N’ wn3omopdHa noirpynme cnJjere-
nua AeH, rape A —cBobGojgHass abesneBa rpymnna, paHr
KOTOpO# coBnanaer ¢ paHroM F (8aoscenue Maznyca —
UImenoxura). Ecin H — paspemiumasi rpynna cTyneHH
n, To G — paspelurmas ctyneiu n-+ 1, u ecan H — cBo-
6oaHas paspewmuMas rpynna, To G — Takxe cBo6oaHas
paspewmiuMasi rpynna CTylneHH pa3pellHMOCTH Ha eAHHHLY
6osbuie. DTa KOHCTPYKUHUS [O3BOJISIET WHAYKIHEH IO
CTYNEHH pa3pellMMOCTH MOJNYyYyaTbh Pe3y/abTaThl O CBOGOA-
HBIX pa3pelUUMBIX Tpynnax M rpynnax, 6JM3KHX K HHM.

Cso6oanbie paspelinMmblie rpynnbl  siBasiiorcss PA-,
®AC-rpynnamH, a NOTOMY B HHX IOJIOXKHTEJNbHO pe-
WAITCA aJropUTMHYecKHe Npob6ieMbl pAaBEHCTBA H CO-
npsiKeHHocTH. PakTOpbl HHXKHEro ILeHTpaJbHOrO psja
cBOGOHON paspeuIMMON IpYyNNbl ABJAAIOTCS CBOOOAHBIMH
abesieBBIMH IpyNIaMH.

Eciu G =<xy, ..., xeln=1, ..., n=1) — Kox
paspewnmoii rpynnel G B MHoroo6pasun U*, n>=1, H
| <<k, TO cpeiu 3MEeMEHTOB Xi, ..., X MOXHO BHIGpaTh

k — | Takux, o6pa3bl KOTOpPBHIX NOPOXAalOT B G cBOGOA-
Hyl0 paspewnMyio rpynny cryneiH n (PomanoB-
cku#n H. C.//Anre6pa u noruka, 1977.—T. 16, Ne 1. —
C. 88—97).

PaccMoTpHM rpynnnl  KOHeyHoro pasra. Paweom
rpynnsl G HasbiBaeTcsl HaMMeHblllee YHCJAO 7 CO CBOM-
CTBOM: BCE€ KOHEYHO MOPOXKAEeHHHE NOArpynnu G nopox-
npawoTca He 6ojiee yeM r 3jJeMeHTaMH. Ecau Takoro uncnia
He CYIIeCTBYeT, TO roBopsT, 4ro G —rpynna GecKoHey-
HOTO paHra.

Mpumepn. 1) Ilycrs p— npoctoe uncio. Panr cu/ioBckoi
p-noarpynnu GL(n, Z/p™Z) He npeBOCXoAHT uucaa (5n— 1)n/2.
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2) Bce KOHeYHO NOPOXKAeHHble NoArpynnsl rpynmet 7T (2, Q) Tpe-
YroJIbHBIX MaTpHL TNOpsiAka n Haf Q SBJASIOTCH TPYNNAMH KOHEY-
HOro paHra.

Ksacc rpynn KOHEYHOro paHra 3aMKHYT OTHOCH-
TeJIbHO MOArpynm, gakroprpynn u pacuupenuii. Cienyio-
IMHH pe3yJbTaT BHISICHSET BJHSIHHE CTPYKTYPH aGeseBbIX
NOATpYNII pas3pellMMOf TpPYyNNBl HAa CTPYKTYpPy CaMod
IpYIMIbL

Besikasi paspemnMas rpynna, paHrid abeneBbIX NOA-
TPy KOTOPOH KOHEYHbl, caMa HMeeT KOHEYHBIHi paHr
(reopema Kapeanoaosa).

Cpenu paspelIMMHIX TPYNIl KOHEYHOro paHra HauGo-
Jiee H3yYeHbl MUHUMGKCHble 2pYynnoel, T. €. TaAKHE TPYIIHI,
B KOTOPHIX €CTb KOHEUHBIH psj, (paKTOpPH KOTOPOro YJOB-
JIeTBOPSIOT JIHGO YCJOBHIO MAaKCHMaJbHOCTH, JIH6O YCJO-
BHIO MHHHMAaJIbHOCTH JJsi moArpynm. Kiacc MHHHMakc-
HRIX TPYINIl 3aMKHYT OTHOCHTEJbHO moArpymn, ¢akrop-
IpyNn H pacilHpeHHH; paspellnMass MHHHMaKCHas rpynna
HMeeT KOHEUHHIH paHr.

Ecin A — aGeneBa MHHHMaKcHas rpymna, 1o A=
=B®C, rae C—KoHeUuHO TNOpOXKAeHHas TIpynna,
a B-—npsamas cyMMa KOHEUHOrOo 4YMCJa KBa3UUHKJHYe-
CKHX Ipymil.

Ecin G — paspelunMasi MHHHMakcHas rpynna, 1o B
Heit cywectByeT HopMaabHbli psn E J R  F ] G Tako#,
Y10 R — DpsiMOe NpOH3BeJeHHe KOHEYHOro YHCJa KBa3H-
nukauyeckux rpynn, F/R =TFitt G/R, F/R — nuabno-
TeHTHasi rpynna, G/F — KOHeYHO IOpOXKIEHHAs IOUYTH
abeneBa rpynna.

KoHneuno nopoxxjeHHasi paspeuiuMasl Tpynna KOHed-
HOro paHra siBJisieTcsi MHHHMaKCHOH rpynnoit (reopema
3aiiyesa—Pobuncona).

Ecin R — KOMMYTaTHBHOE KOJbLO C eAHHHLEH, TO
rpynna T (n, R) siBAsieTcss pa3pelIMMOH, NpHYEM ee KOM-
MyTaHT cofepxutcs B rpynne UT(n,R), a NOTOMY HHJb-
NOTEHTEH.

[Mycts G — paspewnMast rpynna Matpuu, G <<
< GL(n, K), u none K anre6panyeckn 3amkHyTo. Toraa
8 rpynne G cyulecTByeT TpHaHryJiupyemas (T. €. cO-
npsixkennass noarpynne u3 7T (n, K)) HopMajibHas NOA-
rpynna T KOHeyHOro HHAexca B (, He NpPEBOCXOASILLEro
HEKOTOPOTrO 4YHCJIa, 3aBHCSLIET0 TOJbKO OT n (Teopema
Koauura—Maaeyesa).

dta Teopema onpeaeasieT CTPYKTYpy JHHeHHOH pas-
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pelIMMOH IPyNib: KOHEYHOe pacIlHpeHHe TPYINH C HAJb-
MOTEHTHHIM KOMMYTaHTOM. Bce paspemnMele rpynnel, He
YAOBJIETBODPAIOIIHE 3TOH CTPYKType (Hampumep, cBoGoa-
Hble paspelllNMble TPYNNBI CTyNneHH [ = 3), He ABJAIOTCA
JIMHEHHBIMH.

Crynenb paspeminMoctd J1060# rpynnel G, Jgexaeft
B GL(n, K), rie K —nose, He MpeBOCXOJUT HEKOTOPOro
YHCJIa, 3aBUCSAINETO TOJNBKO OT A.

[Tycte G — KOHeyHO MOpOXKAeHHasi MerabeseBa rpyn-
na. Ecan npu stom G’ —rpynna Ges kpyyenus, 10 G
TOYHO OpEJCTAaBHMa MaTpullaMH HaJ [OJeM XapaKTepH-
cTuku Hyq1p (Pemecanennukos B. H.//Anre6pa u
qoruka, 1969.—T. 8, Ne 3.—C. 72—76), a ecau G’
ecTh p-rpynna, To G npeAcTaBUMa TOYHO MaTPHLAMHU HaX
noseM xapaktepuctuku p (Wehrfritz B. A. F.//Can.
J. Math. —1975.—V. 27, N 6.— P. 1355—1360).

Paspemnmas rpynna G KOHEUHOTO PaHra TOYHO Npen-
CTaBHMa MaTpHLAMH HaJ IOJeM XapaKTEPHCTHKH HYJb
TOTZA H TOJbKO TOrAA, Koraa B G CyHIECTBYET HOpMaJb-
Hasi HUJbNOTeHTHass noarpynna N 6e3 KpyueHHs, Takas,
yto G/N moutu aGeneBa (Mepsaskos O. H.//Ax-
reGpa u Joruka, 1968. — T. 7, Ne 3. — C. 63—104).

[IpuBegeM HeKOTOpHIe CBOHCTBA KOHEYHO OIpEJe/IeH-
HEIX paspeuwnMbix rpynn. pynna G, 3asaHHas KOAOM
G=/{a, s, tlat=aas, [s, t]=1=]a, a’]) saBasercs
MerabeseBoif, a ee KOMMYTaHT — cBoOoaHass abeseBa
rpynna GeckoHeuHOro paHra. Bosee Ttoro, kaxmas Ko-
HEYHO MOpPOXKAEHHAsi MeTabejeBa Tpynma MOXeT OBITh
BJIOXKEHAa B KOHEUYHO OMpejeseHHYI MeTabeJieBy rpynmy
(cM. [116]).

[Tyctb R — KOMMYyTaTHBHOE KOJbLO C eluHHUed. JLas
KaXxJ0# KOHEYHO MOpPOXKAEHHOH noArpynnel G TIpynin
T(n,R) cyumecTsyer KOMMYTaTHBHOe KOJbIO S, colep-
Kallee R, ¥ KOHe4HO onpejeneHnas noiarpynna G rpyn-
nu T (n,S), kotopas copepxut o6pas G B T(n,S) (cM.
[116]).

Mpumep. Ilycts R = Z[1/p] — Koabllo palHOHAJbHHX uHCEN,
3HaMeHaTeNb KOTOPHIX €CTb CTelleHb NpocToro uMcia p, G —rpynna
MatpHL, Gopmu ‘ .

1 2 = =)

|
(0 )
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HaJ KOJbIOM R c JIMaroHaJbHLIMH 3JeMeHTaMH BHIa p*, ke Z
I'pynna G koHeuHo ompeneneHa, a ee LEHTP COCTOHT M3 MaTpHl C
€HHCTBCHHOH 3BE3/0YKOi B TNpaBoM BepxHeM YrJjy, a NOTOMY H30-
Mopten R*; B uyacthHocTH, G — rpynna, UEHTP KOTOPOH He KOHEYHO
nopoxzeu (cMm. [116]).

KoneuHo onpefeneHHble MeTabesieBH IpPyHnbl MOXHO
XapakTepM3oBaTb NPH INOMOLIH reoMeTPpHYECKHX HHBa-
PHAHTOB, TEOPHsi KOTOPHIX Oblia pasuta bBupu u HUlrtpe-
GeseMm (cM. [116] ). [Tycte A — cBoGoaHas abeJieBa rpynmna
panra n, torga Hom(A, R)— aeificTBHTe/NIbHOE JHHEH-
HOe NPOCTPAaHCTBO Pa3MEePHOCTH n C eBKJIHIOBOH MeTpH-
koii. HasoeM 1Ba romoMoppHaMa 3SKBHBAJIEHTHHIMH,
€CJIH OHH OTJIMYAIOTCH JpPYr OT Apyra Ha MOJIOXKHTeJbHOe
JefcTBHTe/bHOE uHCJa0. KiaccH 3KBHBaJIeHTHHIX TIOMO-
Mop¢u3MoB [a] 6e3 Hy/s1 06pa3yloT KOMIAKTHOE TOMNOJO-
ruyeckoe npocrpanctBo S(A), usomoppuoe chepe S*!
B R”. [Ins kaxnoro a = Hom (A4, R) onpenenuM MHOXe-
CTBO

A,={a= Ala(a) =0}.

Torpa Aq— nmoayrpynma, u nyctb ZA,— MOAKOJBIO B
HeJOYHCJIEHHOM TIpynnosoM KoJgble ZA rpynnu A (mo-
crpoenne ZA, 3aBucHT ToJbkO OT [a]). Hakoueu, ans
KaXXJIOr0 KOHeYyHO mopoxpaeHHoro ZA-mopyias M on-
penenuM ceomerpuseckuil unsapuant Ty ={[a]e S(A)|
M xoneuHo mnopoxjieH Hax ZAq}; —3u — NpoTHBOMNO-
JIOXKHOe (Ha cdepe) MHOXKECTBO AJS I y.

Bynem roBopuTh, YTO KOHEYHO MOPOXKAeHHHIA ZA-Mo-
ayab pyunoid, ecan ZymU(—Zm)=S(A). OxasnBaercs,
YTO KaxKJoe pacllHpeHHe aJAHTHBHOH TpPYNNH PYYHOro
MOAYJss M ¢ noMolpl0 KOHEYHO MOPOXKAEHHOH abeseBOi
rpynnsl A sABJsieTcS KOHEYHO OIlpeJesieHHOH IpyNmo#.

Ilpennonoxum, 4yto G — KOHEYHO MOPOXKJAEHHas Me-
taGeneBa rpynna u G2°= G/G’. Ilyctb M — KOHeuHO
nopoxaeHHbl# ZG2°-Monysb, NOJYuYeHHHH H3 G’ neii-
ctBueM G2° npu noMouru conpskenui. Toraa caenyio-
IIHe YCJIOBHSl SKBHBAJIEHTHH:

(1) G — KoHeyHO ompejeJieHHasi rpynna,

(2) M >~ G2> — goHeyHO ompejeseHHasl Ipymnna,

(3) M — pyunoit ZG2P-MoAyJIb.

Ilycts G — koHeyHO nopoxiaeHHas AP-epynna, T. e.
pacuinpenue aGeseBoil rpynnue A nocpeicTBOM NOJIHIHK-
Jauueckoit G/A. Ilpespatum A B Z(G/A)-MonyJb, noJa-
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ras; urc G/A peiictByer Ha A conpsxeHusaMH. B cuay
KOHEYHOH onpejeNeHHOCTH INOJHUHKIHYECKOH TpyNIbl
G/A Mopyap A monyuyaeTcst KOHEYHO MOPOXKAEHHHIM, a
rpynnosoe koJiviio Z(G/A) yLZOBJIETBOPSIET YCAOBHIO MaK-
CHMaJIbHOCTH JUIS NpaBHX HAeaJsoB. MHorue Bompocel 06
AP-rpynnax ynaaercsa nepedOpMyJNHPOBaTb W pPEIUHTb B
TepMHHAX MOAYJel Haj rpyNMOBbIMH KOJbLAMH MOJHIHK-
andeckux rpynn. OcHoBonoJsararouleli B 3TOM HamnpasJie-
HUH sBJsieTcsl Teopema Poy3baetida — Xoara: ecan K —
anrebpavyeckoe pacllMpeHHe KOHeYHoro mnojas U G —
MOUTH MOJHUHKJIHYECKAs TIpynna, TO BCAKHH NpOCTOH
KG-monynbp koHeuHomepeH. M3 370l TeopeMmbl ciienyer
KOHEUHOCTb MOHOJIMTHYECKHX KOHEYHO IOPOXKAEHHBIX
UP-rpynn  (rpynna HasbIBAETCS MOHOAUTUHECKOU, ecCJd
nepeceyeHHe BCeX ee HEeAHHHUHBIX HOpDMaJbHBIX MOATPYIIT
TaKxe HeeAMHHuHO). Tak Kak sw6Gas rpynna annpoKCH-
MHpPYETCS CBOHMH MOHOJIHTHYUECKHMH (DakTOprpynmnam,
TO BCAKAas KOHEYHO MNOpoxjJeHHas YP-rpynna siBasieTcst
(HMHHTHO annpokcHMHpyeMoH rpynno#. [laa uupokoro
Kj1acca KOHeYHO NOopoXKAeHHBIX AP-rpynn mosayyeH 6GoJiee
TOHKHMH BapHaHT (HHHTHOH annpokchiMmupyemocTH. Mmen-
HO, nycTb G — KOHEYHO NOPOXKJAEHHas rpynna c abenesol
HopMaJbHOi moarpynnoii A, takod, uto G/A NOJNHUHK-
avuHa. Ecan A siBasiercs p-rpynnoii, To G noyTtH BCs al-
NPOKCHMHPYETCsl KOHeYHHMH p-rpynnamu. Ecan A —
rpynna 6e3 KpyuyeHHs, TO AJs NOYTH BCEX NPOCTHIX YHCEJ
p rpynna G nouTH BCS aNNpOKCHMHUPYETCS KOHEUHBIMH
p-rpynnamd  (Segal D.//J. London Math. Soc.—
1975. — V. 11, N 4. — P. 445—452).

PaccmoTpuM 0606LIeHHsT HHJAbNOTEHTHOCTH. OCHOB-
HBIMH M3 HHX SBJAAIOTCA TPH: JIOKaJbHast HHJBIOTEHT-
HOCTb, 3HTeJeBOCTb M HHJIbNIOTEHTHAsi aNNpOKCHMHpYye-
MOCTb. .

T'oBOpSiT, UTO rpynna A0KAAbHO HUAbNOTEHTHE, €CJH
BCe ee KOHEYHO NOpPOKAEHHHe MOArpYNNbl HHJABIMOTEHTHH.
JIoKa/JIbHO HHJIBNOTEHTHHIMH TPYNIaMH sIBJAAIOTCS:

1) rpynnnt UT (oo, K), K—mnoJje, siBAsioulnecss HH-
NYKTHBHEIMH mnpeaesamu cemeificts rpynn {UT(n, K),
n e N},

2) eunepuyenTpasvHele epynnel— rpynnel, obJaanalo-
11}e BO3PACTAIOUIHM LeHTpaJbHbHM PALOM;

3) epynnet ¢ HOpMAAU3ATOPHBIM YCAOBUEM — TPYIIIH,
B KOTOPHIX HOpMaJsusaTtop JI060H co6CTBEHHOH noArpyn-
nel cTporo GoJiblie 3TOA NMOArpyIHHL.
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Iloarpynnel u ¢akToprpynnsl JIOKaJlbHO HHJBMOTEHT-
HbIX TPYNI CaMHU JIOKAJbHO HHJBIOTEHTHH. PesysbraThl
n. 2.1 o MONOJIHEHUSIX H JIOKAJM3aUHAX NepeHOCSATCs Ha
JIOKaJIbHO HHJIBIIOTEHTHBIE TpPYyNnbl, W60 BO3HHKAIOIIHE
NpH MX J0OKasaTeJbCTBaX (YHKTOpHl IepecTaHOBOUHBI
C HHAYKTHBHBIMH IpelesaMH. )

DJIeMEHTBHl KOHEUHOrO TMOpsiKa JOKAaJbHO HHJIBIIO-
TeHTHOH rpynnsl o6pasyior noarpynny 7 (G), pasaaraio-
Lyiocsi B NpSAMOe NpPOH3BeAeHUE CBOMX CHJOBCKHX IIOJ-
rpynn, a BcsKasg MaKCHMaJjbHas mnoAarpynna rpynnu G
sABJsieTCsl HOpMaJbHOH. Bo BcsiKOH rpymnne nmpousBefeHHe
JBYX HOpMaJ/IbHHX JIOKaJbHO HHJbIOTEHTHBIX MOArpyII
€CTb JIOKaJbHO HHJBIOTEHTHAasl MNOArpynna (reopema
INrorkuna — Xupwa) . MNoarpynny, mopoxKAeHHYIO B IpO-
H3BOJIbHOH Ipylnile HOPMaJIbHBIMH JIOKaJbHO HHJILIOTEHT-
HBIMH TOATpYNNaMH, Ha3nBalT padukarom IlioTkuna—
Xupuwa.

Knacc € sHreseBbIx rpyII.CTPOro COAEPKHT KJaacc
JIOKaJIbHO HHUJIBIIOTEHTHBIX rpynn. MHoroo6pa3ue orpaHH-
YeHHBIX 3HreJieBHX rpynn @, cTporo cozepXHT MHOroo6-
pasue Bcex HHJBMNOTEHTHHIX I'PYNN cTyneHd [ << n.

JHresesa rpynna ¢ KOHeYHEIMH abeJieBHIMH NOATrpyI-
naMH sIBJIsIeTCs KOHEYHOH HHJbNOTEHTHOH Ipynmo#, B ua-
~THOCTH, KOHEYHasl 3HreJeBa Ipylna HHJbNOTEHTHa. Bes-
Kasi n-3HresieBa paspeimiumas rpynna 6e3 KpydyeHHS,
a Takxe n-3HreseBa JIHHeHHas rpynna HHJbIOTEHTHa.

I'pynna G HUABNOTEHTHO ANAPOKCUMUPYEMA, €CJH
ﬂ v»G = E. Bosee o6wo, nyctb ¥ — kaacc rpynn. Ipyn-

n
na G HasbiBaercs X-annpoxcumupyemoi (G < r¥), ecau

aasi  Besikoro ge G\ {l} cymecTtByer romMomMoppuaMm
¢: G—K, rne K= ¥, rakoii, uto ¢(g)7 1. BBeaem
0603HaYeHHs AJs KJ1accoB: N — KJacc BCEX HHUJBIOTEHT-
HEIX rpynn, R — KJIacC HHUJAbINOTEHTHHX rpynn 6e3 Kpy-

yeHHs], §p— KJaacc BceX KOHEUHBIX p-rpynm, R, — KJjace
HUJIBIIOTEHTHHIX TpPyNNn KOHEYHOTO p-NPHMapHOro Ie-
puoaa. O ciaeayloLMX HHXKe pe3y/bTaTax cM. B [88].

a) Kuaccu rpynnm zRo, rR, #Sp 3aMKHYTHI OTHOCH-
TeJbHO NOATPYNN H AEeKapTOBbIX NPOH3BeAEeHHH.

6) CBoGoaHble, CBOGOLHBIE HHJBNOTEHTHHE, CBOGOX-
Hble paspewnMble TPynnbl NpHHAgIexRaT KJjaccaM N,
M 1 RS,

B) Ilycts G — npoussoJbHas rpynna, §— dyHaa-
MEHTaJIbHBIH HAeaJ ee LEJOYHCJAEHHOrO TIpYIINOBOro
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o]

koJabna. Torpa n ¢” =0 Torza M TOJBKO TOr'Ja, KOrma

n=1
an6o G = N, 6o G THCKPUMHHHDPYET U 2, (rpynna
P

OJuckpumunupyer KJacc rpynn ¥, ecan pjsi Jio6oro Ha-
6opa x,, ..., ¥, G\ {1} cymecTByeT Tako# roMoMop-
busm @: G->K, K&, uto 9 (x)) # 1, ..., ¢(xn) % 1).

r) Oas cso6ommoit tpynnel F pamra =2 u N F
3KBHBAJNIEHTHHI CJIelyIOLIHe YCAOBHUS:

(1) FIN' & z%;
(@) ﬂI g"=0, rae G=F/N.

a) CpoGopHoe npoH3BelleHHe HHJbIOTEHTHO amMpoK-
CHMHPYEMBIX TFPYNN He 0053aHO GHITh HHJBIOTEHTHO all-
IIPOKCUMHPYEMOH TpYMNNOH; NMPHMEPOM CJYXKHT TCpyla
C(2)=C(3).

e) Kuaccel rpynn gfo # g8, 3aMKHYTH OTHOCHTEJILHO
CBOGOAHBIX MPOH3BEAEHHI.

Ipynna G g Ha3pBaercss HuUA6C800600HOL WM na-
paceobodroii paHra r, ecld OHa COLEPNKHUT CBOGOLHYIO
rpynny F paHra r, Takylo, 4TO €CTECTBEHHBIH TOMOMOp-
¢ousm  F/y,F — G/y.G sBasieTcss H30MOpHH3IMOM [Jisi
Bcex n = 1. I'pynna {a, b, clla?b? = c®) saBasieTcs HHUJb-
cBOGOAHOH paHra 2, HO He cBOGOAHOH rpymmoii.

T'oBopaT, 4TO rpynna A0KaAbHO paspeuiuma, eciu Bce
ee KOHEYHO NOpOXKJeHHble MOArPYNNH paspelwuMbl (cp.
c. 93). Iloarpynne u ¢akToprpynnbl JOKaJbHO paspe-
HIHMBIX TPYNI CaMH JIOKaJbHO paspewmuMbl. OTMeTHM
psl CBOMCTB JIOKAJIbHO pa3pelluMBIX Ipymil.

a) JlokanbHo paspelrnMasi rpynna Ge3 KpyuyeHHs KO-
HEUHOro paHra siBJIsieTCsl pa3pelnMoii.

6) JlokanbHO paspellnMble JHHeHHblE TPYNNb HAA
HOJIeM SIBJISIIOTCS Pa3pellnMEIMH.

B) Bcsikas nepuoamueckas JIOKaJbHO paapelinMast
rpynna, y KoTopoii panrud abesieBbiX MOArPYNN KOHEUHHI,
cama HmeeT koHeuHHit paHr (Fopuyakos 0. M.//[IAH
CCCP. —1964. — T. 156, Ne 1. — C. 17—20).

r) CymecTByer JOKaJbHO paspeuinmas rpynna 6es
KpyueHHss GeCKOHEYHOro paHra, Bce abeseBbl MOArPYNINbI
KOTOPO#M MMEIOT KOHeuyHbl paHr.

1) IlpousBeneHne ABYX HOpMaJsbHBEIX JIOKaJbHO pas-
pPelIMMBIX MOATPYNN TPYNNbl He BCErAa sIBJASeTCS JIO-
KaJIbHO pa3peliuMoii NoArpyniox.
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OrkasbiBasick OT YCJIOBHSI KOHEYHOCTH psila B onpe-
INe/IeHHH pa3pelllMMOH Tpynnbl, NoJyyaeM KJacchl 0606-
IEHHBIX pa3pellinMBIX Py, Ka3biBaeMble Kaaccamu Ky-
powa—Yepruxosa. IlepBble M3 3ITHX KJaccoB orpeje-
JSIOTCS CJAEAYIOUHM 06pa3oM:

SN—rpynna' obnajaer paspeliEMol cy6HOpPMabHOM
CHCTEMOH;

SN’ [SN\]—rpynna obJiafaeT paspelidMoi cHcTe-
MOH, BNOJIHEe YNOPAAOYEHHOH [0 BO3pacTaHHiO [mo yG6bi-
BaHHu];

SN — BcsKylo  CyGHOPMAJbHYIO  CHCTEMBI [PYIIIH
MOXHO YINIOTHHThL A0 pas3peliMMod cyOHOpPMaJibHOH CH-
CTeMBL. EC/IH B 9THX OlipefeJeHHsIX 3aMeHHTb CJIOBO «Cy0-
HOpMaJbHAasA» HA CJOBO «HOpMaJ/bHasA», TO MOJyYyaeM CO-

oTBeTcTBEHHO Kiaaccwl: SI, SI” [SI)], SI, ecan xe 3ame-
HHTb CJOBO «CYyGHOpMAasbHAsi» HA CJOBO <UEHTPaJbHas»,

TO NMOJiyuyaeM COOTBETCTBEHHO KJjaaccw: Z, Z” [Z'], Z.
I'osopsT, yTOo A/ abGCTPAKTHOTO TEOPETHKO-TPyIno-
BOIO CBOHCTBA CIpaBeIJIHBA /AOKAAbHAS Teopema, €ecJu
BCsIKas FPYIIa, JIOKaJdbHO 00Jajxaiouiast 3THM CBOHCTBOM,
cama 06:1a,uaeT 3TUM cBoiicteoM. [Ina cBoifictB SN, S/,

Z, SN, SI, Z cnpaseannsa JoKa/dbkas Teopema (Teo-
pema Ma,zbqeaa).

§ 3. I'pynnbl ¢ DONOJHUTEJNbHOH CTPYKTYpPOiH

CrcTeMaTHyecKoe H3JI0XKeHHe Oo0LIell TeopHH TONOJO-
THYECKHX CPYIIN MOXKHO HaliTH B Mororpadusx [7], [8],
[52], [58]. Teopuu ymopsijlOYeHHBIX TpYIill IOCBSLIEHHI
monorpaduu [20], [22], [39], [72], a Teopuu mnpoko-
HeuHwIx rpynnm — [25], [57], [104].

Bce HeoGxonuMmble 1151 HOHHMaHHA (akTel #3 oOLied
TOINOJIOTHH HMeloTcsi B KHHre Keasun [19].

3.1. Tonosoruueckue rpynnbl. MuoxectBo G, aBJsiio-
meecst OJAHOBPEMEHHO IpyNnol M xayciopdoBLM TOMOJO-
THYECKHM MPOCTPAHCTBOM, Ha3biBAETCHA TONO.02UHECKOL
epynnod, ecsy TPYNNOBbHE ONepaliy HenpepoiBHH. Pop-
MaJIbHO 3TO BbIpaxaercs B TpeGOBaHHH HeNpepbiBHOCTH
oTtobpaxeHus (x, y)—> xy~! H3 NPAMOro MPOU3BELEHHA
npocrpaicte G X G B mpoctparcTBo G. B sTom cayuae
TONOJIONMSI HAa MHOXECTBe 3JIeMeHTOB rpynnbl (G Hasnl-
BaeTCs 2pPYnnosol.

T'oBopsT, uto TomoJsiornyeckass rpymnna G odJiajgaer
KaKHM-JHGO TOINOJOTHYECKHM CBOHCTBOM (KOMIIAKTHE, AH-
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CKPeTHa, CBfi3HAa M T. M.), €CJH 3TUM CBOHCTBOM o6Jsa-
NaeT TONOJOTHYecKoe npocTpaHcTBO G. Aare6Gpanueckue
cpoiictBa G (abesneBOCTb, HHMJBIIOTEHTHOCTb H T. 1.) OT-
HOCATCA K ee I'PYNIOBOH CTPYKTYype.

Tomomopgpusmom ronosoeuyeckod epynnet G B TOIO-
JIOTHYECKYI0 rpynny H HasbiBaeTcsi HelnpepLIBHOE OTO-
6paxenne ¢: G —H, sBasoleecs TroMOMOPHH3IMOM
rpyan (r.e. @ (g182) = ¢(g1) p(g2) Aus Beex gy, &2 € G).
Hacto roMoMOp(H3M TOMOJIOTHYECKHX TPYII Ha3bIBAIOT
HelnpepulBHEIM romoMopdusmom. 'omomopdusm ¢: G—
— H HasbiBaeTcsi (TONMOJIOTHYECKHM) U30MOPPU3IMOM,
ecsaM cyuiecTByer romoMopdusm ¢: H— G Tonosoruye-
CKHX TDYyNI, ABJSIOLHACA 0OpAaTHBIM K ¢ OTOOpaXKeHHeM.
B 31oM cayuae TtomoJoruyeckue rpynnsl G W H Hasml-
BaloTcs  uzomoppuoimu (c  OGHIYHBIM 06O3HaAYEHHEM
G~ H)*).

Ons moboro g = G otobpaxeHus lg: x+—>gx (Je-
BBl CHABHI) M rg: X+—>xg (NpaBbli CABHT) SBJAAIOTCSA rO-
MeomopduamMamu npocrpanctsa G. Ilostomy npocrtpah-
ctBo G OZHOPOAHO; AJs JOOBX a, b & G romeoMopdH3M
l,,~1 TICDEBOJAMT TOYKY @ B TOYKYy b. B uyactHocTtH, al-

CTPAaKTHBI roMomop¢pusMm ¢: G — H HempephiBeH, ec/iH
OH HempepbiBeH B einHHULe € & (.

H3 onHoponHoctH G BhITeKaer, 4to TomoJorusi G omn-
pelensieTcsi ee TONOJOTHeHl B TOuKe. A HMEHHO, €CJH
{Ui|i = I}— 6a3uc okpecTHocTedl eauHuubl rpynnel G,
To cemeiictBo {gU:|g = G, i = [} saBasercs 6asucom TO-
nosioruu npocrpaHcrea G.

Kpurepuit 6a3uca B eAMHHLe: ceMeHCTBO U MOAMHO-
*KecTB abcTpakTHOH rpynnbl G, Kaxaoe H3 KOTOPBIX CO-
AepxKHT eluHuHuy e G, ABaserca 6a3HCOM OKPECTHO-
cTell eNMHHMIb HEKOTOPOH TIpyNmoBoH TonoJorud Ha G
TOrga ¥ TOJIbKO TOrJa, KOTJa BBINOJIHEHH CJelylolue
yCJIOBHS:

a) pasa Jgwobeix U, Vel n aaa 11000f TOYKH x &
& UNV cymecrsyer takoe Well, uto xW=UNV,

6) aas awbero U& Ul Haiigercs Takoe W e U, uto
wWwW-t= U,

*) B wexorcpmix cTaphix paforax romMomopdu3Mami TOMNOJOTH-
YECKHX TpyINl Ha3LIEAJMIHCH TCJBKO OTKPBIThiE HENPEPRIBHbLIE FOMO-
MOD(MH3MBL, & roMOMOP(MH3MBI B HalieM ONpPejie/eHHd — MpejcTaBIe-
HEsiMH. OCHOBAHWEM [JS TAKOH TEPMHHOJIOTHH CJIYXHJIO TO, 4YTO
TeopemMa 06 H30MOP(M3ME /S TONOJOLMYECKHX TPymn (cM. jajee)
cripaBeiuBa L1 OTKPBHITHIX HeNpepbiBHBIX TOMOMOP@H3MOB.
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B) ans gawb6oro U< Ul U npoH3BOJNLHOIO 3JEMEHTa
g = G cymectByer Takoe W & U, uto gWg~! = U;

r) nepeceyeHHe BCeX MHOXeCTB H3 U COAEPKHT TOJb-
KO eJHHHLY e (YyCJOBHe XaycAOP(OBOCTH).

Haumenbmas MomHocTe 6a3bl OKpecTHOCTeH efH-
HULB ToNoJiornueckoi rpynnel G HasblBaeTcf ee /40-
KaabHoim gecom U o6Go3Hayaerca wo(G); BecoMm G
Ha3blBaeTCs HauMeHblIass MOILHOCTb @ ((G) 6a3el TOMOJO-
rud rpynnel G. Tonosoruveckas rpymna G yAOBJETBO-
psieT nepsol axkcuome c4eTHOCTU [8TOpol axkcuome cuer-
HOCTU], ecsid ee JIOKaJbHBIH Bec [ee Bec| cuereH.

[IpocTpaHCTBO TOMOJIOrHYeCKOH I'PYNNBlL BIIOJNHE pery-
JSpHO *).

CylecTBYIOT TONOJIOrHYECKHe PYNNLI, NMPOCTPaHCTBA
KOTOpPHIX He SBJAAIOTCA HOpMaJbHBIMH. [IpHMep Tako#
Tpynnel 6yAeT NpHBeJeH HHXKe.

[IpocTpaHCTBO JIOKAaJbHO KOMIAKTHOH TONOJOrHYe-
CKOH Tpynnbl HOpMaJbHO.

ITpumepn Tonmoasorumueckux rpynn OgnHoit u3 ue-
Jleft 3TOro MepeuHsi SIBJAsIETCA BBeJEHHE CTaHIApTHbIX 0603HaueHHH
S psiZa 9acTo BCTPEUAIOUIMXCS TONOJOTHYECKHX TPYIIL.

1) ApauruBHas rpynna R” n-MepHOro BeKTOPHOrO NpPOCTpaH-
CTBAa HajA MoJeM BeLIeCTBEHHHX UHCEJ C OOGBIYHOH TOMOJIOrHed.
Ipynna R” yacto Ha3bIBaeTCH MN-MEPHOL BeKTOPHOLU epynnoil.

2) Tpynna Z ueanix uucea ¢ AHCKPeTHOH Tonosoruei. My.ubTH-
naukaTHBHas rpynna T KOMIVIEKCHBIX 4ucea MoAay.as 1 ¢ TomoJo-
rHeil HHAYLUHMPOBAHHOH TONOJIOTHEHl KOMIUIEKCHOM maockocTH. [pyn-
na T Ha3biBaeTcss 2pYnnol OKPYMHOCTU HIH OOHOMEPHbIM TOPOM.

3) ApauruBHas rpynna Z, HeJnX p-agHYeCKHX uHces; OGasHc
OKpecTHoCTell HyJst oOpasyiorT noarpynnsl p™Z, m = 0. AXAHTHB-
Has rpynna Q, Bcex p-aaHuyecKHX 4Hcea; rpynna Z, siBasercd B Qp
OTKPBITBIM MHOXXECTBOM.

4) Tosusle aunefinne rpynnsl GL(n, R) Haj mojem BellecTBeH-
HHX 4Hcen R u GL(n, C) Han moisem koMmiekcheix uucenm C. To-
nosoruss Ha GL(n, R) wHAyunupyercss TomoJIOrHeH n2-MepHOro Bek-
TopHoro mpoctpanctBa R™, B KoTOpoe OHa ecTecTBeHHbIM o6pasoM
BKJIaJbIBaeTcs; aHanoruyuo s GL(n, C). DksuBaseHTHas TOMOJO-
rHs 3ajpaercsi 6asHcoM cHCTeMBl OKpecTHocTeHl efuHuubl {Wn|m =
=1, 2, ...}, rae Wn cocTOHT u3 Takux Matpuu (a;), uro |ax— 1],
laij] < 1/m dna Beex 1 < i< j<n.

5) I'pynna ynurapuux Matpuu U(n, C) — moarpynna GL(n, C)
C HHAYUHPOBAHHON TOMOJIOTHEN.

Bce mepeuncsieHHBle Bhillle FPYMNNH JOKaJbHO KOMNAKTHH, TPYI-
na Z auckperHa, rpymnal T u U(n, C) komnaktuu. Ipynnu R?, T,
GL(n, C), U(n, C) cBsi3uu, rpynnat Z, u Q, BrOJHe HECBS3HH,

*) Ilosnas peryJspHOCTb NPOCTPAHCTBA TOMOJOTHYECKONH TpyI-
NN sIBJSleTCs, Ha caMoM JeJle, cileacTBHeM GoJiee ciaGoro, ueM xayc-
A0pHOBOCTh, YCJOBHSA: HOCTATOYHO MOTPEGOBAThH 3aMKHYTOCTH OMHO-
TOYEHHRIX NMOAMHOXKeCTB (aKCHOMa oTAeaumoctd To).
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IlpousBosbHast aGcTpakTHAs Trpynna, cHaGXeHHas
JUCKPETHOH  TOMOJIOTHEH, SBJASETCH  TONOJIOTHYECKOH
rpynmno#.

Jlio6as xaycaopdoBa TOMOJIOTHSI Ha KOHEYHOH rpymme
nuckperHa. CyliecTBYIOT TakXke OeCKOHeYHble TpYIIEL,
Na)ke CYeTHble, HAa KOTOPHIX HeJb3sl OIpeleJHTb HeLH-
CKpeTHYI0 (XaycAop(oBYy) TrpyNnmoBYyIO TONOJOIHIO,

ITpumep. CueTHOl HETONONOrH3HPYEMOH TPYNNOH MOXKET CIy-
XKutb rpynna G = A(m, n)/C™, rge A(m, n)— noctpoenHast B [1]
rpynna 6e3 kpyueHus, ueHtp C kotopoi usomopder Z, a dakrop-
rpynna A(m, n)/C — GeckoHeuHasi Trpynma HeYyeTHOro HepHOJa
m = 665. B rpynne G KaXXAbli HeeAMHWUYHHI 3JEMEHT INpHHalJe-
XKHT OJHOMY H3 CJeAYyIOLIMX m 3aMKHYTHIX £ JI060A rpynmnosoii
Tomosorun moamuoxkects: Ko = {dy, di, ..., dm—1} — Bce Heenu-
HHuHble 3jeMentH M3 C/C™, Ki= {ge=Glgn=dy}, i=1, 2, ...
..., m—1. INostomy {e} — Bcerna oTKpuTOe B G IOJMHOXECTBO
(Oapbwaunckuit A 10.//Bectn. MI'Y. Cep. mar., mex. — 1980. —
Ne 3.—C. 103).

Bcesikas GeckoHeuHas abesieBa rpymnmna JONYCKaeT He-
JHCKDETHYI0O TpYNIOBYI0 TONOJIOTHIO; MNOApOOHEE CM.
n. 3.2.

[IpuBeneM omuH H3 HaubGojee pacnpoCTpaHEHHHIX
npueMoB TtomoJsorusauuu rpynn. Ilycte B rpynne G 3a-
JlaHO HeKoTopoe ceMeHcTBO noArpynn U, obaanaiouiee
CcleAYIOUIMMH CBOACTBaMH:

a) pas gaobux H;, H, u3 U naligercs Takas NOA-
rpynna Hy = UI, yto Hy << H1 1 Hy;

6) eciu Hell, g= G, o gHg ' 1;

B) mNepeceyeHHe BceX MOArPyNm H3 Ul COCTOHT TOJBKO
H3 eIHHHIH e & G.

MuoxecTso U yHOBJETBOpSieT YCJIOBHAM KpHTepHSA
6asnca B equHHLE H MoXeT OBITb B35iTO B KayecTBe 6a-
3HCa OKpecTHOCTeH eJMHHUB HEKOTOpOH TpynmnoBoH TO-
nosiorud Ha G. [losyunBuIasics TOmoJiorHYecKas rpymnmna
G sBJsIeTCS BNOJIHE HECBSA3HOH.

THOMYHEIM TNPUMEPOM TONOJOTHH TAKOro BHAA SB-
JIsieTcsl TOINOJIOTHS TMOATPYNN KOHEYHOr'o HHAeKca Ha ¢H-
HUTHO ammnpokcumupyeMoii rpynne. MoxHo 6paTh He Bce
MOArpynnbsl KOHEYHOTO HHAEKcCa; Hampumep, p-ajuyeckas
Tomosiorusi Ha rpynne Z 3agaercsi 6a3uMcoM OKPeCTHOCTeH
HyJss u3 moarpynn p"Z, m =0, 1,2, ...

Eme oxuH npHMep — (pHHHTApHAasi TOMOJIOTHS Ha
rpynne Symm (X) NoZCTaHOBOK HEKOTOPOrO MHOXKECTBA
X. BasucoM oOkpecTHOCTell eIMHHIH OODBABJSAETCH CH-
crema noarpynn Hrp={c & Symm(X)|o(x)=x ana
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moboro x & F}, rae F npoGeraer Bce KOHEYHble NOJA-
MHOXEeCTBa MHOXccTBa X.

B KxauectBe 4acCTHOTro cJjydasi NOJYYAeM TOHOAOZUIO
Kpyaas na rpynne T'anya G(L/K) GeckoHeyHoro pac-
wupenust I'anya L/K noneit. I'pynna G(L/K) cuuraercs
BJOXeHHOH B Symm (L) u cHaGxaercsi MHAYUHPOBAHHON
tonosorneli. I'pynna I'anya G(L/K) siBasieTcst KOMIAKT-
HOH H BIIOJIHE HECBS3HOH rpynioi.

Ilodepynnoii H Tonoaoeuweckoii epynnet G Ha3bl-
BaeTcss ee NOArpynna (B aJjre6panueckoM CMBbICJe),
CHabXXeHHast TOMOJIOTHeH, HHAYUHDPOBAaHHOH TONOJIOrHEH
npocrpanctsa (. Iloarpynnma TomoJoruieckofl rpymnmnsl
ABJsETCS ToNoJiornueckofi rpynnoii. 3ambikanue H mox-
rpynnbel H B G TakXe ABJsieTCA nonrpynnoﬁ Econ H —
HOpMaJIbHasi TMOATPYNIa TOMOJNOrHYeckod rpynnsl G, TO
3aMblKaHHe M — TakxXe HOpMaJbHas NOArpyIna. ano
Ker ¢ HenpepniBHOro romoMmopdusma ¢ rpynnsl G B
rpynny H sBAseTcss 3aMKHYTOH HOpMaJbHOH MOA-
rpynnoi.

IMoarpynna H Ha3bBaeTcss /A0KAAbHO 3AMKHYTOU,
ecJqu aJs Jao6oit ToukH h & H naiigercs Takas ee oKpe-
crioctb U B G, uto U H 3amkuyto B U. JlokasabHo
3aMKHyTass NOATpynna siBjsieTcsl 3aMKHyToH. B uactHo-
CTH, 3aMKHYThl OTKPBIThle H JIOKAaJbHO KOMIAKTHBIE NMOA-
rpymmsl.

Has no6oro nogMHoxKecTBa X TOMNOJOTHYECKOH rpyn-
nel G CcyllecTByeT HaHMeHbllas 3aMKHyTas INOATpynna

(X), nopooxdennas (MHOrJa rOBOPST TONOAOZUYECKU NO-

poxcdennasn) nodmuoncecreom X. Ioarpynna (X) cosna-
JlaeT ¢ 3aMblkaHHeM nmoarpynnel (X).

DJleMEHT g TONOJIOTHYECKOH TIpyNNBl Ha3biBaeTcs
KOMNAKTHOLM, €CJH TOPOXKIAeHHass HM moiarpynna (@)
KOMNaKTHa, H 4ucroeim, ecau (§)={(g)~Z. B snokajbHO
KOMIAKTHON Ipynile BCAKHH 3JieMeHT JHOO KOMIIaKTeH,
au60 4YHCT. DTO BHITEKaeT M3 cJjexnymwollero 6oJee 06-
wero ytepxieHus: ecan H ~Z nau H~R n ¢ — He-
npepbiBHEA romomMopduaM [ B JIOKaJbHO KOMNAKTHYIO
rpynny G, To au6o ¢ — u3omopduam H Ha moarpynny
¢ (H) rpynns G, mu6o @ (H) — komnakTHas nmoarpynna G.

Jas 3aMkHyTOH noArpynnsl H TomoJioruiyeckod rpyn-
ne G MpOCTPAHCTBO CMeXHbIX KiaaccoB G/H (ans on-
peAeJIeHHOCTH, JIeBbIX) CHa6XaeTcsi TOMOJIOTHEH, B Ko-
TOPOH OTKPBITHIMH NOJAMHOXKECTBAMH CUHTAIOTC 00pasH
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OTKPBITBIX NMOAMHOXecTB G NPH KaHOHHYecKOM orobpa-
XeHud @: G —G/H, g—> gH. OtobpaxeHHe ¢ aBTOMa-
THYECKH OKa3blBaeTcs OTKPHITHIM. Omnpele/eHHas Bhllile
TonoJioruss Ha G/H coBnajaer c¢ ¢akTopTONOJOTHEH;
ec/JH AN HEKOTOPOro TOMOJIOTHYECKOro mpoctpaHcrtBa X
u otobpaxenusa y: G/H —X komnosuuus yx¢: G—>X
HelpepbiBHA, TO y — HeNpephlBHOE OTOOpaXeHue.

Tononornueckoe npocrpaictso G/H opnopopso. U3
3aMKHyTOCTH [ B (G BBITEKACT MOJIHas peryJspHOCTDb
G/H.

Ecau N —3aMkHyTass HOpMaJibHas TNOArpynmna, TO
npoctpanctBo G/Nc¢ o6biuHbIM yMHOXKeHHeM (xN) (yN) 75

= XyN SIBJISIETCS TOMOJIOTHYEeCKOH rpynmno#, ¢gaxrop-

epynnot G no N. KanoHuueckoe otobpaxeHue ¢: G—
— G /N — HenpepbIBHbI H OTKPHITHIA CIOpBEKTHBHBIH rO-
MOMOpP®H3M (ecTecTeenHblli 2oMomMoppusm).

Teopema 06 uzomopgusme: ecan ¢: G— H — Henpe-
PBIBHBII U OTKDBITBIH CIOpBEKTHBHBIH rOMOMOP(HU3M, TO
H ~ G /Ker ¢.

[Mpuwmep. FoMmomopdusm x —> e R > T HHIYLHpYeT H30-
mopduam R/Z ~T.

Ecnu ¢ TOJNBKO HempepbiBeH, TO OH HHAYLHPYET JHULIb
HenpepbiBHBIH  a6GCTpaKTHHIA  H30MOpPHH3IM  Ipynnnl
G/Ker ¢ Ha H. He Bcsikuil HenpephBHHH roMOMOPQH3M
OTKPBIT: TPHUBHAJbHBIA TpHMep — TOXKAECTBEHHOE OTO-
6paxenne id: Ga— G, rie G — HeAHCKpeTHasl TOMOJIOTH-
yeckas rpynna, Gy, — Ta Xe rpynna ¢ AHCKpPeTHOH TOmO-
Jioruei.

Ecau G, H — noka/JbHO KOMNAKTHHE FPYINNbl, a TPyM-
na ¢ O0-KOMMAaKTHa, TO HeNpepuBHbIH roMomMoppusm G
Ha H Bcernia OTKpHIT.

HanoMHHM, 4TO O-KOMNAKTHbIM Ha3bIBaeTCs TOMOJIO-
rHYyeckoe NPOCTPAHCTBO, MpelJCTaBHMOe B BHIe OObelH-
HEHUS CYETHOro ceMeiicTBAa KOMIAKTHHX IIOJAMHOXECTB.
Jloka/bHO KOMNAKTHHE TpPYNNH CO BTOPOH aKCHOMOH
CYETHOCTH, a TaKXe CBSI3HBE JIOKAaJbHO KOMIAKTHBIE
rpynnsl, G-KOMMNaKTHHL.

Ilycte H — 3amkHyTas noArpynna, N — 3aMKHyTas
HOpMaJibHas noArpynmna rtomnoJorHyeckod rpynnu G. Ec-
TecTBeHHHH romomopduam G Ha G/N HHAyUHPYeT H30-
moppusm H/HNN ~ HN/N, ecin nub6o N KoMNakTHa,
au6o noarpynnal H u HN JoKaJbHO KOMNAaKTHH, a H



182 r'J. 11. TPYMNIIbL

o-KoMNakTHa. B o6meM ciyuyae 3TO yTBep:AEHHE Me-
CTa HE HUMeeT.

[lyctse N << M — nBe 3aMKHYyTHe HOpMaJlbHEIE MOJ-
rpynnel rtomoJsioruyeckoir rpynner G. Torma G/M ~
=(G/N)/(M/N).

Ecan B onpeneJsieHHH TOMOJIOrHYECKOH Tpynmbl OTKa-
3aTbcsi OT TpeGoBaHHA XaycHopdoBocTH, TO 3aMblKa-
e {€é} B G efuHHUBl SBJSETCS HOPMAaJbHOH MOArpyIm-
noit u G/{é} — xaycnopdona rpynna. [Ipu stom npous-
BOJIBHBEIH HenpepuiBHEIE roMomopdusm ¢ rpynnsl G
B xaycgopdoBy rpynny H npomyckaercs yepe3 ¢dakrop-
rpynny G/{é}, T. e. p=19'Q AAT HEKOTOPOro Hempe-
psiBHOro romomopdusma $’: G/{é} — H u ecrecTBEHHOrO
¢: G—G/{e}. daktoprpynna G/N MoxeT GHTb ompe-
JeseHa M NJs He3aMKHYTOH HODMaJbHOH moarpynmner N;
npu stoMm {&}=N/N, ruoe e, — enuuuua G/N.

Ecnu N — 3aMkHyTas HopMmanabHas noarpynna G, To
6yaeM roBOpHUTb, YTO TOMNOJIOrHMYeckas rpynna G sBjiser-
cs pacwupenuen rpynnel N nocpeicrsom G/N.

Teopema o pacwuperuu: ecnu N — HOpMmaJbHasi NMoj-
rpynmna TtonoJoruyeckoii rpynnuel G M obe rpynnel N 4
G/N KOMNakTHH [JIOKaJbHO KOMIAKTHBI|, TO rpynna
G TakXKe KOMMNAaKTHa [/0Ka/IbHO KOMMAaKTHa].

B TtonoJsoruueckoii rpynme (G cBs3Hass KOMIIOHEHTa
eauHHubl (o sBJAseTCS 3aMKHYTOH HOpMaJbHOH TMOX-
rpynnofi. CBsI3HOH KOMIIOHEHTOH 3jleMeHTa g & G GyHer,
B cuJy oaHopoxHocTH G, cMexHBH Kaacce gGo. Takum
o6pa3oM, ¢akroprpynna G/G, COCTOHT H3 KOMIIOHEHT
CBSI3HOCTH mpocTpaHctBa G.

Ipynna G/G, BnonHe HecBsi3Ha (T. e. ee CBs3Has
KOMIIOHEHTa COCTOHT TOJIbKO H3 enuﬂuuu) HOns nokanb-
HO KOMIIaKTHHIX TPYNNBI M3 NOJHOH HEeCBA3HOCTH BHITe-
KaeT HyJbMEPHOCTh IPOCTPAHCTBA.

Ecan G — nokaJbHO KOMIAKTHAA buuJiHE HeCBA3HAs
rpynna, TO KaxJas OKPeCTHOCTb eAuHHUB G conep-
XKHT OTKPHITYIO H, CJIel0BaTe/IbHO, 3aMKHYTyi0 IOA-
rpymmy.

B /11060ff QKPECTHOCTH eAMHHIILI- KOMIIAKTHOH BIIOJIHE
HECBSI3HOH TpYyNOBl COAEPXKHTCS OTKPHITas HOpMaJjbHas
NOArpymna.

Ilycts N — 3aMKHyTas HOpMaJbHasi NOArpynna Jo-
KaJbHO KoMmnakTHoi rpynnul G. Toraa cesisHas KoMmno-
HeHTa eAuHHUH rpynnn G/N paBHa 3aMHKaHHI 00pasa
G, npu eCTeCTBEHHOM roMOMOpdu3Me.
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Ecan G — cBa3nas TonoJIorHYeckast rpymmna, To CBf-
3eH ce o6pa3 INpH NPOH3BOJLHOM HENPEPHIBHOM TOMO-
Mop¢usMe. [Toarpynnel ¥ ¢akTOprpynns BIOJHE HECBsI3-
HCH Tpynnel TakXe BIOJHe HecBA3HH. Ecau N — Hop-
MaJibHas NOArpynna TomoJorH4Yecko rpynnel G H obe
rpynnsl N u G/N CBS3HH [BNOJIHE HECBSI3HHI|, TO H
rpynna G cBsi3Ha [BroJiHe HeCBS3HA].

BeeneM npsmele npoussegenus. Ilyers {G;|ies [} —
ceMefiCTBO TomnoJsiorHueckux rpynn. Ero npsamoe npous-

8edeHue H Gi onpeneasieTca Kak IE€KapTOBO (HJIH noJi-
[X=F1

Hoe npsiMoe) npousBeneHue rpynn G;, i [, cHaGxeH-
HOe TUXOHOBCKOU TOnoso2ueli: ©6asHcoM TOMNOJIOTHH

06bfBJSETCH CHCTEMA IMOAMHOXECTB BHJA _HIUi, rue
=
U; — otkpuiThle nonMHOXecTBa B G,;, npuuem U;=G;
RJs TOYTH Bcex (Bcex 3a HCKJIOUeHHEM KOHeYHOro
qHcaa) HHAEKCOB [ [,
[IpsiMoe npou3BeleHue KOHeYHOro uHucjaa rpynn Gy,
G,, ..., G, o6biuHO o6o3nauaercss G, X Ga X ... X Gp.
Has kaxnoro noxmuoxecrsa J =/ onpeneneHa npo-

eKuus pry: 11;[[ G, > 11;[! G, nepeBonsmas Ha6op (x;), -,

B «yceueHHbIH» HaAGOD (X;); ., Pr, — HENpEpPHIBHbIA H
OTKDGLITHIH TOMOMOP(DHU3M.

TlpsiMmoe mpousBenenue zH G; ceMeiicTBa TOmNO-

eJ

JIOTHYeCKHX Tpynm BMmecTe ¢ HaGopoM MpOeKUHH pr;,
ie I, oxHO3HAaYHO onpejesseTcss CJeAYIOUIHM YHHBep-
CaJbHBIM CBOHCTBOM: JJIfl IPOH3BOJILHOI'O MHOXECTBA He-
npepLIBHBIX IOMOMOP($H3MOB ©; HEKOTOPOH TONOJIOrH-
yecko# rpynnel H B rpynnet G;, i € I, cymecTBye! efHH-

CTBEHHBIH HenpepbBHEIA romMomopdusm ¢: H — II G,
lel

YIOOBJETBOPSAOIWHA AJASA KaXJoro [ &/ COOTHOLIEHHIO
P = (pr;) o 9.
CBfi3Hasi KOMIIOHEHTA eIMHHILl IPAMOro NpOH3Be-

AEeHHS iI—_[[ G, paBHa .HI G, rae G,y — cBs3HAaA KOMIO-
(=] P =

HeHTa exuHuub rpynnb G;, i [l.

Ecan Bce rpynnwe Gy, i =, KOMNaKTHH, TO 1I G;
il

TaKXe KOMIAKTHO.
ITpsaimMoe npousseaeHue cemeficTBA JIOKAJbHO KOM-
NaxkTHeX rpynn G; i€ [, NOKaJbHO KOMIAKTHO TOTAa
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H TOJIbKO TOTJa, Korja rpynnel G; KOMIAKTHB AJs MOYTH
Bcex [ /.

Ecan npsaMoe IMnpoHU3BeAE€HHE 1—_[ Gi HOpMaJbHO, TO
iel

oas Bcex [/, kpoMe, BO3MOXKHO, CYETHOrO 4HCJa,

rpynnsl G; CUETHO KOMIAKTHBI (T. €. B3 BCSIKQrO IIOKpPHI-

THs rpynnel G; CYETHBHIM CeMeHCTBOM OTKPBITBIX MHO-

JKECTB MOXKHO BbIOpaTb KOHeYHOe MOAMOKphiTHE). [lo-

cjelHee YTBEpXKAEHHE INO03BOJISEeT AaThb CJEAYIOLIHHA sB-

HbIl MpHMeEp TOMOJOrHUECKOH TPYMIB], NPOCTPAHCTBO KO-
oo

TOPOH He HOpPMaJIbHO: NpSIMOe NpOH3BeJeHHe HZ cuer-
i=1
HOTO YyHucJa AUCKpeTHhIX rpynn Z.
Hast awo6oro mnoagmHoxecTBa J </ COBOKYMHOCTb

TaKUX 3JeMeHTOB (x;) HGi, YTo X;=e¢€ AJS1 BCeX
iel
i & J, sBasieTCs 3aMKHYTOH NMOATPYNNOH T'PYMIbI II G,
il
H3oMop¢HO# II G;. B cayuae J={i} sty moarpynny
jiel

o603HaYUM uyepes G;; oA Kaxpnoro [/ G; -— HOp-
MaJbHas NMOArpymnmna H G;, Ha3biBaemasi HHoOTjAa nps-
iel

MbIM COMHOXHTeJeM. 'oBopsar, uto rpynna G ectb nps-
Moe npou3gederue HEKOTOPOH cucTemo. CBOHX 3AMKHY-
Tolx HOopmaasbHolx nodepynn N;, i & [, ecnH cyuwecrByeT

nsomopdbusm G~ HGi, nepesoAsiiuii N; B npsMble
il

1
comuoxutean G, i .

CohopmyHpyeM KpPHTEPHH PAasJOXKHMOCTH B NpsaMoe
npoussejenne. a) Ecaun rpynna G sokaabHO KOMNakTHa,
Ny, Ny, ..., N, — 3aMKHYTble G-KOMMAKTHble HOpMaJb-
Hble moarpynnbl G, To G sABJAsieTCS HX HPSMBIM IPOH3-
BeJEHHEM TOrjAa H TOJbKO Toraa, korna G=N,N,... N,
UMNNy. ... N, NNy, y=E nnsascexk=1,2, ..., m—1.
6) Komnakthas rpynna G siBjasiercsi NpsiMbIM NPOH3Be-
AenneM cemeiictBa {N;|ie ]} cBOMX 3aMKHYTHIX HOp-
MaJIbHBIX NOArPYHN TOrAa M TOJbKO TOrga, koraa G To-
MOJIOTHYECKH NOPOXKAAEeTCs MHOXKECTBOM .Ul N; n

e
iﬂ]M,~=E, rae M; — noarpynna rpynnsl G, TonoJso-
(=
THYeCKH NopoXAeHHass BceMu N; nas i I\ {j}.

OnpepenuM mnoaynpsiMple NPOM3BEJEHHs H TPYNNH
aBroMopdpusmos. OGosHauum uepes Aut N rpynny (To-
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NOJIOTHYECKHX) aBTOMOP(PH3MOB TOMNOJNOTHYECKOH Tpyn-
nol N. Byaem roBopuTbh, yTO 3ajaHo dedcTeue TpyNnbl
H na N, ecqau 3adpukcupoBaH romomoppusm A: H—
— Aut N; ycnosumca o6o3Hauath h-n= A(h)(n) aas
he H, ne N. Ecin H — 1akxe TOmOJIOrHuyecKas rpyi-
na, To AedictBie H Ha N Ha3biBaeTcs HenpepoiBHbLM,
ecau HenpephiBHO oTobpaxenne H X N—N, (h n)—
—h-n.

[lyete H, N — tomosornueckue rpynnsl u H Hempe-
peiBHO JeictByetr Ha N. [loaynpameim npoussederuem
G= N> H HasblBaeTcs TOMNOJOrHYecKasi TCpymma, npo-
CTPAaHCTBOM KOTODOH sBJsIeTCs INPOH3BeJeHHe TMpo-
ctpaictB N X H, a rpynnoBble onepauuH onpepe-
nens o dopmynam (ny, hy) (g, hg) 75 (1 (hy - 1), hiho),
(n, h)™' ﬁ(h_’ -nl h~'). OTMeTHM, 4TO HenpephHBHOCTh
TaK OIpefeJeHHbIX TPYNNOBLIX ONepaldil 3KBHBaJeHTHA
HelnpepLIBHOCTH AeHcTBUA-H Ha N,

B rpynne G==N2> H coaepxurcsi usomoptdHass N
3aMKHyTas HopMmaJbHasinoarpynna N’ ={(n,e)|n< N}
¥ usomopouas H noarpynna H' ={(e,h) |h = H}; npu
3TOM orpaHHyeHne Ha H’ ccrecTBeHHOro romomopduama
G— G/N’ siBasieTcs TOMOJIOTMYECKHM H30MOPGHHIMOM
H’ una G/N'. -

IMpeanmosnoxuM, uyto B TOMmoJornyeckol rpynne G
HUMeeTcs 3aMKHyTasi HOpMaJsbHas moArpynna N ¥ 3aMk-
HyTas noarpynna H Takue, YTO OrpaHHYeHHE €CTEeCTBEH-
Horo romomopdusma G — G/N sBasercs H30MOpPHH3IMOM
H ua G/N. Torpa roeopsaTt, utro G sBJseTCs NOJAyNps-
MbiM npousseieHneM N u H, uau yro rpynna G pac-
wenaserca Haj N. Ilpu stom ortobpaxkenune N> H —
-> @G, (n,h)—> nh, sBAseTcs TONOJOTHUECKHM H30MOP-
¢usmoM, rae noaynpsiMoe rnpousBelenne N>~H coort-
BeTCTByeT AeHCTBHIO h-n =f/mh—1 rpynnel H nHa N.

de

Ilycte Tenepp N — 3aMKHyTass HOpMaJibHas NOArpym-
na Tonosoruyeckoit rpynnel G. Torga sKBHBaJIEHTHBI
caepyiomune csoiictBa: (1) G pacwenasercs Haa N,
(2) rpynna G n0KaJbHO KOMIAKTHa, M CYUIECTBYeT Ta-
Kas 3aMKHyTas o-KOMNakrtHasi noarpynna H, uto G =
=NH, NYH =E;, (3) cymecTByeT Takas 3aMKHyTas
noarpyana H rpynnel G ¥ Takod HenpepbIBHHIA 3HJO-
mMoppusm P: G—~ G, uto Keryp =N, $(G)=H n
P (h)=h nnsa moboro he H.
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Ecaun rpynna N JnoxanbHO KOMOAaKTHa, TO ee rpymnna
aBTOMOp(hH3MOB MOXKeT OBITb IpeBpallleHa B TOMNOJIOTH-
yeckylo rpynmy. [‘pynnoeas Ttomosorus Ha AutN 3a-
daercst 6a3HMCcOM CHCTCMBl OKDeCTHOCTeH eIMHHLE (TOX-
JeCcTBeHHOro aBTOMOp(H3Ma), cocTosied H3 NOIMHO-
JKecTB BHJa '

W (K, Uy={ec=sAutN|o*=' (k) 'sU
ans moboro ke K},

rae K mpo6eraer MHOXeCTBO KOMIIAKTHBIX NMOJAMHOMECTB,
N, U —Hekorophi 6a3uc CHCTEMB OKpeCTHOCTeH eJH-
HHLBl N.

HefictBue rpynnul H Ha JIOKaJbHO KOMNaKTHOH rpym-
ne N HelmpepblBHO TOTrJa M TOJBKO TOr'Aa, KOTJa COOT-
BeTcTBYIOUIHH roMoMopdusM A: H— Aut N HempephiBeH.

Ipynna AutR” Tonmosornuecku usomopdua GL (n, R).
Fpynnet AutZ" u AutT” puckpeTHnl H H30MOPHH
GL(n, Z). Tpynnet AutZ, u AutC(p™) Tono.soruyecku
H30MOP(HB MyJbTHNJHKATHBHOH rpynmne Z:, KoJpua Z,
LeJblX p-aJUYeCKUX YHCeJs (C ecTeCTBEHHOH TomoJiorueft),
rpynna AutQ, — My bTHNNIHKATHBHOH rpynne Q, mnoas
p-aqHUeCKHX YHCeJI.

Eciu G — noxalbHO KOMNAKTHasi BNOJIHE HECBsI3Has
rpynna HJM KoMIakTHas abejeBa rpymna, To rpymnmna
Aut G nyabMepHa.

Ecnu G — ronosoruyeckass rpynmna, To AJS KaXXJIOro
g G BHyTpeHHHH aBTOMOPOH3M ag: x+> gxg~! aB-
JsieTcsl TONOJIOTHYecKHM, a roMomop¢pusMm G — Aut G,
nepesofsiuinii ¢ = G B 0,4, HenpephBeH. [l JioKa/JbHO
KOMIIAKTHO¥ HOpMaJbHOH noAarpynnul N rpynnsi G orpa-
HUueHHe Ha N BHYTpPeHHUX aBTOMOPGH3MOB ompefesier
HenpepbIBHBIA roMomopdusm G — Aut N.

Ecin G — cBa3Hag rpynna, N — JlOKa/JbHO KOMIAKT-
Hasi HopMmaJsbHas mnoAarpynna @, sBasiomascs Ju6o
BIIOJIHE HeCBSI3HOH, JH60 KOMNakKTHOI abesieBOH Trpym-
no#, To N coaepxurcs B ueHtpe G.

PaccMOTpHM NpoeKTHBHHE M HHAYKTHBHBIE NpejeJiHl.
YacTHyHO ynopsJloueHHOe MHOXeCTBO A Ha3biBaeTcs Ha-
npasAenHuim, ecau AAs JobbX A, € A Hafdgercs Ta-
KoeveE A, uTo A << v, p << v.

[TpuMep HampaB/IeHHOrO MHOXECTBa JaeT MHOXKECTBO
N HaTypa/lbHBIX YHCeJ C eCTECTBEHHBIM MOPSAKOM.



§ 3. TPYINbl C AOIOJIHUTEJ/IbBHOM CTPYKTYPOMN 187

IlIpoexrusnas (unu, WHaYe, 06paTHas) cucrema ToO-
NOJIOTHYECKUX T'pPYynn Hajd A COCTOMT H3 HaGopa TOmoJo-
rudeckHx rpynn Gj, A & A, H MHOXecTBa HeNpPEpHIBHBIX
roMoMop(pu3mMoB (CBA3LIBAIOLHX FOMOMOP(HHU3MOB NpPOEK-
THBHOH CHCTEMBI) cpﬁ: G, — G, mist KaxKo# mapel A > p
3JIeMEHTOB H3 A, YIOBJIETBOPAIOUIHX CJEAYIOLIAM YCJO-
BHAM: a) q)k=ida;~ oas1 Bcex A A; 6) Phoy = @y mas
BceX TpoeK v_=p = A us A.

ITpedenon npoexruenoi cucrener {G,, @) |2, p = A},
HJIL  NPOeKTUBHbIM npedesoMm, Ha3bIBaeTCsl TOMOJIOrH-
yeckasi rpynna G=<1iLnGh BMeCTe C MHOXECTBOM He-

HpepheIBHBIX ToMoMmopduamoB (npoexyuid) @,: G— Gy,
A = A, ynoBneTBOpSIIOIUHX YCaOBHAM: 1) (p,;pf;=cpu st

Bcex A>=>p; 2) ecam H — HekoTopasi TOMNOJIOrHYECKas
rpynna, ¥$,: H —G,, A = A, — Takoe MHOXEeCTBO Hempe-

PHIBHBIX TOMOMOP(®H3MOB, UTO P, @) =1, IIs BCex A=>p

H3 A, TO CyllecTByeT €JHHCTBEHHbIH HeNpepbLIBHEH romo-
Mopousm P: H— G Tako#, yto Y, =1, AJad Bcex
A=A

W3 yHHBepcaJbHOTO CBOKCTBA NPSMOrO IIPOH3BEIEHHUS
BbITEKAaeT, YTO B KauyecTBe LiLnJG* MOXKHO B3siThb (3dM-

KHYTy10) moxrpymny B 1] G,, COCTOSULYIO M3 TAKHX 5Jie-
: AEA

(=5
MEHTOB (g,»), 4TO gu———cpﬁ(gh) IJs BceX A=p u3 A;
npoexkiHed @, OyaeT Torja orpaHH4YeHHe IPOGKLHH PTy
;,H G, — G,. Orciofa BHITEKaeT, YTO COBOKYNHOCTb MOJA-
Migxecm 97! (U,), rme AeA, U, — oxkpecTHocTH
enruHHusl B rpymnne @), o6pasyer 6a3uc OKpeCTHOcTeH
€IHHUIE B rpynme G=li2 G,.

B wuwacrtHOCTH, Ka)x/Jash OKPECTHOCTb eNMHHUH B G
COMepKHT AJsS HeKoToporo A siapo Ker @a.

Ecin B mpoekTHBHOH cHcTeMe Bce Tpynnbl Gi KOM-
NakKTHH [BNOJHE HECBA3HH|, TO ee mpeje liﬂax—

TakXKe KOMIIAaKTHasi [BNOJIHe HecBs3Has] rpymnna.
[MogMHoxkecTBo ¥ HanpaBJeHHOro MHoOMXecTBa A
HasblBaeTC KOPuHarsHoLM, €CIH IJas Jawoboro A& A
B MOJMHOXKecTBe 3 HaimeTcsa 3JeMeHT p = A. Tunuunnit
npHMep KOoGHHAJLHOrO MOAMHOXKECTBA B A — IOAMHO-
xectBo {A = A |A>p} nas npoussoabHoro p & A. [las
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KouHaabHOTO X &= A cHcTema {Gm cp“k, p & X} aas-

€TCsi MPOEKTHBHON cHcTeMOH Haj X, MOJCHCTEMOH HCXOJ-
HO ipoekTHBHOI cucteMmbl Hax A. Ee npepea lim, _, G,
<~

nsomopden npegeny lim, _, G,; nsomopdusm naer orpa-
—
HHYeHHe MPOEKUMH Prx: II G, — 11 G,. IToatomy, ecaun
A=A reX

rpynnel G, NPOEKTHBHOH cHCTeMBl 06./1aflaloT TeM HJIH
HHBIM CBOHCTBOM NpH BCeX A == | IJA HEKOTOPOro u € A,
TO MOYHO, YMEHBLIUB NPOEKTHBHYIO CHCTEMY, CUHTATh,
yTo (G, 06J1a1alOT 3THM CBOHCTBOM IJ5i BCeX A.
/ .
Haanee, ecnin nonoxute Gy =¢q,(G), rae G=I1imG,,

TO {G’, (p;’f} — NpOeKTHBHAst cHcTeMa Hax A ¢ CIOpbeK-
A
THBHBIMH CBSI3BIBAIOLUHMH ToMoMopduamamu @, (pas-
HHIMH orpaHuueHusiM @} Ha G}) M TeM e NMPOEeKTHBHHIM
npegesom: lim G, =G.
-

Ecsan cBasbiBalouiye roMoMopgu3Mbl cpﬁ MpOeKTHB-
HOM CHCTeMbl CIODBEKTHBHBI H siapa Ker @] KoMnakTubt
nasi Bcex A=u u3 A, To npoekuun @,: limG, — G,

—
CIOpbEKTHBHBL H OTKpPHITH. Japa Ker ¢, KOMNakTHEL.
Takum obpasom, rpynna G=Ilim G, sBuasieTcs npo-
P —

€KTHBHBIM mpeneJoM cBoux ¢akroprpynn. BepHo u 006-
patHoe: ecaH G — TonoJoruvyeckast rpynna, K, — KoM-
nakTHas HopMmaJbHas noarpynna G nJs KaXnoro A us
HanpaBJeHHOro MHoxectBa A H K, <K, naa Bcex

A >y, To G=1im G/K, (B KauecTBe CBSI3biBAIOUIHX [OMO~
P —

Mop)H3MOB B TNPOEKTHBHOH CHCTeMe paccMaTpHBa-
I0TCA  ecTecTBeHHble romomopdusmbl  G/K, — G/K,, =

= (G/K)/(KW/K ).
Npumepn. 1) Z, =Li_rn_ Z (p") co CBA3HBAOWKMH T[OMOMOp-

m-—n
m : :
duamamn 97 x —> 2P . 2) [[ G;=lim 11 G, rae F npoce-
il ileF
raetT COBOKYNHOCTb BCeX KOHeYHHX mNoaMHoxects B [, nas F<= L

CBf3HIBaIOLlEe OTOGpaKeHHE H G, > H G, — npoekuus. 3) To-
ielL ieF

nosoryyeckass rpynna G sBASA€TCS KOMNAKTHOM H BIOJHE HeCBS3HOA

TOTAa H TOJILKO TOrAa, koraa G = l(l_rrl K,, rne K, — xoneyupe rpyn-

nel. 4) YacTHeM caydaeM NpeAbAyllero SBJAsSeTCS NpeACTaBleHHe
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rpynnel Tanya G(L/K) Geckoneunoro pacwdpenus L/K B Buze
G(L/K)=IlimG(L,/K)rne {L,|is I} — Bce xoHeuHble pacluinpe-
-

nua lanya moas K, comepxaunecs B L. Has L; = L; cpsswiBalo-
wunid romomopdusm G(Li/K) wa G(L;/K) onpenensietcs crpahuue-
HueM Ha L; aBTomMopdusmoB u3 G(L;/K).

Teopema o nenycrore: mpenes NPOCKTHBHOH CHCTEMBI
HEeNyCTHIX KOMIIAKTHBIX NPOCTPAHCTB BCerja HeNycr.

Huoykrusnas (unu npamas) cucrema TOMNOJOrHYe-
ckux rpynn G* co CBS3BIBAIOLIHMH TOMOMOp(dH3MaMH

A A
ti: G* > G" npu A>u H3 HanpaBJAeHHOTO MHOXKeCTBa

o . A
A, undykrusneui npedea G =1im G" cromomopdusMamu
_—

w: G*—> G onpelensioTcss ABOMCTBEHHO TNPOEKTHBHBIM
cHCcTeMaM M npejesnaM, T. €. HalpaBJeHHS roMOMopdus-
MOB 3aMeHSIIOTCS Ha NpPOTHBOMOJIOXKHble. TOUHO Tak XKe,
KaK M JJs NPOEKTHBHBIX MpeJesNoB, HHAYKTHBHBIH npe-
JleJl He M3MeHsieTcsl, ecJd OrpaHUYMBATbCS JHIUL HHIAEK-
CaMH H3 HEeKOTOpOro KO(QHHaJbHOrO NOAMHOXeCTBa A.
3ameHsst rpynnbel G* Ha HX (AKTOPTPYNIB, MOXHO IO-
JYYHTb HHAYKTHBHYIO CHCTEMY C TeM e npefeaoM G H
HHDBEKTUBHBIMH roMoMopduamaMu u: G*— G. Takum 06-

asoM, G=1imG" n eJcTaBJisieTcss B BHIE HHIYKTHB-
’ —

HOro mnpejesa CHCTEMH CBOMX noarpynn i (G*); npu
sToM G coBnafaer ¢ obbeluHeHHeM noArpynn u(G*),
Ae A
A
Ecain A — HanpaBieHHoe MHOxkecTBo, G°, A= A, —
TaKoe MHOMECTBO OTKPBITHIX MOATpPYNN TOMNOJOrHYecKoH

rpynns G, uTo G <G npu A=p H G=AUAGA, TO
e

G =1imG" (B KauecTBe CBS3HBAIOUIHX FOMOMOP(H3MOB
—

Gepytcsi Baoxenus G B G").

MeTtpHka H paBHOMepHLIe CTPYKTYpPHl Ha TOIOJIOTH-
YeCKHX Tpynnax onpejessioTcs cJelyloluM o6pasom.
Tonosoruueckass rpynna G Ha3bplBaeTcss MeTpusyemod,
ecad Ha mpocTpaHcTBe G CyllecTByeT MeTPHKa, TONOJO-
TMs KOTOpOH cOBNMajaeT C HMCXOAHO# TomoJorueii nHa G.
Metpuka  HasbiBaeTCsl 1EB0UHBAPUAHTHOU,  €CJH
p(gx, gy)=p(x,y) nas mobux g, x, yE G.

Tomnosiornueckasi rpynmna MeTpH3yeMa TOria H TOJbKO
TOTAa, KOrJa OHa YJOBJETBOpsieT NMEepBOH aKCHOMe Cuer-
Hoctu. [lpu 3ToM MeTpuka MOXeT ObThb BhiGpaHa JeBoO-
HHBapHaHTHOM.
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JlokanbHO KOMIAKTHAasi G-KOMIAKTHAas Ipynna mnpej-
CTaBUMa B BHAe MNPOGKTHBHOIrO MNpefiesa CBOMX MeTpH-
3yeMblx axkToprpymni.

B cayuyae, Korga TONOJIOTHYECKas rpynna He YAOB-
JleTBOpSieT MepBOH akcHOMe CYETHOCTH, Ha Helf paccMar-
PHBAIOTCSl paBHOMEpHBIe CTPYKTYphl, obo6Ilaleline IoO-
HSITHE METPHKH.

Ha npocrpaHcTBe Kax a0/ TonoJjorvueckoii rpynnu G
MOKHO BBECTH CJeLyIOllHe paBHOMEDHbIE CTPYKTYpHL

a) Jlesan pasHomepras cTpykrypa Fs: B KauecTBe
6asuca cHCTEMBI OKpYyKeHuit nuaroHansun B G X G Gepert-
ca cucreMa mnoaMHoxectB L(U)={(x, y) = G X
X G|x'ye= U}, rae U npoGeraer Hekotophlii Gasuc U
OKpecTHocTel eJHHHUH B C.

6) Ilpasas pasHomepras cTpyxTypa FHe: Gepercs
cucreMa noamHoxecTs R(U)={(x,y)e G X G|lxy'
el Usu}.

B) Jsycroponnsas paswomepras cTpykrypa %Hg: Ge-
petcs cucreMa nogmHoxects B(U)= L(U)NR(V),U e
e

TomoJsioruu, omnpepensieMble KaXJo#l H3 3THX paBHO-
MepHHIX cTPYKTyp Ha G, cOBmajalT C HCXOLHOH TOIO-
Jgorueit rpynnbl G.JleBas u mpaBasi paBHOMepHble CTPYK-
Typsl H30MOp(HB MeXAy co6GoH; H30MOpHH3M ompele-
asiercst otobpaxenueM x—x~!, x = G.

ITpumep. Ilyctb G —- MerpuHdyemasi ToOMoJIOTHYecKasi rpynmna,
@ — JeBouHBapHaHTHas MeTpuka Ha G, U= {Ug|e > 0} — Gasuc
cHcTeMbl okpecTHoctellt enmuuus, rae U,={g=G|p (g, e) < &}.
B srom cayuae (x,y)e L (Ug) Ttorma u TOJABKO TOrAa, KoOrpa

p(x ) <e

OrcyTcTBHe B TONOJIOTHYeCKOH rpynme G CYeTHOro
6a3nca CHCTeMBl OKPeCTHOCTeH eNMHHIE NPHBOAMT K He-
OGXOJHMOCTH paccMaTpUBATb HANPABAEHHOCTU 3AeMEeH-
108 G, T.e. HabopH {xa|A & A} 371eMeHTOB X & G C Ha-
npaBlieHHHIM YAaCTHYHO VYIOPSIAOYEHHBHIM MHOXECTBOM
HHJEKCOB A. ‘

TCosopsaT, uto wanpasaennocts {x)|h & A} B G cxo-
ourcs K 3neMeHTy g € G, ecau g moboit okpecTHocTH U
Toukn g B (G Haiinercs Takoil muaekc u=np({U) A,
uto %, & U pis Bcex A > p. Hanpasaennocts {x; |A = A}
3JIeMeHTOB TONOJIOTHYecKOo# rpynnsl (G Ha3biBaercs
HanpasaennocTero Kowu (wau, uHade, @QyHoamexTaNs~
HOI HANpaesrexHOCTb!0) B JIEBOH [B ABycTOpOHHe#] pas-
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HOMepHOH cTpykType Ha @, ecau mJs Ji06oit oKpecTHo-
ctu exuHuub U u3 6asuca U Haimercss TaKoH HHAEKC
p=pn)EA, uro x;lx, €U [x7'x, €U u xx7t = U]
oasi Bcex A, v>u. Beskas 'cxomsamascs HanpasJeH-
HOCTb B G sABJfeTcs HanpaBsJeHHOCTbIO Kouin B aBycToO-
pox-mgﬁ PaBHOMEDHOH CTPYKType H, CJeJ0BaTeNbHO, B
JIEBOM PaBHOMEDHOH CTPYKTYpe.

Tononoruueckast rpynna G Ha3biBaeTcsl HOAHOL B Je-
BOH (MM B JBYCTODOHHeH) paBHOMEDHON CTPYKTYpe,
ec/M KaxJaas HanpasJeHHocTb Koin B 3TOH cTpykType
SIBJIsIeTCS cXoJdAlledcss (K HEKOTOpoOMY 3JjeMeHTy H3 G).
ITonoanenuem tomosoruyeckoit rpynnsl G B paBHOMep-
HOH CTPYyKType Z¢ N H; Ha3wBaeTcss nojaHas B Ly

HJIH, COOTBETCTBEHHO, B %~ rpynna G, conepxauasa G
G

B KayecTBe MJOTHOH MOATPYIMIHL.

Eciu Tonosornueckas rpynna G mogauna, to G =G.
TonoJoruyeckas rpynna G, noaHas B %g, NOJAHA H
B cTpYKType Bs. O6paTHoe HeBepHO. [lonosiHeHHe TOMO-
JIOTHYeCKOH Tpynnbl B JeBOH paBHOMEpDHOH CTPYKType
cyulectByeT He Bcerfa. [las ero cyuectBoBaHHsl Heo6-
XOJAMMO H AOCTAaTOYHO BHINIOJIHEHHS CJEeLyIOLIero ycJo-
BUA: ecqH {xp|A & A}— nanpaBaerHocts Komu B Je-
BOi paBHOMepHO# crTpyktype, To H {x;7'|AESA}—
TakKXXe HamnpasJeHHocTb Komm B 3TOH cTpyKType.

Ecnu TtonoJsoruyeckas rpynna G o6Jjajgaer 6a3sHcOM
OKpEeCTHOCTell eAHHHIb, COCTOSIIIUM H3 Takux U, uto
gUg '=U pna Bcex g G, 1o nonoanesne G B Lg
cyuiectByer. B uacTtHocTH, a6eseBbl I'PYNNbl NONOJHSEME
B JIeBOH pPaBHOMEpHOW CTPYKTYype.

ITpumep He nomoJHseMO# B JIeBOA paBHOMEPHOH CTPYKType
rpynnet gaer rpynna Symm(X) i GecKoHeuHoro MHoxecTBa X
(mocnegoBarenstocts {0, = (1, 2; ..., n)|ne N} sBaserca mo-
crefoBaTenbHOCTbi0 Ko B JieBoii paBHOMEpHOH CTPYKType, HO He
B npaBoii). He Gyayuu mosHOH B JeBoif paBHOMepHOH CTPYKTYpe,
rpynna Symm(X) noiHa B ABYCTOPOHHeH PaBHOMEPHON CTPYKTYpe.

Jlio6asi TomoJiornueckass rpynna (G nomoJHsemMa B
ABYCTOPOHHeH paBHOMepHO#i cTpykrype. Eciu G momoa-
HeMa U B &g, TO ee NONOJHEHHss B ¢ U B B coBna-
natot. Oas aw6oit miaoTHo# noarpynnsl G TOMOJOrHYe-
ckoii rpynnu H cyuecTtsyer usoMopdHoe BJoXKeHHe H
B nonoJiHenue G rpynnu G, KOTOpOe MEPEBOAUT B cebs
Bce 3seMeHTH H3 G. OTCIOfa BHITEKaeT €IMHCTBEHHOCTb
NONOJIHEHUST TONOJIOTHYECKOH TPYNIEL.
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Tonosioruueckasi rpynna G nojHa B Hs TOraa
TOJIbKO TOTJa, xoria G 3aMKHyTa B JI00OH cojepalueit
ee TOMOJIOTHYECKCH I'pylne.

3aMkHyTas HOAIPyNna IMOJHOH  TOMOJIOTHYECKOH
IPYIIB NOJHA.

Ecnu nosnasi tomosorudyeckas rpynma G yAOBJAeTBO-
psieT mepBOil aKCHOMe CYeTHOCTH, N — 3aMKHyTas HOp-
MaJabHas noarpynna G, 1o ¢akroprpynna G/N moJHa.
Pacunpenue noJsiHOH rpynmnel ¢ MOMOLIbIO MOJIHOH Tpym-
nbel sBJAsieTcd noJiHO# rpynnoi. Ilpsmoe npousBenenue
ceMelicTBa MOJHBIX TONOJOTHYECKHX TPYII  SBJSETCH
noJyHoi rpynnoi. Kaxjaas JoKaJbHO KOMIaKTHasi Tpym-
Ia noJiHa B JeBOH paBHOMEPHOH CTpPYyKType.

B npuBeIeHHBIX YTBEpIKAEHHSX MOJHOTA MOXET IO-
HHMaTbCA KakK B JIeBOH, TaK H B JABYCTOPOHHEH paBHO-
MepHO#l cTpykType. CyllecTBYIOT TOMOJOTHYECKHE Tpym-
nbl, NMOJHbIE B JeBOH CTpykType, ob.ajaloliHe HenoJ-
HBIMH (akToprpynnaMid MO 3aMKHYTHIM HODMaJbHBIM
NOATPYINIaM.

[Iycte N3, A= A,—Takas cucreMa HOPMaJbHBIX
NOArpyNN TONOJIOTHYECKOH rpynnel G, 4TO KaxAaas OK-
pPecTHOCTh eIHMHHUH B G colepXHT N, LJs HEKOTOpOro
A= A ¥ aag nwo6uix A, p € A Halizercs Takod v € A,
yto Ny << Na 1 N,. Torna ecau Bce rpynnsl G/N, NOJIHB,

10 G =lim G/N,.

3.2. CtpoeHde J0KaJIbHO KOMNAaKTHbX rpynn. Tomo-
Joruuyeckasi rpynna G Ha3blBaeTcs A0KAAGHO eB8KAUOO-
80li, €CJIH CYLeCTBYyeT OKpecTHOCTb efuHHusl U B G, ro-
MeoMop¢Hasi okpecTHocTH W Hayasa KOOpAHHAT €BKJH-
nosa npoctpanctsa R”. [omeomopdusm a: U — W, ne-
peBojsiliMil elHHHUY e G B HauaJo koopAuEaT R”",
ompejessier IOKaJIbHYI0 CHCTEMY KOOpPAHHAT B G:a(u)=
=(u, Us, ..., Un), iR, 1178 u= U. B 3tux koop-
JMHATax IPYNNoBbie onepauud G 3ajaloTcs Ha6OpOM He-
NpepLBHEIX BellecTBeHHO3HauyHbX (yHKuud. Tounee, cy-
LiecTByer Takas okpecTHocTh V &= W Hauasna KoOpJAHHAT
¥ HenpepbiBHble GOyHKUHH p;: VX V—R, i=1, 2,
..., n, Takde, uto mjai u, v o~ (V) ajeMeRT w =
=uv~! npunagiexur U H w;= wi(u, ug, ..., Un,
U, Vg, «.., Up) AN i= 1,2, ..., n.

Ecsiiu B TonoJioruueckoit rpynne G Ha HEKOTOPOH Ok-
PECTHOCTH €AMHHIIBI MOXHO BHOpaTh JOKAaJAbHYIO CH-
CTeMy KOOpPAMHAT, B KOTOPOH TIpynnoBas onepauus 3a-
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laeTcsl aHaJUTHYECKUMH QYHKUMAMHU w;, i=1, 2, ..., n,
To G HaswBaerca epynnou Jlu. 3aMKHyTasi MOATpynna
H ¢akroprpynna rpynnel JIx (1m0 3aMKHYTOH HOpMaJib-
HO! mnoArpymnmne) sBasiorcs rpynnamu Jlu. [lsaras npo-
6iema luan6epra, a TOuHee, BONPOC, B KOTODHIA OHa
TpaHCc(OpPMHPOBaIach B IpOLECCe PA3BHTHS TEOPHH TO-
MOJIOTHYECKHX TIpyII, 3aKJIYaeTcss B CJAEAVIOMEeM: sB-
JIIeTCs JIM BCAKAasl JIOKAJbHO €BKJHAOBA TONOJIOTHYECKas
rpynna rpynno# Jlu?

JIoKa/IbHO eBKJHMJOBa I'pynna BCeraa JOKaJbHO KOM-
MaKTHa, a ee NMPOCTPAHCTBO JIOKaJbHO cBsi3HO. M3 ompe-
AesieHusa rpynnsl JIH BHITEKaeT, YTO OHA JIOKAJbHO €BKJIH-
nosa. [losoxuresbHoe pelleHue nsaToit npo6aeMb 'uib-
6epra (cM. [10]) ocHoBaHO Ha cuieaywowed cepud yr-
BepXJeHHUH.

JlckanbHO kKOMNakTHasi rpynna G siBJsieTcs TpyIIIoR
JInu Torga W ToOJMBKO TOrAa, KOTAa CYILIECTBYET OKpecT-
HOCTb €AMHHIbI, He CcOoJepiKallasi HeTPUBHAJbHBIX MOJ-
rpynm. )

Ecin G — oKanbHO KOMIIAKTHAasi Tpynna ¢ KOMIIaKT-
Holi ¢daxroprpynnoit G/G,, 10 G SABJSETCS NPOEKTHB-
HBIM npenesioM rpynn Jlu.

3TO yTBepKAEHHEe SKBHBAJEHTHO CYIIECTBOBAHHIO B
KaXJ0H OKpeCTHOCTH eAHHHUB U rpynnu G KOMIDAakKT-
HOH HopMmaJbHo#l moarpynnel K, ¢akroprpynna G/K, mo
KoTopo#i sBJasercs rpynmnoi JIu. Kpome Toro, mnpous-
BOJIbHASL JIOKAJbHO KOMIAKTHAas TIpynna COASPKHT OT-
KPHITYI0O MOATPYINIY C KOMIAKTHOH (akToprpynmnoi mno
CBSI3HOH KOMIIOHEHTe.

Jlokaabno#t rpynnod Jlu L Ha3nBaeTcs o6pas Heko-
Topoil oKpecrHoctd exuHHuplt W B rpynne Jlu H npu
TakoM roMeomopdusme @: W — L =G, uto ¢ (ww;')=
= ¢ (@) ¢ (wy) ™" 1151 Beex w,, wy,=W < H Takux, uTO
vw;'eW.

B xaxpmo# okpecTHocTH enuHuuB U JIOKaJbHO KOM-
NakTHOH rpynnel G COAEPXKHTCA OKPECTHOCTb €IHHHILH
V, npeacraBuMasi B BHAe NpPSIMOTO NpOH3BefeHHA V =
=L X K, rae L— nokaabHass rpynna Jlu, K-— KoM-
flakTHas moArpynna rpynnsl G.

Ecau rpynna G He sABJsieTCs BIOJIHE HECBSA3HOH, TO
CylUecTByeT TaKasi OKpeCcTHOCTb eAuHHuH U B G, uyTO
s Jgioboro pasnoxenus V=L X K copepxalueics
B U oxpectHocTH pasmepHocth dim L > 0.
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Ecau dim G << oo, T0 B pasnoxenun V=L X K ok-
PECTHOCTH €JHHHUB MOXHO CYHTaTb rpynmy K Brnosne
HeCBSI3HOH.

Tak Kak JIOKaJbHO €BKJIHAOBA rpynna G KOHEYHO-
MepHa, TO OTCI0Ja H H3 JIOKaJbHOH CBA3HOCTH I'DYNIH
G BuiTekaer, yto K — eauHHYHasa rpynna, T. e. B G co-
JepKUTCSL OTKpHITas JoKaJbHas mnoarpynna Jiu. 3to
o3Hauaet, yT0 G — rpynna Jlu.

Ecniu G — ronosornyeckas rpynna, N (G u rpynnu
N u G/N sasasorcs rpynnaMu Jlu, to G — Takxe
rpynna Jln.

IIpoexTusno auesoimu HA3HIBAIOT JIOKAJBLHO KOMIAKT-
HBle TPYINIB, NPEJCTaBHMble B BHAE NPOEKTHBHRIX Npeje-
aoB rpynn Jlu. [IpuBeseM HekOTOpble HX CBOHCTBA.

Ecin G — 5okaJbHO KOMIAKTHAs TPynna ¢ KOMIakT-
Ho#t ¢akroprpynnoit G/G,, TO M06Gasi KOMIAKTHas MOJA-
rpynna G CcOXepXHTCS B MAaKCHMAaJIbHOH KOMIIAaKTHOM
NOATpynIe M Ka)Jble ABe MaKCHUMaJbHble KOMNAaKTHHE
NOArpYNNEl conmpsikeHH B G MeXay co6oi.

Ilyctb G — NOKaJIbHO KOMMAaKTHasi TPynma C KOM-
naktHoi ¢axroprpynnoi G/Go, K — HekoTOopast MaKCH-
MasabHas KoMnaktHasi noarpynna G. Toraa B G Haii-
nyTcst u3oMopprele R moarpynnu Ly, Lg, ..., L, Takue,
yto oroGpaxeHue (k, L, Ly, ..., l))—klLlz ... |, sB-
Jsgercsi roMeomoppuamoM mnpousBemeHus KX L X ...
... XL, na G.

Orciofla, B YaCTHOCTH, BHITEK3aeT CBS3HOCTb MaKCH-
MaJIbHBIX KOMITAKTHBIX MOATPYNN CBSI3HHEIX JIOKAJbHO KOM-
NakTHHIX rpynn. [To3ToMy H3 clelyoulero yTBepXAeHHS
MOXHO NOJIYYHTb INOJHYI0O UHGOpMAalUHI0O O MaKCHMaJb-
HHIX CBSI3HBIX abeJeBHX NOATrPynnax B CBA3HBIX JO-
KaJIbHO KOMNAKTHHX Ipynnax.

Ecnin G — KoMnaKTHasi cBsi3Has rpynna, TO KaX[bl#
37eMeHT U3 (G COAep>XKHUTCs B MaKCHMaJbHOH CBA3HOH
aGesieBOH MOATrpyNIme; BCe MaKCHMaJbHHE CBS3Hble abe-
JeBHl moArpynnel G NOMapHO CONpsiXKEeHBl H COBNAJaloT
CO CBOMMH LIEHTPAJH3aTOPaMH. ‘

KomnakrHas rpynna G jeauMa TOrAa H TOJbKO
TOTJa, KOTfla OHa CBf3HA. :

Jloka/ibHO KOMIIaKTHasi CBsi3Has rpynna usoMopdHa
¢akroprpynne (KX M) /D, rpe K — KomMnakrHas CBs3-
Has rpynna, He HMewUlasi CBSI3HHIX abesieBRIX HOPMaJlb-
HBIX mnoAarpymm, M — JIOKaJbHO KOMIAaKTHas CBA3Has
Ipynna, Bce KOMMAKTHbie HOpMaJbHHE MNOATPYMNH KO-
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TOpPOH Jexar B UeHTpe, D — BHosHe HecBsA3Hast NOJA-
rpynna uentrpa rpynnel KX M. Komnakrtaas cssizuas
KOHeYHOMepHast rpynmna HuaomopdHa  QakToprpynme
(R"X LX K)/D, rone L—noaynpocras KOMIAKTHas
rpynna Jlu, K— a6eseBa KOMIAKTHAasi BIOJIHE HECBS3-
Hasi rpymna, D — KOHEYHO IOpDOXKAeHHAas JIHCKpeTHast
noarpynna uextpa rpynnst R® X L X K.

Ecau G — joxajlbHO KOMNAKTHas rpynmna, To Ha ce-
MeilctBe & Bcex GOpeeBCKHX MOIAMHOXKECTB CYLIeCTBYeT
Mepa m, obJajamlias CJAeAyIOLIMMH CBOHCTBaMH:

a) m(K)<< oo pans mo6oro KOMINAKTHOTO NOAMHO-
)ecTtBa K;

6) m(U)>0 pnpas n1060ro OTKPLITOrO MOAMHOXeE-
ctea U;

B) Mepa m peryJspHa;

r) Mepa m JieBOHHBapHaHTHa, T. e. m(gM)= m (M)
aas Bcex Me %, g= G. dta Mepa HasniBaeTcs /1e80i

mepoii Xaapa Ha (. CpolficTBaMu a)—r) OHa OJHO-
3HAYHO ONpee/sieTcsl ¢ TOYHOCTbIO A0 MOCTOSHHOIO MHO-
Kuteast. [IpyrdMu cJOBaMH, €ClIH my, my— ABe JeBHe
mepsl Xaapa Ha G, To mo(M)=cm (M) nas HekoTO-
poroc=R, c > 0.

Hurezpar Xaapa (unrterpan no jesoii Mepe Xaapa)
#a ( JeBOMHBAapHaHTEH B CJCJYIOILleM CMBHIC/e:

{Flenax={Fax
ans moboro g G. Ecau o — TOMOJOTHYECKHH aBTO-
Mop¢u3m rpynnel G, TO Sf(a“(x)) dx TakXe sIBJIsieTCSH

JesbiM HHTerpajsoM Xaapa Ha G. Tlostomy cymectsyer
Takoe yHcao A(a) >0, HasnBaemoe MOOyALem ABTOMOP-
gusma o, 4TO

(ta ar=a@ [ f@ax.

Ecau o — BHyTpeHHn#t aBTOMOpdH3M G, COOTBETCTBYIO-
uuit snementy g, 10 A(a) HasmBaerca monyJeM A(g)
sneMeHTa g & (. MMeer MecTO COOTHOLIEHHE

(e yae—n(@ |10 dx.

Oro6paxenne ar—s> A(a) sBASETCA HENPEPHIBHBEIM I'OMO-
Mopousmom Tomosoruyeckoif rpynnel Aut G B mMyJbTH-
TUIMKATHBHYIO TPYNIy [OJOXHTENbHHX BEIIECTBEHHBIX
uncen R o~
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OroGpaxesne g+—> A(g) sBaAseTCss HeNpephEIBHLIM roO-
Momopdusmom G B R7,.

Ipynna G HazwiBaetcst yhumoOyaaprot, ecnn A(g) =
=1 pasa Bcex g & G WJH, 3KBUBAJEHTHO, JIeBbIH HHTeEr-
pan Xaapa sBJsieTcsl OJHCBPEMEHHC NpPaBOMHBAPHAHT-
HbIM. KoMIakTHble Ipynnbl YHHMOAYJISIPHBL. 2TO MOXeET
6biTh 00001IEHO A0 CJAEAYIOLIero yTBepXKIeHHs:

Ecan B JoKanbHO KOMNakTHOH rpynme G JieBas H
npaBast paBHOMepHble CTPYKTYphl cOBnajgawor, To G yHH-
MOLYyJIpHA.

JlokasbHO  KOMNakKTHble TDYNNBl KOHEYHOH Mephl
Xaapa ucuepnbIBalOTCSl KOMIAKTHBIMM rpynnamu. Ha
KOMINakTHOH rpynne G Mmepa Xaapa BbiOHpaeTcs ¢ HO-
NOJNHUTENbHBIM ycnoBHeM m(G)=1 u onpenessercs UM
OAHO3HAYHO.

Jst 11060ro HeeAHHUYHOTO 3JIEMEHTAa g KOMIAKTHOM
rpynnbel G cyllecTByeT TaKoe HeNpepblBHOe HeNpHBOIH-
MoOe YHHTapHOe KOHeYHOMepHOoe mnpejcTaBjeHue p: G—-
—U(n, C), uto ge&& Kerp (teopema Ilerepa—Beiius).

Orclona HeMeAJIeHHO BBHITEKaeT TIpOEeKTHBHasi JiHe-
BOCTb KOMIIAKTHBIX T'pYIIL.

CylecTBYIOT JIOKAaJbHO KOMIAKTHble W Jaxe JH-
CKpeTHble I'DYMNNbl, He HMeIollHe HEeTPHBHAJbHHIX KOHEY-
HOMepHBIX mnpeacTaBieHuii. C JApyrofl CcTOpPOHBI, €CJH
rpynna G JOKaJbHO KOMINaKTHa, g & G U g e, TO Cy-
niecTByeT 6eCKOHEeYHOMEpPHOe HelnpephiBHOE HeNpHBOIH-
MOe YHHTapHOe MpeJcTaBJieHHe, AP0 KOTOPOro He CO-
IepKUT g. DTO yTBepXKJAeHHe BjeuerT TeopeMmy [lerepa—
Beifisisi, Tak Kak KaxJoe HellpepbiBHOE HeNpHBOAMMOE
YHHTapHOe NpejACTaBJeHHe KOMIMAaKTHOH TpYNNBEl KOHeY-
HOMEDHO.

Jast nokanbHO KoMmakTHOH rpynnel G € KOMIAKT-
HoM ¢axroprpynnoii G/G, nepeceueHHe siiep BCeX KO-
HEUYHOMEPHBIX HenpepbiBHBIX HENPHBOAMMBIX YHHTapHBIX
NpeiCTaBJeHHH sBJseTCs eIMHHYHOH MNOArpynmoi Toraa
H TOoJbKO TOorja, korga Go=~R"X K, roe n =0, K—
KOMINAaKTHas rpynna. '

Onpenenum aBoictBeHHOCTb [loHTpsirnHa. Mcnosb-
3y alJHTHBHYI0O 3aluCb TPYNMNOBOH ONepalHH, rpynmny
OokpyKHOcTH T MOXKHO CYHTAaThb COCTOSILIEH H3 Belle-
CTBEHHHIX uHcea no moayaio 1 (T. e. otoxaecrsaats T
¢ R/Z).

Xapakrepom  J0KaJbHO  KOMNAakTHOH  abeJ/ieBOH
(1. k. a.) rpynnbl G H43bIBaeTCsi HeNpepbIBHBIA ToMo-
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mopdusm x: G— T. CoBokynHocTs G* Bcex XapakTepos

rpynnsl G mpeBpallaeTcst B TOMNOJIOTHYECKYIO Tpylmy,

€CJIH IpYyNNOBble OMepaunyd Ha Hell 3a1aThb PaBEHCTBAMH

+uw@=xu@+trw@ 0@=-—x@ m=
e

% % X2 € G*, g =G, a ToNoJOrHo onpeaeauTs 6a3ECOM
CHCTeMBl OKPeCTHOCTeH HyJisl, 06pa30BaHHBIM MMOIMHOXKe-
crBamu G* suna W (K, U)={y = G*|y(K)= U}, rae K
npoberaer KOMMNAaKTHHE NOAMHOXecTBa G, U — HekoTo-
pHlit 6a3uc cHcTeMBl OKpecTHocTell Hyast B T.dra rpynmna
G* nasmbiBaetcst epynnoi xapaxrepog rpynnsl G.

OTMeTHM, YTO BCSIKOE HENPHBOAMMOE YHHTAapHOE Mpef-
craBJseHne abesneBoft rpynnsl ogHOMepHo. Tak Kak OfHO-
MepHEle YHHTapHble MaTpPHUUB — POCTO KOMIIJIEKCHBIE
yHcJia MoAyas 1, To mosaydaem, YTO XapakTepH JI. K. a.
TpYNNEBl pasfe/sioT ee TOYKH.

OroGpaxenne g—>(yx(g)) ia.k.a. rpynnsl G B KOM-
NaKTHYIO Ipynny HG.T SBJISIETCS MHBEKTHBHBIM HeIpe-

X E

PBIBHEIM TOMOMOD()H3IMOM.

dTo yTBepKAeHHe TMO03BOJsIeT Ha GeckOHeuHOH abe-
Jepoii rpynne G NOCTPOHTb HEAHCKPeTHYIO TDYINNOBYIO
tonoJsiorvio. [dnst atoro G BKJIajAhIBaeTcsi B KOMIAKTHYIO

rpynny II T u cua6xaercs HHAYLUMPOBaHHOH TOMO-
rea*

Jorues.

[Mycts G, H—a.x.a. rpynnsl, ¢: G— H—Henpe-
puiBHBI romomopdusm. OGo3HayuM uepe3 ¢@* oToGpa-
XKenue u3 H* B G*, 3aganHoe paBeHCTBOM ¢*(y(g))=
=y(p(g)) ma y H* g G. Oaa mobo#i J.k.a.
rpynnbl G rpynna xapaktepoB G* TakKe siBJsieTcs JI. K. a.
rpynmnos.

Ecau @: G — H — HenpepbiBHBI TOMOMOD(H3M JI. K. a.
rpynn, o @* H*— G*—rTakXe HenpepbBHBIH TOMO-
MopdusMm. IIpu 3TOM M3 OTKPBITOCTH ¢ BHITEKA€T OTKpBHI-
TOCTb Q™.

CnpaBeasuBo paBeHCTBO (Q¢)* = P*¢* mas J06BIX
HenpepHBHHIX romomopdusmos ¢: G—H, ¢: H—K
JI. K. a. TpyIM.

FomoMoppusm ¢* HaspiBaeTcsi OBOUCTBEHHbIM K @
rpynny xapakrtepoB G* uyacTo Ha3bIBaIOT dsolicTeeH-
Kot k Q.

Tak kak G*—,1.K.a. rpynna, TO MOXHO ONpeAeNHTb
ee rpynny xapakrtepoB G**. O603HauuM uyepe3 ps
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oredpaxenve u3 G B G*. 3ajaBaeMOoe paBeHCTBOM
Pe (@) =x(g) nna n=G", g=0G.

Jas moGofl Ja.k.a. rpynnel G oto6paxeHue pg sB-
Jgigetcsl TOMOJoruueckuM uzomopdbusmom G Ha G**. Ecau
¢: G— H — HenpepblBHEIA roMOMOpGH3M J.K.a. Tpynm,
TO pru@ = @™*pg (reopema dsoiicreennoctu ITonspazuna).

3ra TeopeMa IO3BOJSET OTOXKAECTBJIATb rpynnel G
n G*, a Tak:Ke TOMOMOP(HH3MEl @ H @**.

Eciu o6o3naunth uepes LCA KaTeropuio JOKa/JbHO
KOMIIAKTHHIX a0esleBHIX TPYNN H HeNpepLIBHEIX TOMO-
MOp(HU3MOB, TO INepexojJ K J[IBOHCTBEHHBIM TIpylnam H
romoMop(®H3MaM OKa3hIBaeTcst KOHTPaBapHaHTHHIM QyHK-
Topom u3 LCA B LCA. TeopeMa IBOHCTBEHHOCTH yTBepX-
IaeT, 4TO S5TOT (YHKTOp $BJAsieTcs JABOHCTBEHHOCTBIO
LCA B ce6s B TOM CMEBIC/Ie, YTO €ro KBajpaT — aBTO3K-
BHBaJIeHTHOCTb KaTeropun LCA.

NDpuwmepn. 1) Z*'~T, T'~Z R'~R, Z,>C(p~)
C(p™)y=~1z, Q;:Qp. 2) Ecin ¢: G— G mnepeBogur g= G B
ng nas ne N, To @*(x) = ny, 1aa Bcex x = G*.

IMycrs H — noarpynna J. K. a. rpynnnl G. Axnyas-

ropom H masmBaercs moarpynna H* rpymnma G, co-
crosillas H3 TaKHX XxapakrepoB %, uto % (h)=0 naas

mo6oro A& H. Annyaatop H' Bcerma samknyt; H' =
=(H)'; H**=H, ecan H 3amkuyra; G*={0} u
{0} =G*. Ecau ¢: "G— H — HenpepblBHBI TroMOMOp-
duam 1. k. a. rpymn, To Ker(¢")=(Img)t, Im(¢")=

L
= (Kerq)~.
Ecan H;, i< I, — ceMeHCTBO 3aMKHYTHIX IOArpYMI

J. k. a. rpynna G, TO (iﬂlH,)l=(Hil|ie]>,
(Hie D)y =[] Hi.

, :

M3 TeopeMbl [BOACTBEHHOCTH BHITEKAeT, YTO CBOIi-
cTBa JI.K.a. rpynnb G INOJHOCTBbIO QOpeNessioTcsl CBOH-
CTBaMH ee Tpynnbl xapakrepoB G*. [lepexox OT CBOHCTB
G x cBoiicTBaM G** M 06paTHO MO3BOJISIET IOJIHEE H3Y-
YHTb CTPYKTYPY JI. K. a. IpyMIl.

Ecin H — 3aMkHyTass moAarpynma J.K.a. rpynnu G,
TO

(G/HY ~H*, H'~G'[H'.
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B ofoux cayuasix H30MOPGH3M HHAYUUpYeTCH IBGH-
CTBEHHHM OTo8paXkeHHeM ¢, Ile ¢ — eCTeCTBEHHBIH ro-
MoMophusm G Ha G/H B mepBOM cjayyae H BJIOKEHHE
H B G BO BTOpOM.

JI.k.a. rpynna G KOMNDaKTHa TOrJAa W TOJbKO TOrAa,
koraa G* guckperHa. JI.k.a. rpynna G cBsi3Ha TOrjAa
H TOJBKO TOrJa, KOrja Bce 3JeMeHTH B G* uHcTHE.
JI.k.a. rpynna G BHoOJHE HecBf3Ha TOTAAa H TOJbKO
TOrja, KOTJa Bce 3JeMeHTH B (G* koMmnakTHbe. JI. K. a.
rpynna G He uHMeeT 3/ileMEHTOB KOHEYHOro MNOpsjiKa
TOTAa M TOJBKO TOrAa, Koria B G* mJjoTHa MOArpynna
p(G*) nas moboro mnpoctoro p. Hnasi komnaktTHol aGe-
saepoit rpynnnal K ee paaMmepHocTh dim K KoHeuHa Torzia
H TOJBKO TOTAa, Korga koHeueH Q-panr rank, K* au-
ckpetHoii rpynnel K*. Ilpu stom dim K =ranky K*.
JI.k.a. rpynna G MerpusyeMa (T. e. JioKaJbHHH Bec G
cyeTeH) TOraa ¥ TOJBKO TOrga, Korga rpynma G* o-
KoMnaktHa. Bec w(G) a.k.a. rpynnel G paBeH Becy
w (G*) ee rpynnbl XapaKTepoB.

OTMeTHM, YTO B CHJY TeOPEMbl ABOHCTBEHHOCTH, KaX-
JAoe H3 YyTBepXIeHHH BHILEe COAEPKHT, B AEHCTBHUTEb-
HOCTH, IBa yTBep:xKAaeHHs. Tak, HampuMmep, BMeCTe C mep-
BEIM H3 HUX CIpaBelJHBO YTBepXAEHHE:

JI.x. a. rpynna G AWCKpeTHa TOrAa H TOJbKO TOTAA,
kKoraa G* KOMMaKTHa.

BBenemM Heckoabko 0603HaueHH# AJs J.K.a. Ipyn-
nol G:

t{G — MHOXEeCTBO KOMMIAKTHHIX 3JeMeHTOB rpynne G;
H3 KOMMyTaTHBHOCTH G BhITekaeT, uto {G — 3aMKHyTas
noarpynna;

G[n]d=f{geGlng=0}, n>=0;

nGﬁ{nglgeG}, n>=0.

Onas n.k.a. rpynnsl G MMeIOT MeCTO CJeAyiollHe pa-
BEHCTBA:

a) ((G)" =(G", (Go)* =1(G");
6) (nG)* =G"[n], G[n]t =n(G).
[lycte H — moarpynna Ja.k.a. rpynnn G. Tornma:

ecau H otkpeita, To HL komnakTtHa; ecan H omnakraa,
T0 H! oTkphiTa.
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HyCTb G;, i1, — MHOXeCTBO J. K. 4. TpPynn H B
Kaxnoi rpynmne G; BblgeseHa KOMMNAKTHAs OTKpHITad

noarpynna H;. O6o3HaunM uepes H(G H;) noxrpynmy
npsIMOro MpoON3BefeHHs 11 G, COCTOSILIYI0 H3 TaKHX
iel
3JIeMeHTOB (g;), YTo g; & H; RJS NOYTH BCeX HHIEKCOB
ie=/[. OnpexgenuM Ha rpymnne 11 (G;: H;) Tomouoruio,
iel

OOBSIBUB OTKPBHITHIM cojepxauieecs B Hell KOMMaKTHOe
(B THXOHOBCKOH TOMOJIOFHH) I@psIMOe TIpOH3BEeJeHHE
11 H..

iel

[Mocrpoennas rpynmna H(GiZHi) Has3blBaeTcs .0-
iel

KaareHoiM npamoim npoudsedenuem epynn G; ¢ OTme4eH-
Homu nodepynnamu H;; oHa Bcerga JOKaJbHO KOM-

naktHa. Ecan rpynnsl G; KOMNAaKTHB, TO H(Gi 1G)=

=1 G;. Ecan rpynnsl G; JHCKDETHHI, TO H (G;: {e;}) =

iel

== Z Gi — npaMmass cyMMma abeseBhIX rpynn (C AHCKpeT-
il

HOH TOmoJorue).
Jas moboro ceMelcTBa J.K.a. rpynn G; ¢ OTMeyeH-
HBIMH KOMMAKTHBIMHM OTKDHITHLIMH moAarpynnamu H;

(I1(G.: 1)) =~ 11 (G:: Hi).

Ilycts Tenepsb {GA, (p:;}— pOEeKTHBHAasA cHCTeMa
J. K. a. TPYNI Haj HEKOTOPHIM HAaNpaBJEHHBIM MHOXe-
creom A. Torpa {G;, (q;";)'} SIBJISIETCST HHAYKTUBHOM
cucremoit nag A. O6patHo, ecan {G*, @} — HHIYKTHB-
Has cucrema, 1o {(G*), (%%)} — mpoexTuBHan cucrema

Hang A.
Ecnmu G=1im G, — a. k. a. rpynna, To G —llmG

(_ -

Ecan G—llmG —J. K. a. rpynna, to G* ——llm(G")

ITyctb G, H —a.k.a. rpynne, Hom(G, H)—MHO)KC-
CTBO HenpephiBHbIX roMoMop¢uamoB u3 G B H. Onpege-
auB cjaoxerve Ha Hom (G, H) no dopmyae (¢ + ¢) (g)=
=¢(g)+ ¥(g) ansa ¢, Y = Hom(G, H), g= G, u To-
TOJIOTHIO, B3sB B KayecTBe 6asuca CHCTEMBl OKPECTHO-
crell HyJeBOoro roMomopguaMa ceMeACTBO NMOJAMHOXKECTB
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W (K, U)={¢|o(K)= U}, rae K npoberaer KoMmakr-
Hble MoAMHOXecTBa (, U — HeKOTOpHI 6asHC CHCTEMBI
OKpecTHOCTeH HyJsa B [, NoJyuynM TOMOJIOrHYECKYiO
rpynny Hom (G, H).

Ecin G, H—un.x.a. rpynnel, TO oTo6paxeHHe
@+ @* 3ajaeT TONOJIOTHUeCKHH H3oMopdusm Hom (G,
H) ~Hom (H*, G*).

Hnast nwo6oit a.k.a. rpynnsl G orTo6paxkenue o+
+—>(a*)~! 3apaer Tonosornueckuit usomoppusm Aut G ~
~ Aut G*.

[TpousBosbHass J.k.a. rpynna G mnpeacrasisiercs
B BUAe G =~R"X H, rpe n << o0, a.k.a. rpynna H o6-
JajaeT OTKPLITOH KOMMAaKTHOH NOATpYNIOH.

JaemeHTaprOL A.K.a. epynnoi HasblBaeTcs rpynna
Buaa R* X T™ X Z! X F, rue 0 << I, m, n << oo, F — Ko-
HeuHasi rpynna. Kiacc sjnemMeHTapHBIX J.K.a. Ipynn co-
BNafaeT C KJ1aCcCOM KOMIAKTHO MOPOXKAEHHHIX (T. e. TO-
MOJIOTHYECKH TMOPOXKAEHHBIX CBOHM KOMIAKTHBIM TOJ-
MHOXKecTBOM) abesieBbIX rpynn Jlu.

Kaxpaasi n1.k.a. rpynna sBJjsercss o6GbelHHEHHEM
(MHALYKTHBHBIM TpefesoM) CBOMX OTKPBITBIX KOMIAKTHO
NOPOXKAEHHBIX NOArPYIII.

Jl.k.a. rpynna H KOMNakTHO NOpOXJAeHa TOrAa H
TOoNMbKO Torga, kKorma H~R*XZ!'X K, rae 0<I/
n < oo, K— xoMnakTHasa rpynna.

KoMnakTHO nopoxpeHHas J.K.a. rpynna H npen-
CTaBJsieTCs] B BHIe NPOEKTHBHOTO MNpefesja CBOMX 3.Je-
MEeHTapHbIX (paKTOpPrpyImm.

Kaxpas 2. k.a. rpynna npeicTaBsuMa B BHAe NpPOEK-
THBHOrO npejesa CBOHX (aKTOprpynn, H3oMOpGHBIX Nps-
MbiM npousBeneHusM Buaa R X T™X D, rpe 0<C
<< m, n << oo, D — puckperHas rpynna.

JI.k. a.rpynna’ Buga R* X T X D, rae0 << m, n << oo,
D — nuckpernasi rpynna, siBjasercs oObelHHeHHeM (HH-
AYKTHBHBIM MpefesoM) CBOHX OTKPBITBIX 3JIeMeHTapHHIX
HOArpyni.

[lycte H— s K. a. rpynna ¢ KOMIAaKTHOH OTKDHITOH
noarpynmnoit K; paccMoTpuM psn noarpynn B H:

{<H SK<IH<H.

B srom psaay Ho—cBsi3Has KOMNakTHas rpynna,
H/tH — puckpernas rpynna 6e3 kpyuenus, tH/H,—
J.K.a. BNOJIHE HecBsi3Hasi TPyNna, BCe 3JIeMEHThl KOTO-
POA KOMNaKTKHI,
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Knacc cBA3HEIX KOMIAKTHBHIX abesJeBHIX TIpynm H
KJacCc AUCKPeTHHIX abeJseBbIX Ipynn 6e3 KpyuyeHUs JBOH-
CTBEHHBl JApYr npyry. JIokajbHO KOMNakKTHasi BIOJIHE
HecBsi3Hasl abesieBa Tpynna, Bce 3JEMEHTH KOTOPOH
KOMIIaKTHBI, SIBJSeTCS paclUHpeHHeM KOMNAaKTHOH BIIOJIHE
HeCBSI3HOH TpyNNEl [OCPEACTBOM MAHMCKPETHOH NepHOIH-
yeckoH rpynnel. Kiacchl KOMNDaKTHBIX BIIOJIHE HeECBSI3-
HbIX abesieBBIX TPYNN M JAHCKPETHHX TNepHOAHYECKHX
aGeseBBIX TPYNN TakKxe ABOHCTBEHHH HPYr APYTY.

Jlio6asi komnakTHasi abGesieBa rpynna 6e3 kpyuenns K

uMeer Bug K=K, X K, rne Ky~ ]:['LS, S —rpynna
xapakTepoB JuckperHo#l rpymnnel Q, a K~K/Kj~
~ H pr z,.

p

KomnakTnas mnepuoauyeckass abeseBa rpynma H3o-
Mop(Ha INpPSMOMY NPOH3BENAEHHIO KOHEGUHBIX LHKJHYe-
CKHX TpyII, NOPSAKH KOTOPHIX OrpaHHYeHH B COBOKYIH-
HOCTH.

TonoJsoruyeckast rpynmna Ha3biBaeTcsi MOHOTETUYe-
CKOL, ec/lH OHA TOMNOJIOTHYECKH NMOpPOKJAeHa OJHHM CBOHM
3JIeMEeHTOM.

JIokanbHO KOMIIaKTHAasi MOHOTeTHYecKasi rpynna Ju6o
u3omopdHa Z, sub6o KomnakTtHa. Tomosornuyeckas aGe-
aesa rpynna K sBJsieTcs KOMIAaKTHOH MOHOTETHYeCKOH
IpyNNnoH TOrjAa M TOJbKO TOrAa, KOI'Aa JIOKaJbHHIH BeC
CBA3HOH KOMIOHEHTBl K He NpeBOCXOJZHT MOIIHOCTH KOH-

THHYyMa, a ¢akroprpynna K/K,= 11 L,, rae ana kax-
p
JIOTO mpocToro yucaa p rpynna L, uzomopdpHa Jju6o Zp,

aubo Z(p®) ¢ n =0, nau, 4TO 3KBHUBAJEHTHO, Tpym-
na xapaktepoB K° [uCKpeTHa H BJOXHMA B Inps-

My cymmy Y, C (p™) B Z&Q, rae N, — MOIIHOCTb KOH
p

THHYYMa.
ITyctb G — noKaJbHO KOMMAaKTHAs BIIOJIHE HeECBSA3-
Has a6eJeBa Ipynna,Bce 3JeMeHTbl KOTOPOH KOMNAaKTHBHI.

Torna aas moboro g & G moxarpynna (g) usomopbHa
(akroprpynne rpynmnst HZP. dieMedT g & G Ha3H-
P

BaeTcs p-3JeMEeHTOM, eclMH <{g) usomopbHa aubo Z,,
aun6o Z(p"), n=0. B J.K.a. BIOJHe HECBA3HOM rpymnne
MHOXECTBO ee p-3JieMeHTOB o6pasyer mnoarpynny Gy,
HHOIZla Ha3bIBaeMYI0 p-CUA0BCKOL nodzpynnoi.
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IMyctb G —1.K.a. BHOJIHE HeCBsi3Has Trpynma, Bce
9JIeMeHTHl KOTOpo# KoMmnakTHH. Torpa G = G, nas ue-
KOTOPOrO MpPOCTOrO YHCJIAa p B TOM H TOJBKO TOM CJy-
uae, Kkorga ans H = G* trakxe H = H,. T'pynna G pas-
Jaraercsi B JiOKa/JbHOE [pAMOe INpousBefeHHe G =

=H(GP:KP) CBOHMX pP-CHJOBCKHX MOArpymm, rie K, ==

P
=G, K nas npousBoJbHO BEIGpaHHONH B G KOMNAKTHOM
OTKPBITOH noArpynnsl K.

PaccmorpuM 0606I1eHHO HHJBIOOTEHTHHIE H paspelld-
Mble rpynnel. Tonosoruyeckast rpynna (G Ha3biBaercs
paspewumoti, ecid CyIeCTBYeT TaKOH KOHEUHBIH psp

G=G,>G>...>G,=E (*)

3aMKHYTHIX noarpynn G, uto G;., ] G; ans mo6oro { =
=0, 1, ..., n—1 u Bce ¢akropu psga G;/G:y abe-
aeBbl. I'pynna G HusenorentHa, eciu B Hell CyllecTByeT
TakoH psA (+) 3aMKHYTHIX noarpymm, uto G, G ansa
Beex i=1, 2, ..., n B G;/Giy colepXKuTCAd B LEHTpe
¢akroprpynnsl G/Giy1. ‘

HOnst toro utoGul TOmoJIOrHYeckasi rpynna Gha pas-
pelIKMO# HJH HHUJBLINOTEHTHOH, HeOOXOAMMO M JOCTa-
TOYHO, 4TOGH OHa o06.Jajaja 3THM CBOHCTBOM Kak ab-
CTpakTHasi rpymna.

ITpumepsn. 1) Ipynna UT(n, K) yHHTPeYroJbHHX MaTpHL,
T.e. Takux Matpuy (ay), uro a; =0 mpu i >j u ay=1, suB-
asiercss HuabnotenTHod. 2) Ipymnma T(n, K) BepxHHX TpeyroJbHBIX
MaTpHIL, SBJsSeTCA pa3peLInMOii.

Ecau B 3rux npuMepax K — HeKOTOpoe JIOKAJbHO KOMIAKTHOE
nmone (C, R umun Qp), TO HosyuyaeM NPHMEPH HUJBIOTEHTHBIX H
pa3pelInMbIX JIOKaJbHO KOMINAKTHBIX TPYIIL.

Ecan G — jokanbHOo KOMNAKTHAsl CBSA3HAsl pas3peLliH-
Mas rpynna, To ee KOMMyTaHT G’ — HUJbNOTEHTHas
rpynna.

Cea3Has KOMNAaKTHasl paspemuMasi rpynma aGeseBa.

JlokaabHo koMmmakTHasi rpynna G Ha3plBaeTcs npo-
EKTUBHO HUABLNOTEHTHOL |[npoexTusHo paapeuwlumoii],
ecau B J0Gof OKkpecTHOCTH efuHHuB U rpynnel G co-
INepXKHUTCS Takas HopMaJbHast moarpynna N, ura G/N —
HHJbNOTEHTHAs! [paspemumasi] rpynna. JIpyruMmu cjo-
BaMH, IPOEKTHBHO HHJbIIOTEHTHbIE [IPOEKTHBHO paspe-
mWHMble] Tpynnel— 3TO B TOYHOCTH IIPOEKTHBHLIE Mpe-
Ie/lbl HHJBNOTEHTHHIX [pa3pellMMBbIX] rpynm,
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JlokanbHOo kOMmakTHasi rpymia (G HaselBaeTcs .10-
KQALHO NPOEKTUSHC HUAGNOTEHTHOU [A0KANEHED npoek-
TUBKO paspewlumotl], ecau JoGoe KOHEUHOe NOAMHOXNe-
ctB0 G TONOJIOTHYECKH NOPOJKAaeT MPOEKTHBHO HHJIbLIO-
TEHTHYIO [IPOEKTHBHO paspelinmyio] nogrpynny. Ceaszuas
JIOKAJLHO MPOEKTHBHO HHJBIOTEHTHas [JOKAJIbHO Mpo-
CKTHBHO paspelldmas| Tpynna siBJAfeTcid HHJLIOTEHTHOH
[pasperunmoit].

Eci G — KOMIIAKTHO NOPOXKAEHHAs! JOKaJbHO MNpoO-
©KXTHBHO HHJBNOTeHTHas Trpynna, TO G — NPOEKTHBHbIHA
npejesa HAJNBINOTCHTHBIX rpynn Jln.

Ecau G — oxajsbHO TpPOEKTHBHO HUJIBLIOTEHTHAS
rpynna, To:

a) MHOXecTBO {G KOMIAKTHBIX 3JIeMCHTOB H3 G sIB-
JIsieTCsl 3aMKHYTOil IIOArPyIIoH;

6) Go u G no3JeMeHTHO NepecTaHOBOYHBI,

B) cBA3Hast kKoMnoHeHTa (#G), rpynnsl (G siBJasiercs
LeHTpaJbHOH noArpynmno#t B G, u coBnajaer c tG () Go;

r) ¢akroprpynna G/tG — JOKaJbHO HUJIbIOTEHTHAas
rpynna JIu 6e3 KOMIaKTHBIX 3J1EMEHTOB;

) moarpynna N = Go-{G orkpbiTaB G u H30MOpdHa
¢axroprpynne (L X tG)/C, rpe L — cBA3Hasi OLHOCBS3-
Has HuJabnoTeHTHasi rpynna Jlu, C— takas 3aMKHyTas
noarpynna npsiMoro mnpousBefenus L X G, uto C
NtG=E, CN L — nuckpeTHas rpymnna. _

Ecnmn G — BnoJiHe HeCBsI3HAsl JIOKAJbHO INPOEKTHBHO
HH/IBIIOTEHTHAsA Tpynna, Bce 3JeMeHThl KOTODOH KOM-
NaKTHb, TO IJis J1060r0 MPOCTOrO YHCJIAa P MHOXKECTBO
p-3JeMeHTOB M3 G o6pasyeT 3aMKHYTYIO HOpPMaJbHYIO
noarpynny G, u rpynna G pasjaaraercs B JIOKaJbHOE

npsiMoe npousseicHHe G = 11 ¢G,: Kp), rae K, = G,
p

N K ans npous3BosibHO BbIGpaHHOH B G OTKPBHITOH KOM-
nakTHoil moAarpynmnsl K.

MHoxecTBO 1l 3aMKHYTBIX NMOATPYNHN TONOJIOIHYECKOH
rpynnsl G HasbBaloT cybHopmarbroim padom B G, ecnu:

a) U comep:KuT eAMHHYHYl mnoarpynny E u camy
rpynny G ¥ JHHEHHO YNOpsAOYeHO 10 BKJIOYEHHIO;

6) pas JoGoro nogmHoxectsa X = moxrpynmsl

U H u ﬂ H npunagmaexar 1l;
Hex Hegx

B) ecau moxarpynnel K u H u3” 1l o6pa3yloT CKauyok
pana (1. e. K<< H u mexny K u H uer noarpynn us U},
T0 K — HopMmasbHas noarpynna H.
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Cy6HopManpHB# paa U B G Ha3bBaeTcsl paspeuiu-
Moim, eciu Aast awo6oro ckauka K < H pspa U dakrop-
rpynna H/K abGeneBa. Psn U HasbiBaercs HoOpmaas-
HbiM, €CJM BCe MOArpynnel u3 U — HOpMaJbHble MNOA-
rpynnsl B G. LlenTpasereim HasbiBaeTcsl TaKoH HOp-
MaabHBIfA psA B G, uTo AJsa Jawoboro ckauka K <] H ¢axk-
toprpynna H/K comepxurcsi B uentpe G/K.

Onpenenum kKaacesl Z, Z u N  0606LIEHHO HHJIb-
NOTEHTHBIX TOMOJIOTHYECKHX TIpyNm CJeAyIIUM 0Q-
pasoM:

Ge=Z, ectu G obnafaer UEHTPAJbHBIM DPSIOM;

G e Z, ecnu KaXKAbli HOpMaJbHBIE psAX B G MOXHO
YNJIOTHHTb [0 L EHTPaJbHOrO;

G = N, ecan kaxnaasi noArpynna u3 G NpHHALJICKHT
HCKOTOpOMY cyGHOpMaJsbHOMY psify B G.

Kuaacest RN, RN, RI u RI" 0606l1eHHO pa3pelln-
MBIX IpYyNN ONpefessioTCs cJaelyloluM o6pasoM:

G = RN, ectu B G cyllecTByeT pas3peuliuMblii cy6-
HOpMaJIbHBIA pAL;

GeRI, ecin B G cyuecTsyer pa3pellMMBIl HOp-
MaJIbHBIH pAf;

G = RN, ecau mwoboit cyGHOpMaJgbHbE pax B G
MOXKHO YMJOTHHTb JO pas3peliiMoro cyGHOpPMAaJbHOTO
psna;

G = RI, ecau mio6Goli HopMaJbHBIE psa B G MOXKHO
VIJIOTHHTb N0 Pa3pelliMOro HOPMaJibHOro psia.

MHuoxecTBO % 3aMKHYThIX MOATPYNN TOMNOJOTHYE-
ckoll rpynnsl G Ha3bIBaeTcsl AOKAALHOU CUCTeMOHd, ecsH
G sBasiercsd o6befMHEHHEM Bcex MOATPYNN M3 & U A
mobnx K, HeE & naiigercs takas noarpynna M e %,
yto K<< M, H<< M.

JlokarsHas Teopema: ecau X — OAMH M3 BBCHACHHBIX

Bhille kJaaccoB Z, Z, N, RN, RN, RI, Rl u J10KajbHO
KoMrnakTHas rpynna G ofJajaer JOKaJbHOH CHCTEMOM
M3 NOArpynm, MpHHalJexalux kaaccy X, 1o G Takxe
NpUHaAJeRHUT X.

THNHYHEIM TPHMEpPOM JIOKaJbHOH CHCTEMBL $BJSIETCS
MHOXECTBO BCEX KOHEUHO MOpPOXAEHHBIX MOATrpymI TO-
NOJIOrHYeCKOH TpyNMHI.

JIokaJbHO KOMIIaKTHasi JIOKaJbHO NPOCKTHBHAs pas-
pewnmasi rpynna NpHHAAJTEeXHT KaXJAOMYy M3 KJaccoB

RN, RI.
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JloxanbHO KOMMakKTHas JIOKAJBHO NPOEKTHBHO HUJb-
NOTEHTHasi TPyNna MNPHHAJNEKHT KaXKIOMY H3 KJIacCOB
Z, N.

Kaxnasi sokanpHo KoMmmnakrtaast rpynna G obaajaer
3aMKHYTHIM JIOKaJbHO NPOSKTUBHO HHJILMNOTEKTHHIM pa-
aukasitom P(G) (1. e. HauGoJBLIMM CpeIH JIGKaJbHO
NPCCKTABHO  HHJBIOTEHTHBIX HOPMAJbHBIX NOATPYNN
rpyniae G).

Ecan G/Go— komnakTHas rpynrna, to P{G)-— npo-
€KTHBHO HHUJLNIOTEHTHAsl Ipymnna.

JlokanbHO KoMmmakTHas rpynna ( ¢ KOMI4KTHOH
dakroprpynnoii G/G, o6sajnaer 3aMKHYTHIM NPOEKTHBHO
pazpeliuMBIM paJHKaJIOoM.

B xaxJo# JokajanbHO KoMmmnakTHOH rpynme G cyule-
CTByeT 3aMKHyTas HOpMaJsiuHasg moarpynna Ry(G)— Hau-
6osablast Ccpeld CBAZHBIX pPaspCIUHMBIX HOPMAaJbHBIX
noarpynn G. Tlpu stom Ro(G/Ro(G))=E.

B cBaA3HOW JOKaJbHO KOMNAKTHOH rpynnc G cyure-
CTBYCT 3aMKHYTHIH paspemumbiit paaukaia R(G). Ilpu
atoM R(G/R(G))=E.

ITycte G —cBsi3Has JIOKAJbLHO KOMMAaKTHAs Trpynna
v R(G)=E. Torga G elHHCTBEHHHM c6pa3oM MNpeacTa-

BHMa B BHIeE G= H S,‘, rae S;— cBA3HHE npocThIC
ier

rpynnsl  JIH, KOMNakTHBIE IJs MOYTH BCeX HHAEKCOB
i u3 I. .

3.3. Ipokoneunbie rpynnwul. TomoJsornyeckas rpynna,
npeicTaBUMasl B BHAE NMPOEKTHBHOrO Mpelena KOHEYHBIX
rpynm, HaseiBaercss npoxoxeunou, Kiacc NPOKOHEUHHIX
FPYNI COBMAafaeT C KJacCOM KOMMAaKTHBIX BIIOJIHE He-
CBSI3HBIX TpYIIL.

INMpumepsn. 1) Ecan G — takas PA-rpynna, Tonosorus Ha
KOTOPOH 3ajaHa cHCTeMORl oOKpecTHocTeii eAMHHIb U, cocToseft
H3 HOPMaJbHBIX TOArPYNN KOHEYHOrO HHJAEKca, TO IONOJHEeHHe

G I ](i_“_’N <n G/N — npokoneunas rpynna. Ecan U — MHOXKecTBO

BCEX HODMaJsibHBIX NOATPYNI KOHEUHHIX HHAEKCOB [HHAEKCOB, Aens-
IHXCA TOJIbKO Ha TPOCTHie YHC/IA M3 MHOMECTBA I, HJM HHIEKCOB,
PaBlLIX CTeMeHsM HEKOTOporo npocroro uuena pl, 1o G Hasw-
BACTCS NPOKOHECYHLIM NONOAHCHUEM [APO-TL-nonoAsHeruem WIH npo-p-
nonoanenuen).

B uactHoM cayyae G =17 moayuaeMm: rpymna LeJblX D-aguHye-
cxkux uncen Zp == lim Z/p"Z — npo-p-nonounenne Z, Zy o~ H Zy,—

<« pexn

npu-s-nononnenue Z. Ilpoxoneunoe mononsenne Z 6ysem 0Go3ua-

4aTh uepe3 Z,
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2) I'p;y?.na Fanya G(L/K) pacuupenuss Tanya L/K noueit
npokoHeunas rpynna. Owla TnpeacTaB/seTcss B BHIe NPCEXTHBHOrO
Ipefesda CBOMX KOHEYHbIX (hakToprpymn G(L/K)=l‘i_n_1_G(Li/K),

rae L; npoGeraer Bce cotepakaiiuecs B L pacwupenus [aaya mons K
KoneuyHoH crenexu. IIpon3sosbHasi NMPOKOHeWHas rpynma usoMmopdua
rpyrne G(L/K) nas noaxoasimero pacwuperus laaya L/K.

Uepes @(K) ycmoBHMcs o6o3nauath abcosioTHyro rpynny la
aya moas K, T.e. rpynmny G(Ks¢?/K), rme K5* — cenapa6enbHoe
sambikatue K. Mmeror mecro usomopdusmbi: @(Fg) >~ Z, rue F,-
koHeuHoe mouse; &(C((¢))) ~Z, rae C((f)) —none ¢opmanbHHX
CTeNeHHKX PsAJOB Haj ajreGpaHyeckH 3aMKHYTHIM nojiem C Hy.;esod
XaPaKTePUCTHKH.

Ecan G =I1im G/U — npokouneunass rpynna, H —ee
3aMkHyTas noxrpynmna, to A =Ilim HU/U.

Ecan N — HopMaJbHasi 3aMKHyTas NMOArpynna npo
KoHeyno#t rpynnut G =lim G/U, 1o G/N =1im G/NU.
P S— <«

Has mo6o#t 3aMkHyToH mnoarpynnul H mnpokoHeuHO#
rpynnst G cywecTByeT HenpepaiBHoe ceuenue o: G/H — G
K ecTecTBeHHOMY oTo6Gpaxenuio ¢: G—G/H, g+ gH,
T. €. (p0'=ida/ﬂ.

Cucremoil noposcdaroujux nNpPOKOHeYHOH rpynnu G
Ha3piBaeTcss noaMHoXxectBo X B (, TONOJIOTHYECKH IO-
poxnaatomee rpynny G H objajawpiiee cjaeLyOUIHM
CBOHCTBOM: JI06asi OKPECTHOCTb €RUHHUN rpynnu G
cojepKHUT MoyTH Bce 3JjeMmeHTH u3 X. Uepes d(G) oGo-
3HAYHM HaMMEHbIIYIO H3 MOLHOCTEH CHCTeM NOpOXKAalo
mux G.

[Ipumep. Ecin G= H L; — npsiMoe TNpOH3BEJieHHE CBOHX
iel
KOHE4HBIX  LHMKJIHYeCKHX moarpynn L; = {gi), TO MHOXecTBO
{g:li =1} saBaserca cucremoii mopoxpalouux X; d(G) < |1].

Kaxjass npokoneunass rpynna o6Jajaer cHCTeMOR
MOPOKAAIOLIHX.

Ecau d(G) GeckoHeuHo, To d(G)= wo(G); ecau
d(G) < o0, TO JOKanAbHbIA Bec wo((G) cueTeH.

CeepxHaryparsHoim wucaom HasbiBaeTCs popMasibHOe
npoH3BeJeHHe Hp"P, rae p npo6GeraeT MHOXECTBO BCeX
npocteix ynces, 0 <<n, < oo, IIponssenenne ABYX CBepX-

m
HATypaJbHBEIX YUCeJ Hp"P " Hp P onpenessicTCst Kak
1

II p*»*™. Nas wmmuoxectna {H prlie 1} CBCpXHATY-
paJibHBIX YHCEJ HX HauMeHbllee o6llee KpaTHOE paBHO, N0
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onpeneaennio, [ p™, rae m,=sup{ns|ie1}, a ux
HauboJablWKA OOWHH JNesuTe]L PaBCH Hpkp, rae k,=
=min {n;IiE 1}. ToBopsAT, ure Mpocroe YHCAO § HeJUT
cBepXxuarypaJjbHOe UYHCIIO p"r, ecan n, > 0.

Hudexcom nodepynner H npokoneunoi epynnet G ua-
3niBaeTcs HaMMeHblllee ofilee kpaTtHoe |G:H| MHo-
)KecTs HHAekcoB |G : HU|, rae U npoGeraer COBOKYI-
HOCTb OTKDBITHIX HOpMaJbHeiXx moarpynn G. Ilopsimok
| G| npoxoneyHoit rpynnsl G onpenesseTcs Kak HHIEKC
B G exuHuuHod noxarpynnel. [lopsiiok moarpynne, mo-
pPOXJIeHHOH 3JeMeHTOM g & G, Ha3biBaeTcs INOpPSIIKOM
ajemeHTa g M oGosnauaercs |g|. Uepes m(G) ycuo-
BUMCSI 0603HauaTh MHOXECTBO MpPOCTHIX YHCeJ, Hesi-
IUX NOpSAoK rpynns G.

OueBuaHo, uto ecau K <{ H — 3aMKHyTble NOIrpYyNIIb
npokoneudo#d rpynnet G, to |G:K|=|G:H| H:K|.
Ecan mHoxecTBo 3amkuyreix moxarpynn {H;|i I} mnpo-
KOHEYHOH Trpymnel TaKoBO, 4TO AJas Jobwx i, je!
Halnercs Takoe Re /I, uro H,<CH;(\H; TO HHAEKC

IG: ﬂ Hil paBeH HaHMeHblIeMy 061eiy KpaTHOMY MHO-
iel

xecrBa uHjekcos |G:. H,|, i 1.

OrMmeruM npocTelilllMe CBOACTBA MPOKOHEYHBLIX Tpym.
Ilycte % — k/1acc KOHEYHBIX TI'PYNI, 3aMKHYTHIH OTHQCH-
TEJbHO MNOArpyNN, (akToprpynn H KOHEYHHX MNpPSIMBIX
npousBegeHud. [Ipokoneynass rpynna G Ha3blBaercs npo-
€ -epynnoii, ectu G =1im G,, rae Bce G, € %; 3TO 3KBHU-

-

BaJIECHTHO TOMY, YTO Bce KOHeyHble (akroprpynns G
npHHajiexat kJjaaccy %. Tak o6pa3oBaHHBEe KJacCH
Npo-%-rpynn MoOryT GBITb OXapaKTepH30BaHBH KaK 3aMK-
HyTHle OTHOCHTEJbHO 3aMKHYTBIX HOArpynm, ¢akrop-
TPYNI H NPSIMBIX NPOH3BEJEHUH KJacchl & MPOKOHEYHBIX
rpynm, NpH 3TOM ‘% cOBHaJaeT C KJacCOM KOHEYHBIX
rpynmn u3 &.

Knacchl NpoxkoHeYHBIX TIpPYNHm C  [epedYHcJeHHBIMH
BhHILIe CBOHCTBAMH HAa3bIBAIOTCS MH02000pA3UAMU NPO-
xoneunoix epynn. Ecau Bce rpynnbl Gi, A = A, HekoTO-
poH NpOEeKTHBHOH CHCTeMbl INPOKOHEYHHIX TpyNN MpH-
HajJJsiexaT MHoroo6pasuio 1npo-@-rpynm, TO npeae

lim G, — takxke npo-@-rpynna.
-

ITpumMepn MHOrooG6pasuii MPOKOHEYHHX FPYNIL
1) Ilpo-p-rpynnsbi; cooTsercTBYWOIIHH Kaacc & COCTOHT H3 KOHey-
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HbIx p-rpynn. Ilpokoneuras HeexuHiinas rpynna G sBAsercs Ipo-
p-rDYNIOA TOTJa M TOJNBKO TOrka, kKerZa n(G) = {p}. 2) Ilpo-n-
rPYNGbl, TAe I -— HEKOTOPOe MHOXKECTHO MNPOCTBIX 4HCeN; KJaace
% — Bce KomeyHpie m-rpyamel. I'pynnma G sBAsieTcsi HpoO--rpynnoit
Torga H TOJNBKO Toraa, korja n(G) =m. 3) [lpopaspewnmble
Ipynnsl; @ — KJacC BceX KOHEYHBIX paspewumuix rpynm. 4) Tipo-
HWIBIOTCHTEBIE I'PYNNB; % — KJ1acC BCEX KOHEYHBbIX HHJBIOTEHETHBIX
rpynmn.

Jast MHoroo6pasust mnpo-@-rpynn H ILPOKOHEYHO#H

rpynnst G o6o3naunm uepes ¥ (G) nepeceuenue Bcex
OTKPHITBHIX HOpPMaJbHBIX moAarpynm rpynns G, ¢dbaxrtop-
rpynnsl MO KOTOPHIM INpHHapJjexar . Pakroprpynna

G® = G/%* (G) sBasiercs wauboabueil npo-F-pakTop-
rpynno#i rpynnel G. TouHee, ecau 1 — HempepbIBHBIH
romomopdpusm G B npo-@-rpynny H, 1o =P nas

romoMopouama Py: G®* > H n ecrectsennoro roMoOMoOp-
du3smMa ¢ rpynnst G Ha dakToprpymnmny G®.

MMpumepwn. 1) Ecin & — knacc koHeunnix p-rpynm, K — He-

KoTopoe mose, To rpymia & (K) =@ (K)/%¥ (8 (K)) ecrs rpymma
Fanya G(KP/K), rae KP— makcuMasbHOe p-pacuinpense noas K,
T.e. o6belHHeHHe BceX KOHeUHHX pacwupennit aaya L/K ¢ p-rpyn-
nami Tlanya G(L/K) B ¢HKCHpOBaHHOM cenapaGesibHOM 3aMBIKaHHH
nons K. 2) Ecan @ — Kaacc KoHeuHbIX paspewrumuix rpynm, K —

none, To &°(K) =@ (K)/%&* (8 (K)) — rpynna Tanya Makcumans-
Horo paspewnMoro pacwnpenuss Ks°VV/K. 3) Has ®A-rpynnu G u

MHorooGpasusi mpo-%-rpynn rpymmna G¥ ssasercs po-% -nomnoJxe-
HHeM rpynnsl G, T.e. nomoJHeHHeM G B TOMOJIOTHH HOPMaJsbHbIX
NOArPYNI KOHEYHOro HHAeKca ¢ (akToprpynnaMd us € (3ameTHu,
4TO 3Ta TOMOJOTHs He Bceraa xaycnopdosa).

3amkHyTas noAarpynna H TnpoxkoHeyHoM rpynnbl G
Ha3bIBAETCS XOAAOBCKOU, ecJH mopsifok °|H| u uHIekc
|G:H| B3aumHO npocThl. Jn HeKOTOPOro MHOXeCTBa
7 NPOCTBHIX YHCEN I-X¥0AA08CKOL moAarpynmnoit G Hasbl-
Baercs Takasi XOJJ0Bckas noarpymna H, uro n(H)==xn
u |G:H| He JdeauTcs HH Ha ONHO NPOCTOE YHCJO H3 .
Ipu n={p} n-XosJOBCKHe MOArPYyNIbl HA3BIBAIOTCA
P-CHJIOBCKHMH.

SICHO, 4TO 71-XOJIIOBCKHe [p-cHiIoBckHe] nmoarpynnbl G
SIBJISIIOTCA MAKCHMAJbHBIMH MpPO-7i-NOATPYNnaMu [mpo-p-
noarpynnamu] B G.

[TpousBosibHasi NpoKOHeuHast rpynna obJajgaer p-cu-
JIOBCKMMH TMOArPynnaMH AJsl KaXKAOro MPOCTOro wYucJaa
p. JlioGble nBe p-CHIOBCKHe IOALPYNNBl MNPOKOHEUHOH
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rpynnsl G conpsxennl B G. Jlio6as npo-p-noarpynna
NPOKOHEYHOH rpynnbl (G COLEpPXKHTCA B HEKXOTOPOH p-cH-
JIOBCKOH MOArpymme.

Ecan p—npoctoe 4nc/io, s — MHOXECTBO BCEX OT-

JIUYHBIX OT p MNPOCThIX YHCEJ, TO ﬂ;-XOJIJTOBCKaH NGa-

rpynna HasblBaeTcss HHOTAA p-AONOJHEHHEM.

[IpoxoHeunass rpynna G npopaspeuinma, Toraa H
TOJbKO TOrAa, kKoraa G ob6Jiafiaer p-AONOJHEHUEM [Js1
KaXJ0ro NpocToro 4ucjaa p.

[IponssosbHass npopaspewmuMas rpynna obJagaer
T-XOJJIOBCKMMH MOATPYHNAMH s KaXAOr0 MHOXKECTBa
7 MPOCTHIX yuces. JIo6ble ABe 5-XOJIJIOBCKHE MOArPYNOb
npopaspeminmMoit rpynnel G conpsixxenn B (. Jlio6as
npo-m-noArpynna npopaspewnMoii rpynnst G cogmep-
JKHTCA B HEKOTOPOH m-XOJIJIOBCKO# moarpynne G.

[Npokoneunas rpynna G NpOHHJbIIOTEHTHAa TOTAA H
TOJIbKO TOTJa, KOrja AJs KaXJAOoro NpocToro yuciaa p ee
p-CHJIOBCKasg MOATpPyNIa siBJAsSETCS] HOPMaJbHOH TOA-
rpynnos.

Ecau G — npoHW/bNOTEHTHAsl Ipynna, To G=HG,,

p

rae Gp ectb p-cunoBckas noarpynmna G.

Ecan N — HopMasbHasi moArpynna HpOKOHEeYHOH
rpynnu G, SBJSAOLIAsCS ee XOJJOBCKOH MOAFPYMNoOi, TO
G=N>H ana H~G/N, n Bce Takue noarpynnsl H
nomapHo conpsixeHsl B G.

Ilodepynnoii ®parrunu O (G) npokoHnewHol epynnet
G HasnBaeTcsl InepeceyeHHe BCeX MAaKCHMaJbHBIX 3aMK-
HyTelx moarpynn G. OTMeTHM, YTO NPOU3BOJIbHAA 3aMK-
HyTas mnoArpynmna rpynnel G cOAepXKHTCS B OTKPHITOH
MakcuMaJabHOH mnoarpynne G. as mnpo-p-rpynnel G
nmeem @ (G)= G* (G, G]. .

[Moarpynna ®PpaTTHHH NPOKOHEYHOH TPYNOBl NPO-
HHJIbIIOTEHTHa.

Eciu HO(G)= G Ana HEKOTOPOH 3aMKHYTOH IOXA-
rpynnsl H rpynnu G, to H = G.

O6o3naunm uepe3 M((G) nepeceueHHe BCeX MakKCH-
MaJbHbIX 3aMKHYTBIX HOpMaJIbHHIX IIOATPYNN MNPOKOHeY-
Ho# rpynnu G.

Jns npousBosbHOH NpokoHeuHOH rpynnel G dakTop-
rpynna G/M(G) usomopdHa npsmMoMmy [POHU3BEAECHHIO
HEKOTOPOro MHOXECTBAa KOHEYHBIX MPOCThIX TPYIIL

3aMkHyTas noarpynna H npokoHeyHoH rpynne G
Ha3bpiBaeTcs OCTUICUMOLU, €CIH CylIecTByeT TaKOH TpaHc-
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(GUHUTHBIA PAJ 3aMKHYTBIX NOArpYM
G=K =K, >...>2K,=H,

yto Kj <XKK) mas Beex A<o u K,= ﬂ K, nna
A<n

A1060r0 mpeebHOrO uHcaa p << 6. Herpyano supers,
uyto noarpynna H RocTHXHMa B NPOKOHeyHOH rpynne G
TOrla M TOJbKO TOrAa, Korja noarpynnel HU cy6uop-
Manbhbl B G 1J5 BCeX OTKDPHITHIX HOPMAaJIbHBIX NMOATPYIN
U 13 G. Ecin H — focTHXHMMas 3aMKHyTas moAarpynna
npokoHeyucii rpynnsl G, To u3 HM(G)= G BHTEKaer
H=aG.

Onpenenum KOTOMOJIOTHH NPOKOHeuHsXx rpymm. [Tycrs
G — npokoHeyHas rpynma. AGeneBa rpynnma A c¢ nau-
CKpeTHOH TONoJIOrHed, Ha KOTOPOH ONpejeseHO Helpe-
pbiBHOe HeficTBHe Trpynnbl (G, Ha3blBaeTcsi OUCKDETHbIM
G-rodyaen.

DKBHBAJEHTHH cJaeaylouine yrtBepxaenus: (1) A —

JUCKpeTHbIl G-Mo1yab, (2) A=||AU, rre AV =
U

={us Alga=a nas mobGoro g<= U}, a U npoGeraer
MHC)KECTBO OTKPBITHIX HOPMaJbHBIX MoArpynn rpynns G.

INpumepamu nauckpernnx G (L/K)-moapyned wMoryt
CAYXHUTb aiiuTHBHas L+ W My’abTuniukatuBHas L*
rpynnsl noas L.

PaccmatpuBas mnoamoayaun AY guckpernoro G-mo-
AyJass A Kak MOIYJH HajJ KOHeuHHIMH rpynmamu G/U,
o6pasyeM pas Kaxiaoro n =0 cHCTeMY IHCKPETHRIX
aGesesbix rpynn H*(G/U, AV)—rpynn KoromoJorui
kKoHeuHnlx rpynn G/U, rae U mnpoGeraer MHoxectso U
OTKPHTHX HOpMaJbHeX noarpynn G. Ecmu U=V —
aJeMeHTH W3 1, TO ecTecTBeHHbH romomoptusm G/U
Ha G/V u Bioxenue AV B AU onpenensior roMomop-
¢usmer H*(G/V, AV) B H"(G/U, AY). B pesyJbrare 1o-
Jyvyaercss HHAYKTHBHasi cucreMa aGeseBbix rpynm. Ilpe-
e

H" (G, A)=lim H" (G/U, AY)

3TOIl CHCTEMBl Ha3bIBAeTCH M-MepHOL epynnoil KO2OMOAO-
euid npokoueunoil epynnet G ¢ KOo3(pOPHUIHEHTAMH B 1H-
ckpetHoM G-Monyue A.

OTtoGpaxeHue, craBsiliee B COOTBETCTBHE KaXIAOMy
IuckpetHoMy G-moaynaio A abeaesy rpynny H"(G, A),



212 r'JI. 11. TPYIIbI

ABJsIeTCST GYHKTOPOM H3 KaTeropHH IHCKpeTHhIx G-Mo-
AyJell B KATeropHI0 AHCKPETHbIX abeJieBbIX TPy, ’
[Tycre H —3aMkHyTasi NOATpynna NpPOKOHEUYHOH
rpynnel G, A — puckpetHull H-Moapy/ab. JHckpeTHbli
G-moays Ma (A) onpejesnsieTcsi KaK MHOXKECTBO TaKHX
HenpephiBHBIX oToOpaxenudt f: G—A, uto'h-f(g)=
={f(hg) mna Bcex h= H, g= G, Ha KOoTOpOM omepa-
HHS CJ0XKeHHs onpededeHa no ¢opmyae (f; + f2) (¢)=
= fi(g)+ f.(g) naa g= G, a geiictBue rpynnel G —
paBeHcTtBoM (g-f) (x)=Tf{xg), x = G.
cayuae, koraa H — eauunyuass noarpynmna, no-
CTpOeHHBI MonyJb o6o3Hauaercst yeped Mg (A) u Hasbl-
BaeTcs Kouxdyyuposarnuimu. B stom cayuae A — npo-
H3BOJIbHAsl abeseBa rpynna.

CoBokynHoctb ¢yHkropoB H"(G, A), n =0, u3 xare-
rOpHH JAHMCKPEeTHHX (-MOAyJieli B KaTeropHio alesieBbiX
rpyni o6/sajaer caelyOUHMH CBOHCTBAMH M ORHO3HAUHO,
C TOYHOCTBIO O 3KBHBAJEHTHOCTH, ONpeae/sieTcss HMH:

a) H°(G,A)=A¢,

6) H*(G,A)=0 nas Bcex n =1 H NPOH3BOJbHUTO
KOMHAYHUHDPOBaHHOrO MoayJs A;

B) Ji060i ToOuHO# nocaenoBareapHoctd 0— A — B —
— C—0 puckperHbix G-MoAyJiefl COOTBETCTBYeT TOUHas
KOTOMOJIOTHYECKAs MOCJ/Ie0OBaTelbHOCTh

.—>H"(G, A)— H"(G, B)—~H" (G, C) -
- H"N G, A)— ...

Ecau H — noarpynna npokoneunod rpynmel G, A —

JHUCKPETHBIH H-MOAYyJb, TO TrOMOMOpP(H3M M'(’;'(A) — A,
f—> [ (e), onpenensier nzomMopduaM rpynn KoromMonaorui
H* (G, ME(A) ~H"(H, A) nas Bcex n>0 (1eima
Illanupo).

Ckpeujennoim  20MOMOpHUIMOM HA3BIBAETCS TaKoe
orobpaxenne f[: G—>A, uro f(gh)={(g)+ g-f(h).
Otobpaxenuss g—>g-a —a, rie a<= A, Ha3pBawoTCA
2MABHOIMU  CKpewjeHroimy  eomomoppusmamu. [pynna
H'(G, H) uszomopdHa ¢akroprpynmne rpynmnbl Bcex He-
NPEPLIBHBIX CKpelleHHbX roMmoMop¢usMoB U3 G B A no
NOArpynne TJaBHbIX CKPeLleHHBIX TOMOMOP(H3MOB.

IMycte A — nepuoguueckuit puckperHsii G-MoAyJb,
A, —ero p-npumapuas vuacte. Torma H"(G, A)=

=D, H"(G, A,) nas Bcex n>0.
P
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Ecotn G — npo-n-rpynna, p & n ¥ zucxpetusiit G-mo-
nyab A apasercs p-rpymnno#, o fH"(G,A)= 0 asns Bcex
n=1.

[Mycte G — npoxoHeuras rpyimna, p — npocioe YHCJO.
Koromodiornueckolt p-pasmeprocteio c¢d, G rpynner G
Ha3BLIBACTCA HaUMEHbIUGE UKCJO n Takoe, uto H7(G,A)=
=0 ans BCeX ¢ > 1 W IPOU3BOJNBHOTO LHCKPETHOTO
G-monyast A, snasouierocs p-rpynnod. Ecaum Takoro
yuciaa n He cyuiecTeyet, To c¢dp, G = oo. Koeomo.aozuue-
cxoii  pasmeproctoro c¢d G rpynnsi G HasbiBaercs
sup {cdy, G) 1O BCEM MMPOCTHIM YHCJIAM p.

Has npokoneuHo# rpynnel G KOrOMOJOTHUECKas
p-pazMmepHocTh ¢dp G << n TOTJa M TOJABKO TOrAa, KOrjaa
H*1(G, A)==0 pns mw06oro npocroro AuckperHoro G-
Monyasi A mepuona p.

Ecan G — npo-p-rpynna, TO €IHHCTBEHHBIM IPOCTHIM
G-MonyneM nepHoja p sIBJAsieTCS TPUBHAJbHBIA MOAYJb
Z/pZ.

Ecnu H — 3aMKkHyTast moArpynna npoKOHeYHOH rpym-
nel G, to c¢dp H < cd, G ansa gwboro mpocroro p. Pa-
BEHCTBO MMeeT Mecro, eclH uHIekc |G: H| He menurcs
Ha p uad ecad rpynna G He UMeeT 3JeMeHTOB NOpsAKa
p, a noarpynna H oTkphiTa.

OrMmeTHM, 4TO ec/i B G ecTb 3/JeMeHTH NOpsAAKa p,
T0 cd, G = oo. Kpome Toro, cd, G = cd G,, rae G, ectb
p-cusoBckas moarpynna rpynns G.

Ilycte N — 3aMkHyTasi HOpMaJbHasi MOArpymnna mnpo-
KoHeuHo#t rpynnel G, m=cd, N u n=cd,(G/N) kKo-
HeuHbl. Torma cdp G << m + n. PaBeHCcTBO uMeer MecCTo,
ecau N comepxutcs B ueHrpe G wiaun N — npo-p-rpynna,
a rpynna koromoJsoruit H™(N,Z/pZ) xoHeuHa.

[lyctb (G —Takas  mpo-p-rpynna, 4To TpYNnHl
H9(G,Z/pZ) xoHeuun pnnasi Bcex ¢==0, 1, ..., n. Ilo-
JIOKUM

n

Xn (G)= 0(_l)qdirnZ/pZ H? (G, Z/pZ)

q=

HepaBenctso c¢d, G << n paBHOCHJILHO DaBEHCTBAM
% (U)=|G: U|%+(G) mns Bcex OTKPHITHIX MNOArPYNI
U rpynnsl

Eciu n=1cd,G, to %,.(G) Ha3biBaeTcs xapaxkrepu-
crukoil Jiirepa — Ilyankape npo-p-rpynnel G U 0603Ha-
yaercsa x(G).



214 rJI. 1I. TPYIIIbI

OnpezenuMm cBoGOAHble NPOKOHEYHBle rpynmnel. Oro-
Opaxkenue [ MuHoXectBa X B NpDOKOHeuHywo rpynuy G
Ha3blBaeTcs Cx00Aujumcs, ecau AJs 1000l OKPeCTHOCTH
exunuubl U rpynnel G MHoXecTBOo X' \\f~!(U) KOHeuHO.

ITycth kJ1acc nmpo-%-rpynn siBJasieTcsi MHOrooGpasuem.
Ilpo-#-rpynna Fy HasbiBaeTcss ¢80000HOI npo-€-cpyn-
noil, eC/qH OHa CONEPKUT TAKYI CHCTEMY MOPOIKAAIOLIMX
X, uto moboe cxoxsiieecst otobpaxkeHHe X B Kakyio-
aubo npo-#-rpynny H npojoJsKaercss LO HEIpPepHIBHOrO
romomopdpusma Fg B fA. CHcrema nopoxpamomux X
YacTo Ha3hBaercsi c80600#0L 6a3oi rpynnu Fg, a Moll-
HocTb X — ee paHroM rank Fg.

CBoGosHas npo-%-rpynna panra | usoMmopdHa rpyn-

ne HLP=2(?), rie L, ~Z,, ecnu mobasi cTeneHh p
p

JeJUT TOPANOK KaKOH-Au60 rpynnel U3 @, win L, ~
~1Z/p*Z, rpe p* — HauGoJsblllasi M3 CcTeneHed p, nend-
LINX NMOPSAKH rpynm u3 @.

Ha a6crpakTHo#t cBoGoaHo# rpynne F(X) Han X BBe-
ZleM TONoJIOTHIO ¢ 6a3ucoM CHCTeMHl OKpecTHOCTel U, co-
CTOSIUHM M3 TAaKHX HOpPMaJbHEIX noarpynn N, u4TO
[F(X):N|<< oo, F(X)/N=® u N coZepXHT NOYTH Bce
aneMeHTH U3 X. Toraa nononHenne Fg = limyey F (X)/N

—

sBJAsieTcsl CBOGOAHOH Npo-%-rpymnmnoii co cBoGopHOH 6a-
30#t X.

Jlio6ass mpo-@-rpynna G u3omopdHa akrToprpymnne
cBoGoaHOH mnpo-@-rpynnn Fc panra rank Fc = d(G).

[Ipo-@-rpynna G wusomopdpHa cBOGOAHOH NpO-F-
rpynne GeCKOHEYHOrO paHra x TOria H TOJbKO TOrAa,
Korga Jnjs Jio6oH npo-@-rpynnsl A JIOKaJbHOTO Beca
wo(A) <<% ¥ KOHeuHOH HopMmaJnHOU moxarpynne K <CA
NPOU3BOJIbHBIA HeNpephHBHHA .roMoMopdHU3M § TIpynsl
G na A/K noasumaercs Ko roMoMopduaMa o TIpyINNH
G Ha A (1. e. g = I €CTeCTBEHHOr0O TIOMOMOp-
¢dusma A va A/K).

KoHeuHo nopoxaeHHast npo-@-rpynna G u3oMop(pHa
cBoGOAHOH mpo-%-rpynne KOHEYHOTO paHra n TOrjaa H
TOJIbKO TOrAa, korfa d(G)=n u nobasg KoOHeyHas rpyn-
ma U3 ¥ c n NMOPOXKJAIOUIHMH H30MOppHA HEKOTODOH
¢akroprpynmne G.

Npumepun. 1) 3adaua noepyxenus wax norem K cocrout
u3 pacuupenuss Fanya L/K KoHeuHO#l CTemeHH H CIOPbEKTHBHOrO
romomopdusma ¢: A—> G(L/K), rme A —HexkoTopas KOHeYHas
rpynna. Slgpo Ker ¢ uacto HasmBaloT 20pom 3ada4uu ROZPYHEHUA.
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PeuienneM 3ajauu nor/;‘)/lyme}mﬂ SIBJISIeTCSl TaKoe paciuMpeHHs I anya
M/K, yto M= L, G(M/K) ~ A u upu stom H3oMOppH3ME ¢ COB-
nagaer ¢ romomopduamom orpanudenus G(M/K) - G(L/K).

Ecau rpynna Tanya ¥ (K) =6 (K)/%* (8 (K)) MakcuManas-
Horo @-pacwiupennsi noiss K ynosietBopsieT nepBof akcHOME CUeT-
HOCTH, TO OHa siBJsieTCs CBOGOXHOM Npo-% -rpymmoil cCueTHOro paHra
TOrJa M TOJbKO TOrAa, Koraa Hag K paspeuminma swo6asi 3anada mno-
IpyXeHHsi ¢ rpynnoit A, npuHajaiexalueil knaccy €.

2) Mycte Q2® u Qs°Y — MaKcHMaJsbHble abeNeBO H, COOTBET-
CTBEHHO, pa3peliiMoe DPAacCUIHPEHHs MOJs PalHOHaJbHHX uncen Q.
Torpa G(Qs°'V/Q2°) — cBoGogHasi Mpopa3pelIHMasi. T'PYNNa CUETHOTO
panra.

3) I'pynna Tanya &?(K) MaxkcHMajbHOrO p-pacUIHDEHHs IpoO-
H3BOJbHOTO moJst K xapakTepHCTHKH p > 0 siBasercsa cBoGoAMOM
Npo-p-rpynmnoi.

4) Ecin K — anreGpandeckn 3aMKHYyTOe TMOJie HyJeBOM Xapak-
TepucTHKH, K(¢) — mose paunoHasbHbix ¢yHkuuii Hap K, 1o abco-
moruas rpynna Taaya @(K(f)) — cBoGoxnass NpokoHeunas rpymna
patira, paBHOro moutHoctu moss K.

[TpeanosnoxuM, 4To kJacc % KOHEUHBIX I'DYyNN 3aMK-
HYT OTHOCHTeJbHO 00pa3oBaHHsl paciliupenuii, H — noa-
rpynna cBo6GoaHOR npo-@-rpynunn Fg paura x.

Ecan H otkphnra B F¢, To H — cBo6oaHas npo-%-
rpynna, paHr KOTOpoH paBeH X, ecJi % GecKoHeuHo, 1160
paBed |Fg :H|(x — 1)+ 1, ecin % KOHeuHO.

Ecnu panr x GeckoHeueH, Ho Bec w (Fg¢ /H) mnpo-
CTpPaHCTBAa CMEXHBIX KJaccoB MeHblle ¥, TO H — cBo-
6GojHast npo-@-rpynna paHra x.

Ecau B mpepngyuleii TeopeMe Kjacc @ OTJHueH OT
KJacca p-rpynm, TO B CBOGOAHBIX NpO-@-rpynmax cylie-
CTBYIOT He CBOGOJHBIE MOATPYMNNb (HanpHMep, pP-CHJIOB-
cKHe noarpynns Fg).

[lpo-p-rpynna G sBasiercd CBOGOAHOH TMpO-p-Tpyn-
no# Torja M TOJbKO TOrAa, Koria cd, G << 1.

Jlio6ast 3amkHyTas noarpynna H cBo6oAHO#l mpo-p-
rpynnsl F, siBasiercst cBoGopHOH mpo-p-rpynnoi. Ecun
ungekc H B F, Geckoneuen, To rank H =rank F,, eciu
rank F, 6eckoneuen, nrank H cuereH, ecin rank F, << oo.

Ecau npo-p-rpynna G 6e3 KpyueHHs COLEPKHT OT-
KPHITYI0 MNOATPYMNNy, SIBJAsIOLYIOCs CBOGOAHOH MpO-p-
rpynno#, To G — Take cBo6OJHas Mpo-p-rpynna.

TycTb Q — HEKOTOpPOEe KOMIIaKTHOE KOJbUO C edHHH-
uei. Uauie BCero HCnoJb3ylorcs KoJapua Z, UeablX p-ajiu-

YecKUX YHCEJ H HX NpsiMble NPOU3BENeHHs] Zj= 11 z,
pEn

AJisi HEKOTOPOTO MHOXECTBAa 7t MPOCTHIX YHCEN, SIBJISIO-

LiHecss COOTBETCTBEHHO MpPO-p-NMONOJHEHUSIMH M MpO-Tt-
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NMOMOJIHEHHAMH KoJablla Z ueJblX uHCceJ. HpOKOHQQHoe

nonosHeHde Z o6o3Hauaercs yepe3 Z.

Has npokoneuHo#l rpynnsl G HOROAHEHHOE 2pynno-
soe koaoyo Q[[G]] Hap Q onpenessieTcss KaK MPOSKTHB-
HbIl npelen CHCTeMbl OOBIYHBIX TPYNNOBBIX  KO.Jel
Q[G/U] xoHeunbix ¢akroprpynn G/U rpynne G co
cBs3biBaloluMu romoMopdusmamu Q[G/U] na Q[G/V]
ans U <<V, WHAYUHPOBAHHBIMH €CTECTBEHHBIMH TOMO-
mMoppusmamu G/U na G/V. Ilpu stom Q[G/U] pac-
CMaTpPHBAIOTC KaK KOMIAKTHble KOJblia, romeomMopd-
Hble npsiMmoMy npoussefeHuio |G/U| 3k3eMnaspoB
KoJbLa .

[Tyctb M — npokoHeyHas abeseBa rpynmna, Ha KOTO-
poil 3afaHO HeNpepbIBHOE NeHCTBHE NPOKOHEYHOH T'PYNNbL
G. Ecin n(M)=m, 1O 3TO0 AeiiCTBHe NpOJOJIKaercs 10O
HenpepulBHOTO JeficTBus Koabua Z, [[G]], T. e. M sBaser-
ca npokoHeunsm Z, [[G]]-Moxyaem.

IlpumMepoM MNpPOKOHEYHOro in [{G]]-Moayns MoxeT cCuayXHThb
ajAUTHBHAA Tpynma KoJbla fn[ [G]]. Dtor Moayab sBAsieTCs CBO-
GONHBIM ’Z\n[[G]]-MOJJ,y.,‘leM paHra 1; ero csoGomHOH mopoxnatouiei
CHYXKHT eJMHHLA €, KOo/bla iﬂ [[G]]. CBoGomubiM fﬂ [ [G]) ]-mony-

JleM paHra » HasbiBaeTcsi NpsAMoe IpOH3BegeHHe H Z,[[G]] =

il
3K3eMIIsipoB cBoGoaHoro Moayas panra 1 (rze x=|/|). CsoGox-
Hoit Gasoii TakK onpegesneHHoro cBo6ogHoro Zy[ [G]]-moayas
apasiercs MHOXectBo {e, |i €[}, rie e, — einHHLA NPAMOro COM-

HOXHUTeJs Z,[[G]] Cc HHAeKcoMm [ [.

[Tpennosioxxum, 4To Kjaacc % 3aMKHYT OTHOCHTEJIbHO
obpa3oBaHHsl pacuiipenuii, Fy — cBo60AHas npo-%-rpym-
na co cBo6onHo# 6asoit X,G= Fg¢/R — ee dakrToprpynna.

CyluecTByeT TOYHast NOCJeL0BaTEJbHOCTb HPOKOHEU-

ubix Z,[[G] ]-Monyaeit
0> R/R, R — 11 Z.[[61]1 > Z4[[G]] > Z, >0,

rle 7 — MHOXECTBO BCEX MPOCTHIX YHCEJ, AEJSLIHX IO0-

psAAKM rpynn u3 %, a meiictsue rpynnsl G Ha R/[R,R]

HHAYLHPOBAHO CONMpsIXKEHHEM B rpynne Fg.
®akroprpynna Fg/[R, R] BkanajgsiBaercss B moJaynps-

MO€e INpPOH3BEeIEHHE M=( ]T[Xiﬂ[[G]])>~ G. dto BJIO-

JXeHHe HHAYyUHpOBaHO roMoMopdusMoM Fgy B M, mnepe-
BOASIUHM x & X B 3JeMeHT (e,, X¥), rie e, — eIHHHLUA
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npsiMoro coMHoxHuTeass Z.[[G]] ¢ uHgekcom x, ¥ —
o6pa3 x B rpynne G.

B cayuae mHOroo6pasusi mpo-p-rpynmn, K H3YUYeHHIO
KOTIpeJACTaBJeHHH, T. €. 3aflaHHfl MNpo-p-Tpynm B BHAE
¢dakroprpynn cBOGOAHBIX NPO-p-TPYII, MOXKET OGBbITh NPH-
BJIEYE€Ha TeOpHs KOrOMOJIOTHH.

[Mycts G = F,/R, rae F,—cBoGoaHasi npo-p-rpyi-
na, R F,. Cucremoil cootHowenut G B 3TOM Komnpex-
CTaBJIEeHMH Ha3blBaeTcsl NOJMHOXecTBO S & R, TOMOJIOrHU-
YecKH TNOpoXKaawllee R KaK HOPMaJbHYIO MOArpynmy
B F, u Takoe, 4TO IPOU3BOJIbHAS OKPECTHOCTb €AHHHIIBI
F, conepxxXut moutu Bce ssneMeHTH u3 S. HaunMenbiuyio
U3 MoOIHOCTeH cHcTeM S cOOTHOUIeHHH O0003HauuM ue-
pe3 dp, (R).

Konpencrapienne G = F,/R Ha3biBaeTcs MUHUMANG-
Hom, ecan R <C(F,)?[F,, F,]. Ecau xonpexncras.enune
MHHHMaJbHO, To rank F,=d (G); npu d(G) < co BepHO
u obparnoe. IToaoxum r(G)=dp,(R) AIs MuHMMaJb-

HOro KonpexacraBJjieHus; r (G) oGbIUHO HA3BIBAETCA 4YHC-
JIOM COOTHoWIeHHH npo-p-rpynnsl G. OHO He 3aBHCHT,
KaK TOKasbBaeT cJefiyloliiee yTBepkKIeHHe, OT BhOcpa
MHHHMAJIbHOrO KOINpeICTaBJIEHHUS.

Hast npo-p-rpynnel G cnpaBefJIMBHL CJERYIOLIHE pa-
BEHCTBA:

d (G) =dimg,zH' (G, Z/pZ),
r (G) = dimg;,zH* (G, Z/pZ).

Ecau G = Fp/R, roe F,— cBo6oaHas Npo-p-rpynna,
to c¢dp, G <2 Torma W Tonbko TOTAA, Koria R/[R,R]—
ceo6oaubiit Z, [ [G]]-Monyb.

[lIpo-%-rpynna G_Ha3biBaeTcsi NMpOeKTUBHOL B MHO-
roo6pasun npo--rpynmn, ecad AJas Kaxao#H Npo-€-rpyn-
nsl A W HOpMaJbHOH moarpynnbl N < A TNpPOH3BOJIbHBIA
HenpepbiBHBIH romoMopdusm G B A/N nosHumaercs A0
romoMopdusma G B A.

Ias toro uto6bl G Obl1a NPOEKTHBHOH B MHOROOG-
pa3uH npo-%-rpynn, A0CTAaTOUHO BBIIOJHEHHs CHOPMYJIH-
POBaHHOTO BHIlLE YCJAOBHS1 MNOAHATHS TFOMOMOpP(H3IMOB
JHUIIL 1151 KOHeuHbiX A M abesieBbiX HOPMaJbHBIX MNOJA-
rpynn N, nexamux B noarpynne ®@parruun @ (A).

[1po-@-rpynna G npoeKkTHBHA B MHOroo6pasuH Inpo-
@-rpynn Torga M TOJBKO TOTAA, KOTrJa OHa sABJAETCA
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pPeTpakTOM HEKOTOpOoH cBOGOAHON mnpo-F-rpynnsl Fg,
T. e. Fe>~ G.

Mpumepsn. 1) Abcomorsas rpymna Tlanya @G(K) mnons K
siBJsieTCsl NPOEKTHBHOH, ecan Hax K noGast 3ajaya NOTpyKeHUs ¢
abesieBbIM SIXPOM HMeeT HeCcOGCTBEHHOe pelieHHe (pewleHHe B aJ-
re6pax TIaaya). M3 mpoekruBHocti @(K) BhiTEKaeT CyllecTBOBaHHE
HecOGCTBEHHOTO pelIeHHsl s JoGoi 3afaun norpyxenus Ham K.
2) Ecan anreGpanueckoe pacwupende K moass Q comepKuT Bce
KOpHH H3 eIHHHUBI, To rpynna @ (K) npoekTHBHa.

Knacc % KOHeYHBIX TPYNI Ha3biBAETCS HACHIU,CHHBIM,
ecau Ana Jwo6o# koHeuHo# rpynnu K 3 K/O(K)e®
BhTekaeT K & @. Eciu knacc % 3aMKHYT OTHOCHTEJbHO
00pa3oBaHUsl pacIUNpeHHH, TO OH HACHILIEH.

IlpoekTHBHOCTL B MHOroo6pas3uu Nnpo-@-rpynm 3KBH-
BaJleHTHa MPOEKTHBHOCTH B MHOrooOpasuH BCeX MPOKO-
HEYHBIX IPYNI TOr'Aa M TOJbKO TOTAa, KOrga KJaacc & sis-
JICTCS HACHIUIEHHBIM.

[TpokoHeuHble rpynmel, NpPOEKTHBHbIE B MHoroo6pa-
SHH BCeX MPOKOHEYHBIX [PYIH, Ha3bIBAIOTCSA NPOCTO Npo-
EeKTUBHbIMUL,

[Tycte G — npo-%-rpynna, rie % — HEeKOTOPHH Ha-
CHILEHHBIH KJacc KOHeuHbx rpynm. Ciefylouife yTBepK-
JeHUs 9KBHBAJEHTHHI:

(1) G — npoexTHBHas rpynna;

(2) G wusomopdHa moarpynmne cBoGOAHOH NPoO-%-
IpyINIb;

(3) cdG <1,

(4) p— cunoBckas noarpynna rpynnbnl G siBaAsercs
¢BOGOJHOH NpO-p-rpynnoH AJs J1060ro NpocToro yucjaa p.

Ecan G, H — pgBe npoektuBHble rpynnsl u G/®(G) ~
~H/®(H), T0 G ~H.

HOas nwo6oit npokoHeuno#t rpynust M ¢ O (M)=E
CyuecTByeT Takasi INpoekTHBHas rpymnna @, 41O
G/D(G) =M.

Jast HachllleHHOro MHoroo6pasHs mpo-%-rpynn mnof-
Tpynnsl CBOOOAHEIX MNpO-%-rpynn KJacCHOHUHPYIOTCS
cBouMHd ¢akroprpynnamu mo noarpynne ®parrunu. On-
HaKO 3Ta Kjaaccupukauusa mManosddeKTHBHA, TaK KaK He-
06o3pHUMa COBOKYNHOCTb NPOKOHEYHLIX TPYNN € TPHBH-
ajbHO# noarpynnoit dPpaTTHHU.

[Ipennosioxum, 4To Kaacc % KOHEUHBIX TPYNI 3aMK-
HYT OTHOCHTEJNbHO oO6pa3oBaHus pacwHpeHud. Ilycts
I/ MpOKOHeYHO# rpynnsl G ¥ KOHEUHOH MpOCTOH rpym-
nel S rs(G) o3Hauaer HauGoJblllee H3 TAKHX KapAHHAJb-
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HBIX 4YHCeJl %, 4TO -G o6Jafaer (akToprpynno#, uso-

mopduoit [[*S. Eciu G, H — Be ZOCTHXUMBIE NOArpPYII-
bl OeCKOHeUHBIX HMHAEKCOB B CBOGOJHOH Npo-%-rpymnmne
Fg u rs(G)=rs(H) nas Bcex KOHEYHBIX MPOCTHIX

rpynn S, To G ~H. Tloarpynnel KOHEYHBIX HHIEKCOB
B Fy sBJAIOTCS CBOOOZHEIMH NpO-@-rpynmnamu.

IIpo-#-rpynny G Ha3oBeM O0JHOpPOOHOLU, ecau OHA
GeckoHeuHa H AJs J060# npo-@-rpynne A ¢ wo(4) <
< wo(() ¥ KOHeyHOH HopMaJbHOR moarpynnu K <A,
cogepxauiefics B M(A), NpOM3BOJNBLHHA HenpepbiBHLIA
romomopdusm G Ha A/K mnopHuMaercsi N0 HempephiB-
Horo romomMopdusma G Ha A. ‘

Ecan G, H — nBe ogHopoaHble npo-@-rpynmnsl, w, (G)=
=w, (H), G/IM(G) ~ HIM(H), To G~ H.

Jast mo6oro mpsiMOro NpoH3BeNEHHUs V=‘H!: S, roe

=3

S; — KOHeuHble IIPOCThle TPYMIbI, CYIIECTBYeT OLHODOX-
Hasi npo-@-rpynna G npoH3BOJBLHOr'O JIOKAJbHOTO Beca
w, (G) =|T| ¢ dakroprpynnoit G/M(G)~V.

HerpuBunanbHas npo-#-rpynna G usoMopdHa LOCTH-
XKHUMOA noArpynne 6ecKOHEYHOTO HMHAeKca B CBOGOAHOM
npo-@-rpynne paHra % TOria M TOJbKO Toraa, korga G
onHOpoiHa U wo(CG)=wxt+. 3aecb »x+ =%, ecau Kapiu-
HaJbHOe 4YHCI0 % O6ecKOHeYHO M %+ — MOILMHOCTb CueT-
HOTO MHOXXECTBA&, eCJIH % KOHEeuHO.

OzanoposrHasi npo-@-rpynna G usoMopdHa 3aMKHY-
TOH HOpMaJbHOH moArpynmne 6eCKOHEYHOro HHAEKCa CBO-
6onHoit mpo-F-rpynnul TOrja H TOJbLKO TOTAa, KOrAa
c(G)=0 nan rc)(G)=w,(G) n1a Kaxaoro npo-
CTOro yHcJa p.

Ecau H — pocTuxuMasi 3aMKHyTasli NOArpymnna cBob6ox-

HO# mpo-@-rpynnn, TO H COMEpPKHT OTKPHITYIO HOp-
MaJibHYI0 NOATpYNNy, H30MOpGHYIO CBOGOAHOH Npo-%F-
rpynme.

Ecnu H — 3amMkHyTass HopMaJbHas IOArpynna cBso-
6oaHofi Mpo-F-rpynnel, TO KaxAas coOGCTBEHHAs OTKPHI-
Tasi HopMaJbHasf noarpynna H usomopdna cBOGOAHOR
npo-%-rpynne.

[TogpoGuee 06 3THX (¢aktax cM. MeabHuU-
ko O. B.//Uss. AH CCCP. Cep. mar.—1978. —T.
42, Ne 1.—C. 3—25; Hoka. AH BCCP.—1978. —
T. 22, Ne 8. — C. 677—680.

BBemeM cBOGOJHBIE MNPOKOHEYHHlE TPOH3BEJEHHA.
IIycrs {Gi|i = I} — cemeiictBo Tpynnm H3 HEKOTQPOro
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MHOroc6pasusi npo-&-rpynn. MHOXeCTBO TroMOMOpdH3-
Mo ¢;: Gi—H, i=[, rne H— HekoTopasi npokoHed-
Hast rpylna, Ha3blBaeTcs CXOAAILHMCS, eClIM KaXaas OT-
KpbiTast noarpynna H comepxut o6pasbl ¢;(G;) anas
MOYTH BCEX UHIEKCOB [ & [.

Ce60600H61M npo-F-npoussederues MHONKECTBA TPYII
{G;|i e [} nasbiBaetcs npo-%-rpynna G = l*‘l" G; BMmecTe

e

CO CXOASIIIMMCSI MHOXeCTBOM romMomopduamoB @;: G, —
— (G, i1, ynosjeTBopsiollas cJaegykolleMy YHHBep-
casnplnoMy cBoiicTBYy: ecau V0 G;—>H, i, —cxona-
Leecsi MHOX(ECTBO romomopdH3aMoB B npo-@-rpynny H,
TO CYUICCTBYET eIHHCTBeHHbIH romomopdusm o G — H,
I KOTOpPOro ;= w@; NpH Bcex i< /.

Csob6oxHoe npo-%’-nponaBeaelme'%‘l" G; MOXHO moJy-

e

YUTh KaK NOMoJiHeHHe abCTPaKTHOro mnpousseneHus L
MHoOxecTBa rpynn (; i</, B TONoOJOrHH, 3agaHHOMH
CHCTEMOH TAaKHX HOpMaJbHBIX moarpynn N rpynnet L,
uro |L:N|< oo, LIN=¥, N comepXHUT NOArPYIIBI
G; nas moutn Bcex i</ u N[]G; OTKPBHITO B HCXOAHOM
TonmoJiorud Ha G; nas Bcex i /.

FomoMopduamel @; rpynn G; B cBoGonHoe npo-@-npo-
naseaenue.*IGi HHBEKTHBHBI; CBOOOJHbIE COMHOXHTEJH

e

G; OTOXIEeCTBJSOTCSH OGBHIYHO € MOATpYyNmaMmu B *I‘" G,
1L e

CBOUMH o0pasaMHu NpH @;.
Kaxnas cBoGonHas mpo-%-rpynna Fg paHra x siBas-
ercss CBOGOJHBIM MNpPOHM3BefEeHHEM * 3K3eMIJIsIpOB CBO-

6ooHBIX HHKJHYeCKHX npo-F-rpynn Z(¥). Ilpu stom
cBoboHbIE COMHOXHTeJqH Fg COBMajgalT C NOATPYM-
namu (¥), rae x npoGeraer HeKOTOPYyw CBOGOAHYIO 6a3y
X rpynnn Fg.

Ecaun H — oTkpriTass moarpynna csoGomHoro mnpo-@-
[NpOH3BENEHHSA G=.*‘IfG,‘ H KJacc ¥ 3aMKHYT OTHO-

e
CHUTeJbHO pacliupeHu#t, To H caexyoouum o6pasom
npeacraBJsieTcss B BHIAE CBOOOJHOro mnpo-@-npousse-
JeHHUs:
H=( *¥¥  x¥ HngG,-g“) *¥ Fg,

iel gesi

rae nas i 1 nmogMuoxecTBo S; = G sBiseTcHd NOJHOH
CHCTeMOH mpejcTaBuTesel ABOHHBIX CMeXKHBIX KaaccoB G
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no (H, G)), F¢ — cBoGogHasi mpo-%-rpynmna KOHEYHOro
paHra, paBHOro

i;(lr;:m—m:(ﬂ, G)|l—iG:H|+1

(Gildenhuys D, Ribes L.//Trans. Amer. Math.
Soc. — 1973. — V. 186. — P. 309—329).
yete G= %% G;, xnacc ¥ 3aMKHYT OTHOCHTEJbLHO
iel

pacuiupenuii, H; — noarpynna G; nas kaxpgoro [ e/,
H — noxarpynna G, nopoxaenHas scemu H;, i = [. Torga
H == *? Hi-
iel
Ecniu K — KoHeuHass moAarpymmna cBoO6OLHOTO npo-%-
npoussenenuss G= ¥ G;, Kaacc % 3aMKHYT OTHOCH-
iel
TeapHO pacuupenui, To K<CgG;g~! nns HeKoTOpHIX
iel, g=G. Tlpu stoM ecau K[']hG,»h_l # E, t0j=1i,
he gG,

MMpumepsr. Ilyctb v — HekoTOpoe HopMHpOBaHHe moas K.
Ilodepynnoi pasaoserus @, wan v HasbiBaercs noarpynna @(K),
COCTOSIIlast H3 TaKHX aBTOMOP(H3MOB cenapabesbHOrO 3aMblKaHHS
KseP, KoTopble OCTaBJAIOT HEH3MEHHBIMH KaKoe-JHGO (GHKCHPOBAH-
Hoe NpOJOJI)KEeHHe HOPMHpOBaHHs v Ha K¢, MHoxecTBO NOArpynm
pa3ioxeHHH HaA 3aJaHHBIM U IpejcraBasieT cob6oi KJjacc conps-
XKenHbix moarpynn B &(K).

1) Mycrs K — anre6panyeckH 3aMKHYTOe IoJie HYJeBOH Xa-
pakrepucTHkH, K(f) — moje pauHoHa/JbHbIX GQYHKUMH Hal HuM, & —
MHOXECTBO Bcex JAHCKpeTHmXx K-HopmupoBaumii mons K(f), sa wuc-
KJI0YyeHHeM oJHoro (BbiGpaiHOro npousBosbHbLIM o6Gpa3om). Toraa
HaJl KaXAbiM U € 3 MOXHO BbIGparh NoArpynny pasioxenns @,
B @(K) rak, uyto @ (K)= *v @, — cBOGOLHOE NMPOKOHEYHOEe MPo-

veE 4
H3BeJeHHe.

2) Tlycte K — HekoTopoe euavbeproso noae, T.e. noje, NJs
KOTOpOro chnpaBefJHBa TeopeMa [HabGepra O HENPHBOAHMOCTH.
Cpenn runbOepToBbHIX NoJsiedi HaxomsaTes mnote Q, mosie K'(¢) pa-
UHOHaJbHBIX GYHKUHA Hax NpoH3BOJAbHbIM nosteM K/, a Takke ux
KoHeuHble paciuiupenns. IlpexnonoxuM, uto B @(K) BhIGpaHo Ko-

HeuHOe MHOXECTBO MOArpynn pasnoxenuit Gy, Goy, ..., Gy, rae
Y, Uy ..., U, — HopMupoBaHus K, me o6s3atenbHo pasaHuHble.
Torga B NMPOH3BOJBHO 3aaHHOH OKPECTHOCTH eiHHMubl U rpynmbl
@ (K) cyulecTBYIOT TakHe 3JIEMEHTHI Xi, X2, ..., X5, 4TO TOArpymmna
- —1
@(K), nopoxpaeHHas TNOArpynnamu xl@lel l, x2@vzx2 e
e x,8, x;', ABAAETCA HX CBOGOJHBIM [POKOHEYHBIM NpPOH3Be-
n
ACHHEM.

PaccmoTpuM  crneunuanbHbie  KJaacChl  Opo-p-rpynm.
Anaauruueckoil.  p-aduueckoii  epynnod  HasbiBaeTcs
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MHOXecTBo G, siBasiiouieecs OJAHOBPEMEHHO Irpynnoii u ana-
JUTHYECKHM NPOCTPAHCTBOM HajJ nojeM Q, p-afiHYeCKHX
YyHces, €Cy rpynnoBasi onepauus (x,y)—s>xy~! omnpene-
JsieT aHaaHTHYeckoe oTo6pakenue G X G— G. Pasmep-
HOCTb aHaJuTHUYecKoro npocrtpanctBa G Hax Q, Gyaem
Ha3bBaTh p-aduueckoil pasmeproctero G. Kaxpas aua-
JHTHUeCKas p-aJuuyeckass Tpynmna sBJsSeTcs JOKaJbHO
KOMIAaKTHOH BIOJIHE HECBA3HOH TOMOJIOTHYECKOH T'pyIoi.

MMpumepsw. 1) INonnas nuneitnas rpynna GL(n, Q,) H ee
3aMKHYTBle NOATrPYMNNBl — aHAJHTHUECKHEe p-aJHYecKHe TrpYMIbL

2) Myete X = (%1, X2, ..., Xa), Y = (Y1, Y2, ...,Yyn) — ABaA
Habopa u3 n mnepeMmeHHnlx. Ha6op F = (Fy, Fa, ..., Fa) ¢dopmaib-
HbiX creneHHbix psAnoB Fie Z,[[X, Y]] or 2n nepemeHHbIX Ha3sbl-
Baerca (QopmasbHo#ii rpynmoHt Ham Z, Ppa3sMEpPHOCTH 1, eclH
F(X,0 =X, F(0,Y)=Y, F(U, F(V, W)) = F(F(U, V), W).

CrandapTHas aHAAUTUXECKAR p-adudecKas epynna pasmepro-
CTu n onpejensieTcsi KaK NPOCTPAHCTBO

n
G={(al, a, ..., an)egzp[ai Epzp}

C omepauneft yMHOXeHHS, 3ajaHuofi no dopmyne gh = F(g, h),
g, h= G. Ennnuneiit stoil rpynnsl siBasiercs aaement (0, O, ..., 0),
H cywectsyer Taxkoii Ha6op @ = (@i, @z, ..., Pn) GOPMAJBHHIX
crenedHbHX psinos @; & Z,[[X]], 9to g+—> @(g) — onepauus o6pa-
wmeHHst B rpynne G

CraHnapTHas aHaJuUTHYeCKas p-afHyeckas T[pynma sipjsieTcs
npo-p-rpynnoit Ge3 kpyuenus. Kaxnas aHanuTuyeckasi p-aauyeckast
rpynna COAEPKHT OTKPHITYIO MOATPYMIY, SIBJAIOULYIOCS CTaHAAaPTHOM.
Tem caMblM H3yueHHe aHAJHTHYECKHX p-aJHYECKHX TPYNN CBOAHTCA
K H3YYeHHIO aHaJHTHYECKHX NpO-p-TPYm.

Cuoepyomne yTBep:KAeHHS O mpo-p-rpynne G 3KBH-
BaJICHTHBHI:

(1) G — anasuTHuecKast p-ajpyecKkas Tpymnna.

(2) I'pynna G KOHEYHO NOPOXKJAEHAa H CYyIIeCTBYeT
Takasi OTKphTas noarpynna U, uro kommyrtaur [U, U]
conepxutcs B mHoxectse U = {h”|h = U}.

(3) CymectByer Takoe n << oo, uto d(U)<<n mng
mo6oit otkpuiToil moArpynnel U u3 G. B stom cayuae
d(H) < n pas scex noarpynn H u3 G.

Ecan G — aHasauTHyecKas p-afinyeckas rpyinma, To ee
noArpynnsl M ¢GakTOPrpynnsl TaKKe SIBJASIOTCS aHaJH-
THYECKHMH p-aJHYeCKUMH IPyNNaMH.

ITycts G — Tomosoruueckas rpynna N <<G. Ecan N
n G/N — aHaluTHUeCKHe p-afinuecKHe TPYMNINbl p-ajHye-
CKHX pa3MepHOCTell m H n COOTBeTCTBeHHO, T0 G — aHa-
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JIUTHYECKasi p-ajinyecKas TIpynna p-afgHyecKoi pasmep-
HOCTH m + n.

Ecnu G — koMNakTHas p-ajudyeckass aHaJHTHUECKas
rpynna, to ee rpynna astoMoppusmoB Aut G — takxke
aHaJIMTHYeCcKas p-aJHuecKasi rpymmna.

Ecnu G — aHaauTHueckas npo-p-rpynna, to r(G)>

d (G)?
——— (reopema I'osroda — llagapesuua).

>3

dra TeopeMa (B ee MNepBOHAYaJbHOM BAapHAHTE C KOHEYHOM
p-rpynnoi) GuJa JOKasaHa AJS MOJYYEHHS OTPHLATEJNLHOrO pelle-
HHS npobJeMbl GaLIHM INoOJell KJaccOB, KOTOPasfi 3KBHBAJEHTHAa cJe-
JlylollleMy BONPOCY: MOXHO JH [/ BCAKOrO pacuiupeHus nons Q
KOHeYHOH cTenmeHH HafiTH comepxallee ero pacwinpenve K moas Q
KOHEUHOH CTeNeHH ¢ YHCJIOM KaaccoB hx = 1?

Ilpo-p-rpynna G HasnBaercs ' epynnoi ITyanxape
PA3MEPHOCTU N, €CJIH:

a) cd,G=mn;

6) rpynnet HY(G, Z/pZ) KoHeuHH A1 BCeX ¢ H
H" (G, Z/pZ) ~ Z/pZ,;

B) Kan-npousgedexue

w: H(G, Z/pZ) X H"™(G, Z/pZ) > Z/pZ

sBJseTCS AJs J1060ro g << n HeBHIPOXKAEHHOH OHJHHel-
Hoii ¢opMoli Hajx mnoJjeM H3 p 3JeMeHTOB. AHasluTHYe-
ckas npo-p-rpynna G 6e3 KpPyuyeHHs SBJsieTCH TPynmod
Ilyankape pa3MepHOCTH, paBHOH p-aJHYecKOH pasmep-
HoctH G.

Ipynnu Ilyankape pa3MepHOCTH 2 H3BeCTHHl Kak
epynnet Jemywruna. Tak kak pas rpynn Jemylixkuaa
H?*(G,Z/pZ) ~Z/pZ, T0 OHH SIBAAIOTCS NPO-p-TPyNNaMu
C OIHUM onpelensiolUM cooTHOWeHHeM. Onpefesoiine
COOTHOWIeHHs rpynn JleMylIKHHa IOJHOCTbIO BBIYHC-
JICHBHI.

IMycrs rpynna JdemymiknuHa G npeicTaBjieHa B BHAE
G =F,/R, rae Fp,—csoGogHas mpo-p-Tpynna paHra
n=d(G), R—HopMaJabHasi moArpynna F, MHNOpPOXJEH-
Hasi sjementoM r. @akroprpynna G/[G, G] usomopdpHa

(Z,/qZ,) X 11 Z,, rae g=pm, 0<<m << . Toraa B Fp
=2

cyuiecTByeT Takas cBoGonHasi 6a3a {xi, X2, ..., Xa},UTO:
1) npu g =2 yucJ0 n YeTHO H

r=uxq[x, %] [* %] - [%acp %]
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2) npu g = 2 ¥ HeYETHOM n

r =xfx§f [0 %] [*0 x5] - [Xaop %) TRE 2<K<F < 00;
3) npu g =2 U YETHOM n
r=x§+2f [x,, x2] [%3 %] --- [x,,_,, x,,']
HIH
r=x3[x, 1) o [¥5 %] -+ [*¥acwr %)

rie 2 < f << oo.

IMpumepamu rpynn [emywkuna siBasiorcs rpynnu anya @°(K)
MaKCHMaJIbHbIX p-DACLIHPEeHH KOHeuHbIX pacwiupenuii K moas
p-afndyecKux uHcesa Qp, cojepxkallHx InepBooOpa3HBIi KopeHb p-ii
creneHx u3 efMHHubl. Ilpu 3toM uucaa n, ¢ u [, durypupywoume
B NpeibiAyILEeM YTBEPXKAEHHH, HMEIOT HHTEpPNpPeTalHI0 B TepMHHaX
nons K; B wacrHocty, n = |K:Q,| + 2

LiJ1sl KOHEYHO MOPOXKIEHHOH mpo-p-rpynnbl G ¢ yHC-
oM obpasyomix d(G)>=>2 H OAHHM ONpeAe/IsIOUIHM
COOTHOLUGHHEM 3KBHBAJIEHTHBI CJeAYIOlLlHe YTBepXKIEHHUS:

(a) G —rpynna [demylikuua;

(6) r(U)=1 pna moboit oTkpeiTofi moarpynnut U
rpynnet G;

(B) d(U)=|G:U|(d(G)—2)+2 ana umoboit ot-
KpbITOH moArpynnsl noarpynnel U rpynnn G.

3.4. Ynopsapouennnie rpynnsl. MHoxecTBO G, SIBJISIO-
pieecsli OLHOBPEMEHHO I'PYNNOH H YaCTHYHO YNOPSLAOYEH-
HbIM MHOXKECTBOM, ia3bIBaeTcsi ynopAaodoyenHnol epynnod
(y. rpynmoi#t), eciix Ajsi JIOGBIX 3J€MEHTOB X, Y, 2, t u3 G
BBIIIOJIHEHA aKCHOMAa OJHOPOAHOCTH: HEPABEHCTBO X < Y
BJIEYeT HEPABEHCTBO fxz < fyz. JlOoMOJHHTe/bHBIE Orpa-
HHUYEHHA HAa YAaCTHYHBIH MOPSAOK < BLIAEJAIOT CJeAyio-
LI{He OCHOBHBIE KJACCHl y. Tpynn:

a) saumelino ynopadoueHHsle epynnst (J.y. TPYNIb) —
KJacc y. TPy, IJisi KOTOPHIX OTHOILUIEHHE < SBJsIeTCS
OTHOLIEHHEM JIUKEHHOrO MOpsAKa;

6) pewerouno ynopadouenHble epynnel— Kaacc Y.
rpynmn, AJsi KOTOPbIX 4acTHYHO YNOPSJ0YEHHOE MHOXe-
CTBO SIBJISIETCS peLIeTKOH; :

B) Hanpasienueie epynne.— KJjacc y. Ipyni, B KO-
TOPHIX AJs JIOOBIX 3J€MeHTOB X, Yy W3 TPYNNbl Haipercs
3JIEMEHT 2 TaKOH, uTo x << 2, Y << 2.

Npumepn. 1) AngutusHas rpyuna R nosis ReACTBHTENbHbIX
YHCesJ C TDAJHUHOHHBIM OTHOLIeHHeM MOpPAJKa ABJAseTcs J.Y. rpym-
noit. 2) OGosHayuMm uepe3 Fx COBOKYNHOCTb BCeX HEACTBHTENIbHO-
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.

3HauHbiX QyHKUMA Ha MHOXecTBe X. EcrecTBeHHBIM crocoGoM ompe-
peauM Ha Fy omepauuio cnoXXeHust (QYHKUHMH, a OTHOWIEHHE YacTHY-
HOro mnopsaka onpexeaum npasuiom: << g, f, g = Fx, torna u
ToNIbKO TOrja, Korja f(x) << g(x) mas Besikoro x u3 X. Ilosyuen-
Hast CTPYKTypa Ha Fy siBJsieTCsl PelueTOYHO YNOPSAOYEHHOH TIPyMIloN.
3) Ilycts X — mpousBo/ibHOe JIHHEHHO YNODPSIAOYEHHOE MHOMKECTBO.
O6o3Hauyum yepes A(X) muoxecTBO Bcex aBtomoppusmon X, T.e.
B3aHMOOZHO3HAaYHbIX OTOGpa’keHHil X Ha cebs, COXPaHSAOWHX IMO-
psizok. 3agaauM Ha A(X) CTPYKTypy peleToyHo YHopsiioyeHHOMH
rpynnotl. Jdas ao6eix @, ¥ u3 A(X) rpynmoByio onepauuio onpeae-
JseM Kak cymepmnosunuio ¢@ H P, T.e. (9°P)(x) = P(o(x)),
x € X, a orHouleHHe YacTHYHOTrO MOPsILKAa ONpeje]sieM Tak: @ < P
TOrfa H TOJBKO Torjaa, korga @(x) << ¢(x), x = X. dra y. rpynna
Ha3blBaeTcsl peIUeTOYHO YNOPSAAOYEHHOH rpynmoit aBToMOphu3MOB
JIHHeiHO ynopsigoueHHoro MHoxkectBa X. 4) CsoGopnas rpynma F
paHra =2 nomyckaer CTPYKTYPY JI. Y. CPYNNBI MHOTHMH CHOCOGaMH.
IMpusenem omuu u3 uux. Ilyer, F=ywF = v.F=. .= vy.F>=
= Yoy F = ... — Hnxunit uenTpasnpHbit pax rpymnet F.  Torna
(aktopbl YaF/ya+F sBAsIOTCS cBOGOAHBIMH abejieBHMH TpyNNaMH
H NPH eCTeCTBEHHOM OrpaHHuYeHHH Ha paHr F MoryT GHITb BJIOMKEHHI
B R c ecrectBeHHbIM mopsaakoM. 3adHKcHpyeM JIHHEHHBIA MOPSIAOK
P(YaF/Yns1F), n =10, 1, ... I'pynna F craHOBHTCH J.Yy. TPYynmno#,
ecau NoJoXHTb X & P F) <= xYai1F € P(YaF/yn4F) 1npu ycioBum,
4T0 X & YuF \yn4+(F (onpenenenne P(G) cM. HHXKe).

dueMeHT g y. rpynnbsl G Ha3bIBAaeTcs NOAOKUTEAb-
Hoim (HeoTpuyarensHsim), eciau g > 1 (COOTBETCTBEHHO
g =1). MuoxectBo P(G) mnoNOXKHTEJIbHBIX 3JEMEHTOB
y. rpynnsl G Ha3blBAeTCS NOAOHNUTEAbHOIM KOHYCOM H
obsajaer ciaeAyiOLUIMMHU CBOHCTBaMH:

) P(G)- PG < P(G),
2) P(@NPG) ' =0,
3) xP(G) x~'<<P(G) nns scex x u3 G.

Ecau G — n1.y. rpynna, To, KpoMe TOrO, BHIIOJHEHO yC-
JIOBHE

4 G=P@G)UPG)'U{1}.

Ecan G — HampaBJ/ieHHasi I'pylna, TO BHIMOJHEHHl yCJO-
Bus 1)—3), a Takxe

5) G=P(G)-P(G)".

O6paTHo, ecan B rpynne G HMeeTcsi NOJAMHOXECTBO
P, yposaersopsitoiiee ycuaoBusiMm 1)—3), 10 G MOXHO
NpeBpaTHTh B y. Ipynmy, mosaras x <y TOTAA H TOJbKO
Toraa, korga xy—! & P. Ilpu Tak ompeaeseHHOM MOpsaKe
okasbiBaercs, uto P(G)= P. Ecau, KpoMe TOro, MHOXe-
ctBO P yposJaerBopsier ycaosuio 4), To G —J1.y. rpynna,
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a ecJau — ycJoBHIO 5), To G — HampaBJeHHas Tpyn-
na. CiefoBaTe/bHO, MOXKHO OTOXIECTBJIATb IOPSAOK
y. TPYNIBL C €€ NOJOXKHTEIbHEIM KOHYCOM.

Eciu G—y. rpynna, H —ee noarpynna, To H cama
ABJSIETCS] Y. TPYNNOH OTHOCHTENbHO HHAYHHUPOBAHHOIO
¢ G nopsaaka, npuueMm P(H)= H (| P(G). [Toarpynna H
y. rpynnsl G Ha3blBaeTcs B6lAYKAOU, €CaAH s JHOGHX
3JIEMEHTOB X, Y, 2 H3 G TaKHX, UTO X <Y << Z U X, 2 E
e H, BunonHeHo y & H. Y. moarpynns y. rpynnu R 6y-
JeM Ha3bBaTb OeliCT8UTEeAbHBIMU 2PYNNAMU.

I'pynnoBbie roMOMOp(H3MBL B KaTeropuu y. Ipynr,
COXDaHsIOlHe NOPSAOK, Ha3bIBAlOTCH HNOPAOKOBbIMU 2n-
momoppusmanu. Ecin G, H—y. rpynnet u ¢: G—H —
rpynnoBo#l roMoMop¢Hu3M, TO ¢ OKa3blBacTCA MOPsAKO-
BBIM TOMOMOpP(}H3MOM TOrja H TOJbKO TOrAa, Koria
¢(P(G))<<P(H). Hzomopdusm (aBTOMOpP(HH3IM) $iB-
JAIOIWMACS TOPSAKOBEIM TOMOMOpP(hU3MOM, Ha3bBaeTcs
NOpSIAKOBEIM H30Mop¢dH3MOM (aBroMopdusmom). Slapo
MOPSAKOBOrO roMoMopdusMa y. Tpynnul sSBJseTCS BH-
NyKJOH HODMaJbHOH NMOATrPYNIOH.

Ecau B y. rpynne G uMeeTcsl BHIIYKJass HOpMaJbHas
noarpynna N, 1o ¢akroprpynny G/N MOXKHO mpeBpa-
THTb B y. rpynny, nojoxus xN << yN Torga U TOJBKO
Torjna, korga B N Halijercs TakoH 3JeMEHT 2, 4T0 X <<
<< yz. Ilaa y. rpynn cnpaBefiJsivBa TeopeMa O rOMOMOp-
¢usMax: ecad ¢ — MopsiAKOBHIA romomopduaM G Ha H
c saapoMm N, TO cyuiecTByeT MOPAAKOBHIHA H30MOPH3M P
y. rpynnsl G/N Ha H taxkofi, 4To ¢ ==1pe, I'le & — ecTe-
cTBeHHHI roMmomopousm G— G/N.

Hexaprosoim npouseedenuem y. epynn {G;, i = I} na-

3bIBa€TCA y. rpymnna G=H Gi, SABJAIOLIAACA OeKapTo-
el

BBIM NpousBefeHueM rpynn G; ¢ (QYHKIHOHAJbHHIM IO-
psiakoM: f<< g ana f, g G Toraa M TOJbBKO TOTAA,
koraa f(i)<< g(i) mas Bcex i l. llpamoeim npoussede-
nuem y. epynn {G; i< I} HasumBaerca Y. NOArpynna
¢=1l6<Ila.

el iesl

Ecnu MHOXecTBO HHAEKCOB [ BIMOJIHE YMOPSAOYEHO

u {G;, i = I}— cemeficTBO y. Tpynm, TO Ha AEKapTOBOM
npoussefieHHH || G; MOXHO BBeCTH /Aexcuxozpagude-
lel

ckuii nopadok, monaras f<< g TOrjia H TOJbKO TOTAa,
Koraa fs~=g M CylecTByeT TaKoi 3jeMeHT i &/, 41O
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f(i) << g(i) u f(j)=g(j) nnsa Bcex j << i. DTOT NopsagoK
npespaliaer rpynny 1111 G; B y. rpynny, Ha3blBaemyio
AeKCiUKoepagpueecKkum npoussedenuem ceMelcTBa y. rpyIn

{G;;i=1I}. 3ra rpynna o6osnavaercs uepes 1] G,.
iel

[Iycte aberpakTHas rpynna G COAEpPKHT HOpPMaJib-
Hyto y. moarpynny N W ¢axroprpynna G/N sBjsercs
TakKxe y. rpynno#, npuueM y~'xy = P(N) mnas aw6oro x
H3 P(N) u mo6oro y u3 G. Toria G MOXHO NMpeBpaTHTb
B y. rpynny, nosaras x> 1, ecin xN < P(G/N) wunu
xe N u x P(N). Ilpn takoMm onpenejeHHH NOpSAKA
Ha G rpynna N oKa3biBaeTcsl BbINYKJOH NOArpynmnoi
y. rpynnal G, P(G)\N = P(N) W mOJIOXHTEJbHHH KO-
Hyc y. ¢akroprpynnsl G/N cosnagaer ¢ P(G/N). Ecan
N ecTb peleTouHo ynopsiaoueHHas rpynna u G/N —
J.y. rpynna, To G OKa3bBaercs peLIeTOYHO YHOPSAO-
yeHHOH rpynno#. Ecau N u G/N — . y. rpynns, To Ta-
KOH »Xe okasbiBaercs M G.

Besikasg n1.y. rpynna G aBasercs rpynmno#t 6e3 Kpy-
yeHusi. Bosee Toro, ecau S(x)— HauMeHbll1as HOpMaJb-
Hasi noJsyrpynna, cojepxamas xe G, x#1, 1o 1 &
& S (x).TlocnenHee cBOHCTBO sBJIsIeTCS HEOGXOAMMBIM, HO
He JOCTaTOUHBIM JJIsi BO3MOXHOCTH BBEJEHHS Ha rpynme
nopsika, NpeBpallalolero ee B J.y. rpynny. Beenenue
TaKoro NMopsiika JOMycKaloT JiioOule abeseBr rpynnu 6e3
KpyueHHsl, Ji00ble HHUJBINOTEHTHble Ipynnbl 6e3 kpyde-
HHsl, HJH, GoJiee OGLIO, TPYNNE, aNlIpOKCHMHpyeMble
HUJILIIOTEHTHHIMH IpynnaMu Ge3 KpyuyeHHsl, a TaKxe CBO-
6oaHble, CBOGONHBlE pa3peliuMble, CBOGOAHBIE MOJHHHJb-
[OTEHTHblE TPYIIILL.

Knacc rpymm, pomyckamooumux npeBpailleHHe B J. Y.
rpynmy, 3aMKHYT OTHOCHTEJbHO MOATPYIN, a TakxXe nps-
MBIX, JE€KAapTOBHX H CBOOOAHBIX NpPOHM3BeJeHHH.

Ecau G —a. y. rpynna, 1o MHOoXecTBo X (G) ee BHI-
NyKJABIX MOArpynn o6Jazaer cJelyOMHMH CBOHCTBAMH:

1) {1}= 2(G), G Z(G);

2) muoxectBo X (G) NHHeHHO ynopsf0UEHO MO BKJIO-
YeHHIO;

3) 3 (G)—nonHOoe MHOXKeCTBO, T. €. A1 Jo6oro

MHoxectBa {H;, i I} moarpynn u3 Z(G), ‘ﬂl H,=2(G),
U H =2
[X=¥
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4) ecru A u B—cocenn B Z((G), TO HX HOpMaJu3a-
Topui N(A) u N(B) cosnapaior, A< B, B/A— aGe-
JeBa rpynna 6Ge3 kpyyenus, [[N(4), N(A)], B]< 4,

Becmmx e G, As2(G)n x(gl“xgl) - (g;'xgn)EA,
To x = 4; ,

6) ecnim A u B— cocenu B Z(G), o y. rpynna B/A
NOpsAKOBO H30MOp(HA  HEKOTOPOH  AeHCTBHUTEJbHOMN
rpynne.

O6paTtHo, ecanm B rpynne G HuMeeTcs cuUcTeMa TNOA-
rpynn 2*(G), ynosjerBopsitouias yciaosusiMm 1)—6), TO
G MOXHO NpEBpPaTHTb B JI. y. IPynmy, TakuM o6pasoM,
yto 3*((G) O6yner MHOXKeCTBOM (He 00653aTe/IbHO BCeX)
BLINYKJBIX NOACPYNN J. y. rpynnnl G.

Ha rpynne G Torma M TOJBKO TOr'Jla MOXHO BBECTH
NOpsJ0K, NpeBpallaloluil ee B J.y. Tpynny, korga Ajas
J1060ro KOHeyHoro Habopa HeeJHHHYHBIX 3JeMEHTOB
Xi, ..., X, HaHgeTcs Takod Habop uyucea &g, ..., €q
(e;==+1 npu i=1, ..., n), uro leéS(xf', o xfz").
Orclona, BHITEKAeT, 4YTO KJacc Ipynin, JONYCKAMOIHX npe-
BpallleHHe B J. y. TpPYyNNbl, SIBASETCH KBa3uMHorooGpa-
3HEM.

Apxumedosoii HasbiBaeTcsl Takas y. rpynna G, B KO-
TOpOH AJisl J106bIX 3JeMEeHTOB X, y H3 G U3 TOro, 4YTo
x" <y ansa Bcex n Z caeayer x << 1. dasa a.y. rpyn-
bl 3TO 3KBHBAJIEHTHO CJelylolleMy: IJs JOux x > 1,
y > 1 u3 G HalayTcs TakHe HaTypaJbHBIE YHCJA m, A,
yto x™ >y U y" > x. JI. y. rpynna G siBAsieTcs apxH-
MeJOBOH TOrjJa W TOJbKO TOrAa, KOrjia B HeH HeT coG-
CTBEHHBIX BHINYKJBIX noarpynn. OnHcalue apxXxHMMemOBHIX
J.y. TPynn pJaercsi KJjaccHueckoi reopemou Ieavdepa:
J.y. Tpynna Torja M TOJbKO TOTJAa SIBJsETCS apXxuMelo-
BOM, KOrjla oHa NOpsAAKOBO M30MOp(GHAa HEKOTOpPOH MNOA-
rpynne aajaiuTHBHOH TPYNNH NOJs AeHCTBUTENbHBIX YHCEJ
C €CTeCTBEHHHIM NOPSAILKOM, T. €. SBJASeTCH JAeHCTBHTEJb-
HOH Trpynmo#. v

I'pynna G HaswiBaercss doynopadouusaemodl, ecau
KaXJHH ee YaCTHYHBIH MOPSAAOK MOXKeT OhlTb NPOAOJ-
JXeH A0 JuHeliHoro nopsaka. I'pynna G sBasercs poyno-
psIIOYHBAEMOH TOrja M TOJNbKO TOIAA, KOTAa BHINOJHEHH!
yCJIOBHSI:

1) ectn 1s2x= G, 10 1 & S(x);

2) ecan x, y, 2 G, x*=1uy, z S(x), T0 S(Y)N
NS(z)# 2.
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Besikasi afeneBa rpynna 6e3 KpyyeHHs H BCAKad
HHJIbIIOTEHTHAs rpynna 6e3 KpyYeHHs SIBJISIOTCS LOYIIO-
psimounBaemMblMH rpynnaMud. CBoGoaHas rpymnna paura
=2 HelloynopspounBaema. Kinacc J0Oynopsii0UHBaEMbIX
rpynI 3aMKHYT OTHOCHTE/JILHO MpPSMBIX NPOH3BELEHHH,
JIOKaJbHO 3aMKHYT, HO He 3aMKHYT OTHOCHUTEJNbHO MOA-
IPYMN Y JE€KapTOBBIX NMPOH3BeJeHHH.

Besikyio a1, y. rpynny G MOXHO NPEBPaTHTb B TOINOJO-
rMYecKyio Tpynny, ec/H B KauyecTBe NnpeAba3bl OKPECTHO-
cred eAMHHUB (G B3ATb MHOXECTBO OTKPBITHIX HHTepBa-
Jop (xLoy={yeslGs'<y<x}, x=P(G). 3Bty
TOMOJIOTHIO HAa3BIBAIOT UHTEeps8aabrol. B HHTEpBaJbHOH
TOMOJIOTHH JI. y. rpynna G sBJseTcs JOKa/JbHO CBA3HOH
H JOKaJbHO KOMIAKTHOH TOrga ¥ TOJbKO TOrjAa, Koraa
B G HMceTcsl HauMeHblIas BbINyKJas MOATpyHNa, nopsj-
KoBO H3oMopdHasi anauTuBHOH rpynne R c ecrectseH-
HBIM TOPSALKOM.

JI. y. rpynna G Ha3biBaeTCs TONOA02ULECKU NOAHOL,
ecJi Bcsikasi ee ¢yHJaMeHTaJbHas MOC/JeLOBaTeJIbHOCTh
CXOAHTCS K HEKOTOpoMy 3JeMeHTy H3 G. Bcesakas
J. y. rpynmna [JONyCKaeT NOPSAKOBBIH H30MOpPGHH3M Ha
HOJArPYINY TOMOJNOTHYECKHU MOJHOH J.y. TPYNMbL

PelretroyHo ynopsioyeHHBle TPYNNbBl HA3bIBAIOTCA
rakxe [-epynnamu (lattice — «pewerka»). B [-rpynne
IJist IIOGBIX ee BYX 3JEeMeHTOB X, y CYLIecTByeT MX TOY-
Has HHXKHAS rpaHb x/\y, HasbiBaeMas nepeceueHuem
3/eMEHTO08, H MX TOUHAsl BepPXHsisi TpaHb X V Yy, Ha3bIBae-
Masi 00veduHeHUuem 3AeMEeHTOS, TpUYeM BHINOJHEHB CO-
OTHOLUIEHHS:

xANy<x, *AY<Y,
r<xVy ysxVy,
eCHH U<x, Uy, TOo USxAUY,
ecad x <o, y<xv, TO xV y<<uv.
Bo Bcskoit [-rpynme G crnpaselsMBH  CJeAYHOLIHE
YTBepXKIeHHs:
a) (@G; > —rpynna;
6) <G; V,/\)— peluerka,
B) I/ NMPOM3BOMBbHBIX 3JEMEHTOB X, Y, 2, t U3 G

x(y N2)t=xyt A\ xzt, x({yV )t=xytV xzt.

BepHo u o6paTHoe, ecnu anreGpauueckas cucreMa G
curuarypol [=<-, 1, 1, A, V) yLOoBIeTBOpseT aKcHOMaM
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a)—B), TO OHa HBJsETCS peLIeTOYHO YIOPsAAOUeH
HOH Tpynpofl OTHOCHTEJNbHO YACTHYHOIO MOPAAKA: X < Y
TOT/la M TOJBKO TOTAA, KOrAa x /\ y = x (HJH, 4TO TO XKe
camoe, x'V y=y). Tak KakK aKCHOMBI a)— B) 3aNHCH-
BAIOTCS B DPa3BEPHYTOM BHJe TOXKIECTBAMH CHTHATYpH
[, TO MOXHO TrOBOPHTb O MHOrOO0pa3HH PEIIETQUHO YIIO-
PSILOYCHHBIX T'pPYII.

Bo Bcako#it [-rpynme TOXAECTBEHHO BHINOJIHAIOTCS
c/JelyiollHe PaBEHCTBA:

tVUA)=xVy) ARxV2),
xANGVI=xAyV(xA2),
vy l=xT"AyTh @AY=V
x(x Ay 'y=xVy x(xVy ly=xAuy.

ITepBEle fBa M3 3THX TOXIECTB NOKa3HBAKT, YTO pe-
lIeTKa INPOM3BOJNbHOH [-TPyNNHl  sABJseTcA . AHCTPHOY-
THBHOH.

Besikuit anemeHT x [-rpynne G ompefensier cie-
AYIOLLyIo TPOHKY 3jJeMeHTOB: xt = x'\V 1 — noaoscurens-
Has 4acTe »3jeMeHTa X, X~ = x /\ 1 —orpuyaresrsran
44cTo aJeMeHTa x, |x|=xV x~'— modyss sJeMeHTa X.
B npon3BoabHOH [-rpynie BHINOJHEHH cJelylOLIHe COOT-
HOLIEHHs:

x=xt*", xtxT=x"x x*AG@)'=1,
)t =x(x Ay )" <sTyT,
=06 @) =)
lxl=x* ()7, |x"|=|x[", npn n>0,
leyISSlxllyllx], ecmn xy=yx, 1o |xy|<Ix]ly]
lxg =GV Ay~
[xVylI<IxIVIyI<Ixllyl
DNeMeHTH X, y [-rpYyNNB HA3HBAOTCA OPTOZOHAAb -
Hotmu (B o6o3nauyenusx x L y), ecan |x|A\]y|=1. Op-
TOTOHaJIbHblE 3JIEMEHTH [-TPYNNH INEPecTAHOBOYHB, H
ecmn x Ly, o |x|V]|y|=|x||y|. Bo Bcsxroit l-rpynme
G cmpaBelMBA JieMMa O Da3JiOXKEHHH: €CJIH X, Ui, ...
> Yo EP(G) n x << Y1Ys2 ... Yn, TO B G HaBRyTCA 3J€-

MEHTH 21, 23, ..., 2, Takue, uT0 1 <2 <<y, npu i=
=1,2, ..., n, HX=2129 ... Zp.
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IMoarpynna H [-rpynnn G HasbBaercs [-nodepyn-
not, ecti xVye Hu x/ Ny H nas awobuix x, y < H.
Besikas [-noarpynna A [-rpynnul G siBasercst [-rpynnou
OTHOCHTE/IbHO MOPsJAKa, HHAYUMPOBAHHOro Ha H mnopsui-
KoM (. MHOXeCTBO BHINYKJBIX [-moarpynn [-rpynnsl G
SIBAACTCA MNOJHOH AMCTPUOYTHBHOH MOApPCIUIETKOH pe-
meTKH Bcex moAarpynn G.

Hapsany c nonsithem nopsiixoBoro romomopdusma B
TEOpHUH [-rpynn IIHPOKO INpPUMEHsSIETCs MOHsTHE [-20MO-
Mmopgpusma, T. e. TaKOro oTobpaxKeHus [-rpynm, KoTopoe
COXpaHsieT Bce omepauuu curiarypul [ =(-,~! 1, V, A).
B3auMHOONHO3HAYHbIH [-roMOMOpPGH3M [-rpynn  Ha3bl-
Baercs [-usomoppuamon.

Slapom [-romomoppusmMa ¢: G— H sBisiercsi BH-
mykJaasi HopMmaJabHas [-noarpynna B G. [locnenHsisi Ha-
3biBaeTcss Takxe [-udeasom. Pakroprpynna G/N |-
rpynnel G no ee l-uneany N sBasercs [-rpynnofl u ecre-
cTBeHHbH romomoppusm G Ha G/N sBasercs [-roMo-
Mop(pH3IMOM.

OnpesenuM cOpSIMASIONIME NOArPYNNBL H TMOJSIPHL
Ecan H — Buinykaas [-moarpynna [-rpynne G, TO MHO-
JKeCTBO MpaBhIX CMeXHBIX KJlaccoB G/H sBasercs pe-
ureTKo# oTHocuTesabHo nmopsgka: Hx << Hy B G/H Ttoraa
H TOJbKO TOrfa, KOraa HalaeTcs TaKOH 3JeMeHT 2z H3
H, uto x << zy. Bunykaas [-noarpynna H [-rpynnu G
HasniBaeTcs cnapamasouweld l-nodepynnoii, eciu MHOXKe-
ctBo G/H auueitHo ynopsinoueHo. Brimyknas [-noa-
rpynna H [-rpynnbn G siBAsieTcst cOpsiMJsiioulelf Toraa H
TOJbKO TOrAa, KOTAa MHOMECTBO BHINMYKJBIX [-NOArpyNm
G, comepxaiux H, JuHeHHO YNOPALOYEHO IO BKJIOYE-
uHo. Bceskasa Buimykaas [-noarpynna Jio60# [-rpynnnl
SIBJSIETCS [epeceyeHHeM CIPAMJSIOUHX NOATPYIII.

Eciu G ectv [l-rpynna u X = G, TO MHOXeCTBO
Xt ={y=G||y|N\|x|=1 nna Bcakoro x € X} sapaser-
Csl BBHIMYKJIOH [-MOArpyNnoOH W Ha3blBAETCs NOAAPOI MHO-
KectBa X. MHOXeCTBO BCeX NOJp [-rpynnH siBJIsieTCS
nonHoi OyJeBol a/are6poi OTHOCHTEJNBHO BKJIOYEHHS,
HO He Bcerja siBJsieTCsl NOJpelleTKOH pelleTKH BhIyK-
JAbX {-noarpynn. Oas noJsp B [-rpynne BHIOJHEHH CO-
OTHOIIEHHS:

Xitl=X1 ecmu X<=G,

XYL, ecmn Y=X<=G.
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Y. rpynnsbl, npuBefleHHbie B npuMepax 1)—4) Ha
c. 224—225, spasiorca [-rpynnamu. Ocobyio poJb B
Teopuu [-rpynn urpaer rpynma A(X) asToMopdusMos
x.y. muoxkectBa X. Eciu [, g A(X), 10 (fV g) (x)=
='max(f(x), g(x)) n (FA g) (x)=min(f(x), g(x)) aan
aboro x = X. ,

Besku#t  [-romomopduam [-rpynnel G B [-rpynmy
A (X) nasbiBaercs [-npeAcTaBiaeHHEM.

Beskaa [-rpynma  HMeeT TOuHoe [-TpejcTaBJieHHE
B [-rpynny A(X) aBTOMOpP(GH3MOB MOAXOLsLLEr0 J. Y.
MHGXKecTBa X (reopema Xoaranda).

BaxkHefilunMH noaMHOroo6pasusiMH  MHOrooGpasus
Beex [-rpynn sBJSIOTCA CJaefylolHe:

[ — mroeoobpasue abenesolx l-epynn,

IO — mHocoobpasue AUHEHO — ANNPOKCUMUPYEMbLY
epynn, 3amaBaeMoe ToxjiectBoM (x Ay lx—ly)V1=1,

1B — mHo2006pa3ue HopmarbHO3HAYHbLX [-epynn, 3a-
nasaemoe toxpectBoM |x||y|AN|y|?|x|2=]|x]||y|,

IR — mHo2006pa3ue scectkux l-epynn, 3agaBaeMoe
ToxaectBoM x| y|x|y| 2V 1 =1.

MHoroo6pasre /O coBnajaer ¢ KJaaccom Bcex [-rpynm,
ABJAOLIMXCA [-MOATpynnaMu AeKapTOBbIX NPOU3BeLeHHH
JIMHeHHO YNOpSIAOYEHHBIX TpYyNN, cJeloBaTeNbHO, [O-
rFpynnel annpoKCHMHpYIOTCs J. y. rpynnaMu. Beskas Jo-
KaJbHO HHJbIIOTEHTHAas [-rpynna copepxHurcs B [D.

MHoroo6pa3ue [8 cocTtoHT H3 Bcex Tex [-rpynn G,
B KOTOpHIX AJjis JioGoi mapn (A, B) BHOyKJbBX [-noa-
rpynn, rae A u B— coceny, BunoaHerno 4 <] B. 3to
MHoroo6pasue OTJHYHO OT MHOroo6pasus Bcex [-rpynm,
HO cojepXuT Jioboe cob6CcTBeHHOe noAMHOroo6pasune
{-rpynm.

MHoroo6pasie If COCTOMT M3 BceX Tex TpYMIH, KOTO-
pble 06/12Ja10T LEHTPAJIbHOH CHCTEMOH NMOATPYyNN C (ax-
TOopamMH 6e3 KpyyeHHs.

MHoxecTBO Bcex MHoroobpasuii [-rpynn siBasieTcs
NOJIHO# THCTPHUOYTHBHOMN pelieTKOH KOHTHHYaJbHOH MOLI-
HOCTH. .

Ynopsimouennass rpynna G HasbiBaetcss nopadkoso
NOAHOU, €CNM KaxJoe HeNycToe OrpaHHuYeHHOe CBepXy
noamHoxkectso X u3 G nmeer B G TOUHYIO BEDXHIOIO IPaHb.
Bcesikast nopsiakoBo noJHasi y. rpynna ssjserca abede-
Bo#. [lpousBosbHast apxuMejoBa [-rpynna BKJaJbiBaer-
csl B HEKOTOPYIO NOPSAAKOBO MNOJHYIO [-rpynny, H cJjelo-
BaTeJbHO, aGeneBa. Bo Bcskoidl [-rpynne G HMeercs ap-
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xumenoso aapo A,(G), T. e. l-ugean, comepx auwuii Bce
apXHMeJOBHl BHINYKJbIE [-nmoarpynnsl G.

I'pynna G, Ha KOTOpOIi 3alaHO OTHOLLEHHE JIHHEeHHOro
nopsfka <<, Ha3blBaercs npaaoynopﬂdoqeuuod, €cJ/lH He-
paBeHCTBO x << y B G BJIeYeT HEPABEHCTBO Xg << yg MJIsA
aoboro g G Konyc P(G) NOJIOXKHUTEJIbHBIX 3JeMeH-
TOB npaBoynopﬂnoquHOH rpynnbsl o6JalaeT cBOHCTBaMH:

a) P.P<P

6) PNP'= Q

B) PUP'U{I}=G

Bo Bcsikoit lrpynne G xonyc P(G) ectb nepeceue-
HMe HEKOTODOro MHOXKecTBa NpaBbiX NopsigikoB. bBoJee
TOro, y. rpynna G TOria H TOJbKO TOTJd IOPSAKOBO H30-
MopdHa HekoTopoH mnoirpynne [-rpynnel, koria P(G)
€CTb [1lepeceyeHHe HEKOTOPhIX NpaBbiX MOPAAKOB rpynnst G,

YnopsiioueHHas rpynna HaswiBaercs epynnod Pucca,
€CJli OHa YAOBJIETBOPSIET HHTEPIOJSLHOHHOMY CBOHCTBY:
AJst MoOBIX 3JEMEHTOB Xi, X2, Yi, Y2 U3 G TaKHX, UYTO
Xi <y, i =1, 2, HalileTCsT TaKOHi 3JIeMEHT 2, UTO X; <<
< z<y;, i=1, 2. 'pynnsl Pucca yacto BcTpeuaiotcs
B ¢YHKUMOHAJbHOM aHaJH3e.

Bcsikasi [-rpynna saBasiercss rpynnoi#i Pucca. B Ha-
npaBJeHHbIX rpynmax Pucca cnpaBelJMBH MHOTHE YT-
BepIKJIEHHUsl, BepHble JJs [-rpynnm, HanpHMmep, JeMMa
O pasJioXKeHHH, TeopeMa O JAHUCTPUOYTHBHOCTH pelIeTKH
BBHINYKJIBIX HOPMaJibHBIX MOATPYMIL.

§ 4. Pasnoe

4.1. T'pynnb aBromopdHu3moB. PakTOpPrpynna rpynnsl
apromopdusMoB Aut G no noirpynmne BHYTPeHHHX aBTO-
MopodusmoB Inn G HaswbiBaeTcsi 2pynnoii 6HeulHux asTo-
mopguszmos rpynnnl G u oGo3Hauaercss yepes Out G.
HMeer MecTo KOpOTKas TOYHas MNOCJeAOBATeNbHOCTb

E—InnG —> AutG —> OutG — E,

rie — BJOXKEHHE, A — eCTeCTBEHHbIH TOMOMOpP(H3M.
KpoMme Toro, cyuiectByer KopoTKas TOuUHas IocJjeloBa-
TeJIbHOCTh
n [
E—-C(G) — G — InnG—E,

riie ®x — BJOXEHHe, ¢ — FOMOMOpP(H3M, CONOCTABJAIOLIHH
NPOH3BOJILHOMY 3JieMeHTy g & (G BHYTDEHHHH# aBTOMOp-
busmo -1 fr>glfg, fE G.
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I'pynna G HaswiBaercs: cogepuienroi, eciu C(GY=E
u Out G=E. B s1oM cayyae G =~Inn G = Aut G.

I'pynna AutG sBasercs NOArpyNnnod TPYyNnH
Symm(G) u, cienoBatenbHo, ecin G — KOHeYHas rpynna
nopsiaka n, 70 Aut G Takxke xomeyna u |Aut G| << nl.
I'pynna Aut G MoXeT oka3aTbCsl KOHEYHOH H B,cJayuyae,
Korza cama rpynna G GeckoHeyHa. Hampumep, AutZ ~
~Z(2). Xopowo H3BecTHO, yto (akroprpynna G/C(G)
HeabeseBolt rpynnbl G Bceria HellMKJIHYHA.

ITpumepsn. 1) I'pynna aBToMopdu3MOB cBoGOaHOH aGeseBoit
rpynnst Ap, = F,(%) ~ Z"* paura n usomopdna rpynne GL(n, Z).
I'pynna asromopdu3MoB 3siemeHTapHONl abesneBoit p-rpynmbl A.(p)
panra n (tr.e. rpynnu Ap (p) ~Z (p)ED ... D Z (p) = Z (p)"), koro-

n
PYI0 MOXHO pacCMaTpPHBaTh KaK BEKTOPHOe NPOCTPAHCTBO pa3Mmep-
HOCTH n Hajg TIojeM H3 p 3JeMeHTOB, H3oMopdHa rpynme
GL(n, Z/pZ). B ofmem cayyae rpynma aBTOMOPdH3MOB (HeBbIPOXK-
JeHHBIX JHHefHbIX NpeoGpa3oBaHHH) BeKTOPHOro mpocTpaHcTBa V
gasmepﬂocm n Hap nonem P ectb rpynna GL(n, P). 2) Ilycts
(n) = {g) — uukauveckas rpymna. OrtobpaxeHne g — g%, | <<
< k<< n—1, oxHO3HAaYHO NpOJOJNKAeTCA JO aBTOMOPOH3MA O
rpynnsl Z(n) Toraa M TOJbKO TOrga, Koria (&, n)= 1. Oto6paxe-
Hue k-4 nZv+—> ap npu (k n)=1 ohpegenser H3OMOpOH3M H3
MYJbTHINIHKaTHBHOH rpynnsl (Z/nZ)* koJblla BBHIYETOB [0 MOAYJIO It
Ha rpynny Aut Z(n). CnepoBatesnbHo, AutZ(n) — aGeneBa rpymna

nopsjaka ¢(n), roe ¢ — dyHxkuus ditnepa.

IOast N ]G uepe3 Aut(G, N) o6Go3naunMm  rpynmy
Bcex aBTOMop¢uaMoB rpynnsl G, octaBasiioilux N HHBa-
PHAHTHOH W HMHAYUHPYIOLUIHX TOXKJIECTBEHHOe OTOGpaKe-
HHe B ¢akroprpynne G/N. Uepes Stab(G,N)<<
<< Aut(G, N) o6o3nauum mnoarpynmy Bcex aBToMopdus-
MOB AEHCTBYIOIIHX TOXKJAecTBeHHO Ha N u G/N, Hash-
BaeMylo epynnoti crabuabroix asTomopgusmos. I'pynna
Cent G 55 Aut (G, C(G)) naswiBaeTcs epynnoid yexTpaLb-
wowx, a rpynna IAutG 35 Aut (G, G')— epynnoii 1A-asro-
mopguamos rpynns G.

JlioGolt aBToMoppu3sM o < Aut G unaynupyer aBro-

moppusm o< Aut G/N, ecam N — aBTroMopdHO jomy-
ctuMasi noarpynna rpynnel G. B uacrHoctH, rpynna
Aut F aBToMop¢u3smoB cBoGogHO!H rpynnul F roMmoMopdHO
oto6paxaercs B Jiobywo rpymny AutF(G), rae F(€)=
= F/V(F)—cBoGoanass rpynna MHorooGpasus €=
=BW(V).

KoneuHo mnopoxpaeHHass H (HHHTHO annpoOKCHMHUpYye-
Mas rpynna G sBasiercs xondopoit rpynnoi. B 3atom
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caydae rpynna Aut G Takxe (QHHHTHO annpokcumupye-
Masi (HO He Bcerjla KOHCYHO NMOPOXKJEHA).

3ameruM, UTO XONMOBHIMH SIBJASIOTCA CBOGOJNbIE
rpyNnbl KOHEUYHLIX PAHIOB, KOHEUHO MOPOXKIEHHBIC HHJIb-
NOTeHTHble H, GoJee 06INO, NONHUHMK/IHYECKHE TPYIIILI,
KOHEUHO MOpPOXK/JEeHHble TPYNNEl MATPHIl HAJ LOJeM, CBO-
6ofHEIe pa3pelIMMBIEe TPYNNbl KOHEUHBIX PAHIOB K T. .

[Tycts A — abeseBa HOpMaJbHAA MOATPYNIA TPYIMBL
G. T'pynna koromosoruit H'(G/A,A) (cMm. n. 4.2) wun-
Tepnpetupyercss kak ¢axroprpynna Stab(G, A)/Inn, G,
rie Inng G —rpynna BHYTPeHHHX aBTOMOD(H3MOB Fpyil-
nel G, cooTBeTCTBYyWOIHX ajaeMeHTaM U3 A. Bo MHorux
cayuasix H'(G/A,A)=E, 1. e Stab(G,A)=Inn, G
(cM., Hanpumep, Capkucsau P. A //Cub. Mar. &K.—
1972, — T. 13, Ne 5. — C. 1090—1106).

PaccMorpuMm rpynnst  aBTOMOPGH3MCE CBOGOAHBIX
rpynn. Ilycts F,== F(X)— cBobGoaHass rpynna padra
n>=2 c 6asucoMm X ={x;, Xz, ..., Xn}. I'pynna AutF,
KOHeyHO onpeleseHa. OHa TNOPOXKAAETCS] MHOXKECTBOM
HUAbCEHOBLLX ABTOMOPpU3MO8, 3aJaHHBIX Ha X cienyro-
IIUMH OTOGpaXKeHHSIMH,

L X,—>x;', x;—>x; npu j F k,
Tpr Xp—>%; X —>x, (RF ), x;—x; npu j £k, |,
Opit Xpr—>xpx; (R5=1), x;—>x; npu j 5k,
Api: Xp—>x1%, (R#% 1), x;—>x; npu i R,
kL j=1,2,...,n

Ipynna AutF, mnopoxpmaercs Takxe aBToMop(dus-
MaMH i, Tjp, P2 BMecTe ¢ aBToMop¢H3MOM =, mepe-
CTABJAIOMWIHM 3JieMeHTH H3 X N0 IJHHHOMY LHKJY:
X > Xgr—>X3—> ... —> X, —>x,. [Ipp n=4, 6, 8, ...
rpynna AutF, mnopoxnjnaerca aBTomMopdu3MaMH N H
Vo X Xy Xy X Xy Xy o Ky g X g, X,
—x,x 0, x, —x!  TIpun=>5,7,9, ... rpynna Aut F,
NOpOXIaeTcst aBTOMOPGHU3MAMH P H X ==Tly ... L,.

Onpepensiomue cootHomenust rpynns Aut F, B BH-
MHCAaHHBIX MHOXECTBaX IIOPOXKAAIOUIMX 3JEMEHTOB BhI-
rasiasat rpoMosako (em. [31], [101]).-

B Hacrosiiee BpeMsi HauGosiee YAOGHOH A/A 1OJb-
30BaHHSl CHCTEMOH MOPOXAAIOIIMX 3JEMEHTOB TIpyMNn
Aut F,,n = 2, cautaerca cHcTeMa asToMopgusmos ¥air-

xeda, Asromopdusme Yaiitxesa 1-roTHNa onpeaensioTcs
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MOACTAHOBKAMHU MHOXKeCTBa X' ={x"", x5, ...
.+, %'} cormacoBanubiMH Ha xi'. OuM COCTaBAAIOT
paclIHpeHHylo Tpynny NoACTaHOBOK S, mopsgka 2" - nl.
Astomopdusmbel YaiiTxega 2-ro THIA 3aNHCBLIBAIOTCS
B Buge (4,a), rnre asA = X*, a'e&& A. ABToMopdusm
(A, a) ocraBiser Ha MecTe 3JeMeHTH a*! n/oto6paxkaer
NpPOM3BAJbHLH 3JeMeHT x & X*I\ {a*!'} no cienywouemy
npasuny: x—>a-'xa, ecan x*' e A, x> xa,eciu x E A,
x V£ A, x—>a'x, ecin x ' A, x&£ A; x—>x, eciu
x*t £ A, Jlerko Bugerh, uro (A,a)'=(A—a+
+ a-',a"') B ynpouieHHOH 3amHucH, Tle «MHHYC» O3Ha-
yaeT yhaJieHHe, a <«IJOC» — NoGaBJeHHe 3JeMeHTa.
MHOXecTBO onpelensioliiX COOTHOLUIEHHH TCpynnbl
Aut F, Moxer ObiTb BHGPaHO KaK OGBbEIUHEHHE MHO-
JKeCTB R OlipeelOUHX COOTHOEeHHH KOHEUHOH Ipynne!

S, 4 R, onpeessiiOWIUX COOTHOUIEHHHA CJIENYIOUIUX BH-
goB: 1) (4, @) '=A—a+a!, a'),2)(4,a) (B, a)=
= (AU B, a), eciu A\ B={a}, 3) (B,b)"'(4, a)(B, b) =
=(A, a), ecmm ANB=@, a'é&B, b'le&d,
4) (B, b)"Y(4, a), (B, )=(AUB—0b, a), ectu ANB=
=, ale&B, bl A, 5) (4 o (A—a+a!, b=
=1, (A—b+0b7", a), ecnu b= A, b"'& A, a0,
rae T,,-: — aBTomMopduaM l-ro Tuma, samaHHBIH oTOGpA-
weunem a—>b"', br—>a"!, x+—>x upu xs=a*', b*!,
6) o7 {4, a) o0 = (o (A), o (a)) nas ;moboro asTomMopdHuaMa
1-ro Tuna ¢ McCoollJ.//J. London Math, Soc. — 1974,
—V.8. — P. 259—266)

I'pynna IAut F,,n > 2, nopoxaaercss KOHEYHBIM MHO-

KEeCTBOM aBTOMODP(HH3MOB, 3aJlaHHBIX CJEAYIOUIHMH OTO-
OpaXKeHHSIMH:

Qurt Xe—>[x, xilxe (@550, L5 k),
X;—>x; npH jFk,

By X — X! %)), xpr—>x, npn k~j.

I'pynna TAut F, comagaer c rpynno# InnFy ~ F,.
Ipynnot TAut F, u 10ut F, 35 IAut Fo/Inn F,, n =2,
He uMeT KpydeHus. llentp rpynnm OutF, n=>=3

eauHuuen (Lue A. S. T.//Bull. London Math. Soc. —
1979. — V. 11, N 1. —P. 6—7).
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Jlio6oit aBromoppusm ¢ = AutF,, n > 2, uuayun-
pyer aBToMop(H3M CcBOGOAHOH abeeBOoil rpynnwl A, =
=Fn/F;. SlnpoM  cOOTBeTCTBYIOLIErO0  3MHUMOpGU3Ma
AutF,—Aut A, ~ GL(n,Z) cayxur rpynna IAut F,.

IFpynna Aut F, ectb pacwnpenke rpynnn Inn Fy ~ F,
nocpeactsom rpynnsl GL(2,Z). M3BecTHBl Takxe mpen-
CTaBJIEHHS:

Aut Fy o (Z+Z)> (Z(3) * Z (3) > (Z (4)> Z (2)),
Aut Fy o Aut(Z (2) + Z (2) + Z (2)) >~
~(Z(Q)+Z(2)+ZQ)>(ZEB)+Z(©Q)>Z(2)~

~(Z2)+Z(2Q)*Z(2)>(Z(2)*Z(2)*Z (2))>~(Z (3)+Z(2))
(Djokovic D. Z.//[Proc. Amer. Math. Soc. — 1983.
— V.88, N2. — P. 218—220; Kosaos TI. T.//Tesucu
noka. 8- Bcec. xond. no mar. aor. MockBa, 1986.—
C. 85).

Jlio6o#t aBToMopdu3M rpynnbl Fy nepeBOAUT 3JieMEHT
[x1, xe] B aaemeHnt BHAA ([xy, x2]€)*! nast HekoTOPOro
ge F,.

Jlio6o# anemeHT KoHeuHoro nopsiika ¢ < Aut F, ne-
pexoautT npu snuMmopdusme Aut F,— GL(n,Z) B 3ae-

MeHT TOro xe nopsiika ¢. OgHako B o6uleM cjyuae 3TO
He Oyjaer oTtobpaxeHHeM «Ha». Hanpumep, Her npoo6-

I —1
pa3a TOro e TNOpAAKa Yy 3JeMeHTa (1 O)E

=GL(2,Z), uMeouero nopsaok 6.

DseMeHTH KOHeuHBIX mopsiikoB rpynnel Aut Fp co-
CTaBJSIOT UWIECTb KJACCOB CONPSXEHHOCTH B COOTBET-
CTBHH €O cJefyouel Tabauued:

NOPANAKH 3JIEMEHTOB 2 3 4
KOJIHUECTBO KJ1acCOB 4 1 1
NPESICTABHTENH KJAACCOB | Tig, Ly, bylo, Aalpfl‘ltl TioPorl; | Tio4

B rpynne Aut F; BOCeMb KJN4acCOB CONPSAXKEHHOCTH
3JIEMEHTOB NOpfAJKa 2, MO TPH KJacca — 3JeMEHTOB Io-
psankoB 3 u 4, yeThipe KJacca — 3JEeMEHTOB Mopsjka 6
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(McCool J.//Trans. Amer. Math. Soc.—1980. —
V. 260, N 1.— P. 309—318).

Koneunass rpynma K BJaoxuma B rpynny AutFp,
n>=2, Toria ¥ TOJbKO TOrjJa, korxa B K Haljercs He-
nycras cucrema moarpynn {H; G,Ljliel, jl} co
ceofictsamu: 1) G, < H;, 2) 2, (1K:G|—|KiH,;|)+

i
-+ Z |K:L;I<n, 3) B K Her HeeluHUYHOH HOPMAJLHOM

noarpymnnsl, Jexaueit Bo Bcex G; u L;. ITycrs nn(G) —
MHOX€ECTBO KOHEUHBIX MOPSIKOB 3JeMeHTOB U3 G. UucJao
m=pf'p§2 ce p:s, p, — pasauuHble mnpocTeie, K, &N,
npunagnexur sn(AutF)) B ToM u Toabko ToMm cay-

s
yae, ecJu Z (pfi — pfi_') <n. dasn>=2, ecain n+1—
i=1

npoctoe wyuesao, To w(OutF,)=mxn(AutF,)U{2n+ 2},
B OCTaJbHBIX  CJydYasx n(Out F,)=m=n(Aut F,).
I'pynna Out F,, n > 2, He Baoxuma B rpynny Out F,q
(Xpamuos . I.//Mar. 3amersku — 1985.—T. 38,
Ne 3. — C. 386—392; Anre6pa u Joruka. — 1987. — T. 26,
Ne 3.—C. 376—394).

Ilyctb G — koHeyHass noarpynna rpynnn Aut Fo,
ne N. Iloarpynna FY Bcex 3/eMeHTOB rpynnsl Fp, He-
MOJBHKHBIX OTHOCHTEJbHO 3JeMeHTOB rpynnu G, sB-
Jasietcsl cBOOOJHBIM MHOXHTeJeM rpynnsl F, (Dyer J. L,
Scott G. P.//Communs Algebra.—1975.—V. 3,
N 3. —P. 195—201). Ecaiu ¢ — aBTroMOopdH3M HJIM Laxke
MpPOHU3BOJILHHIH 3HAOMOPGH3M rpynnsl F, TO NOATpymna

F? nenoaBuXHBIX OTHOCHTENBHO ¢ 3JEMEHTOB Tpynnbl F,
koHeuyHo mopoxieHa (Gersten S. M.//Adv. Math.—
1987. — V. 64.—P. 51—85; Goldstein R. Z, Tur-
ner E. C.//Contemp. Math. — 1985. — V. 44. — P. 69—
72). Boaee Toro, mns Jwob6oii moarpynnel G << Aut F,,
n = N, rpynna FS xoueuno nopoxaesa ('y6a B. C.//
Tesucn coo6wr. 11 Bcec. cumn. no rteop. rpynn, Cepa-
Jonck, 1989. — C. 148—149).

Ecan U = (ui, ug, ..., Ur)— yNnopsiaioueHHLIH Habop
@JeMeHTOB cBoGopHOH rpynnnl F,, ne N, To rpynna
StabU << AutF, Bcex aBromMopdusmoB rpynns F,
ocraBagomuXx U HENOABHXKHBIM, KOHEYHO OIpejie/ieHa.
AHnanoruuHoe yTBepXKJeHHe CIpPaBeNJHMBO TaKkKe IS
rpynnu Stab. F, <{Aut F,, Bcex aBToMop¢$H3MOB TpyNIH
Fa, ocraBislOMX Ha MecTe YNOpSAAOYEHHHIH Habop
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[Ul=([u1], [ue], ..., [ue]) r71accoB conpsxennoctn
asementoB u3 F, (McCool J.//J. Algebra.—1975. —
V.35 N 1—3.—P. 205—213).

Il'oBopAT, 4TO HeTOXAeCTBEHHHH aBTOMOpDUIM @
rpynnbl F, HMeeT KOHE4HYt OpOUTY, €CaU CYLUIeCTBYET
HeeHHUYHBIA 3jeMeHT w & F, u uncao k<= N Taxue,
yto @F(w)= w. OxaswiBaercsi, 4T0 AJIs J1060Oro n == 2
cyuiecTByioT aBToMopdusaMb ¢ & Aut F, Ge3 KoneuyHbIX
op6ur (Scharlemann M, Squier C.//Contemp.
Math. — 1983. — V. 20. — P. 341—346).

ABtromMopdH3M @ TNPOH3BOJILHOA rpynnsl G Hasw-
BAaCTCSl CTENEHHbIM, €CJH OH HAEeHCTBYET TOXJIECTBEHHO Ha
pewterke Bcex noarpynnrpynnu G.Iloarpynna Bcex cre-
NeHHbBIX aBTOMOP(U3MOB INPOH3BOJBHOH rpynnel G sB-
JsieTcsl abeseBod (DMHHTHO aNNpPOKCHMHPYEMOH HOpMaJb-
Holt moarpynno# rpynnst Aut G. ABromopdusm ¢ Hazul-
BAETCSl HOPMAAbHOIM, CCAH OH AeHCTBYeT TOXKIECTBEHHO
Ha pelleTKe BCeX HOPMAJIbHBIX MOATPYNH KOHEUYHBIX HH-
lekcoB rpynnsl (G, U p-HOpMaJbHBIM, p — TPOCTOE, eca
¢ JeHicTByeT TOXAECTBEHHO Ha pellleTKe BCEX HOpMaJib-
HBIX MOATPYNN p-NpHMapHHIX HHAeKcoB rpynnu G. Jlo-
Goii p-HOpMaJbHHIH aBTOMOpP(HH3M CBOGOJHOH TIpYNNH
Fn., ne N, p— HeueTHOe MpOCTOe, SIBJSIETCS BHYTpeH-
uum (Lubotzky A.//J. Algebra.—1980.—V. 63,
N 2. — P. 494—498).

[Mycte G = % (;, i= I, — cBoGoHOEe NpPOH3BEJCHHE
KOHEYHOTr0 YHCJa Hepas3JoXHMHX (B CBOOOJHOE MpOL3Be-
IeHHe) CcOOCTBEHHbIM 0Gpa3oM COMHOXKHTeJell. ¥106HO
HCNOJb30BaThb 3amuch G = *1 G;* F (X), rne nnsa mo6oro

Jje
je J rpynna G; He uzomopdHa rpynne Z, a F(X)— cBo-
Goanas rpynmna. Torza rpynna Aut G nopoxnaerca as-
ToMopdu3MaMH caeAyloliuX TunoB: 1) Paxropueie as-
Tomoppuamer. Kaxnrii MuHoxurenb G;, i, orobpa-
Kaercsi Ha ce6si. OHH COCTABJSIIOT NOArpPyNNy, H3GMOpd-

HYIO rpynne II Aut G,. 2) Ilepecranosodrsie asTomop-
el

pusmet. 3apuxcupyem mis Kaxgoi napu G, Gnk I 1,
M30MOPGHEIX MHOXHTesNeH wuzoMopduam cr. CunraeMm
3TH H30MOP(GH3MHEI COTJNACOBAHHBIMH, T. €. Cem = Qilim,
€C/IH 3TO HMeeT CMbicA. ABTOMOpP(H3M IepecTaB/sier
YacTb M30MOP(HEIX MHOMKHTeJNeH COIJIACHO O, AEHCTBYA
TOXIECTBEHHO Ha ocrajbHble. COCTaB/SIOT KOHEUHYIQ
noxrpynny K. 3) Aeromopgusmer ¥aiirxeda. a) 3auk-
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cupyem saemenr | =g G;, je=J. Ha muoxurens G;
H Ha yYacth APYrHX MHoxutenedl Gp kel = J, asro-
Mopdusm AefictByer ToxAecTBeHHO. OcTajibHble MHOMXH-

~1
tenn G, [ J\J’, conpsiralorest no npasuay G —Gf

-1

f—1% . Kaxabii us snementor x & X mnepeBoauTcs
B OlMH M3 3JeMeHTOB x, xg~!, gx, gxg~'. 6) 3adukcu-
pyem sJieMeHT xo €= X. Uactp MHOXHTenel Gj, je ] =T
0TO0paxaercs TOXKIAECTBEHHO, ocTajbHble G kR JN\J,
no npasuiy G,— G, fr—s X Dnement x = x, u yacrsb
Ipyrux sjementoB x & X' = X orofpaxalorcsi ToX[e-
CTBEHHO, OCTaJbHblC — B OAHH H3 3JEeMEHTOB Xx;!, x.x,
xxxyl.

Ecnn Bce rpynnu G;, Aut G; (j= J) koHeuHO onpe-
ReneHbl, To ¥ rpynna Aut G xoneuHo onpegnenena (Gil -
Lert N. D.// Proc. London Math. Soc.— 1987. —
V. 54. — P. 115—140).

H3 pesysabraTtoB 0 rpynmnax aBToMop¢dH3MOB cBOGOJ-
HBIX I[IDOM3BEACHHUH ¢ OO'beJHHEHHUEM OTMETHM TOJbKO
ofuH. Ecan G = G, »y G2 — cBOGOJHOE TIpOU3Be[eHUE
¢ o0bevHeHHEeM KOHEeUHHIX rpyiil, To Aut G = A, xg Ay —
TakXXe ¢3080/1HOe NpPOU3BelleHHe ¢ 00beJUHEHHEM KOHeu-
Hotx rpynn (Karrass A, Pietrowski A, ,Soli-
tar D.//Contemp. Math.—1984. —V. 33. —P. 328—
340).

OrpasuM BJHsIHHE TPynnsl aBTOMOPGH3MOB Ha HC-
xoaHywo rpynny. PaccMorpum ypaBuenue Aut G = H
C HeusBecTHOH rpynno# G. DTO ypaBHCHHE He HMeeT pe-
meHHH, ecsd, HanpuMep, H —oaHa W3 rpynn ciaeayio-
mero cnucka: Z, Z(2n+1) (ne=N), S, Am (m7#1,
2, 8), F,, (»+0), GeckoHeuHass YepHHUKOBCKas Trpymnna,
HUJIb[IOTEHTHAs! NepHOAHYecKass Ipynna HeOrpaHHYEHHOTO
nepuoaa. He cymiecTByer KOHeYHO NMOPOXKAEHHOH I'pPyIbl
G, nns xoropoit H ~SL(2,Z).

Beckoneunas aGeseBa rpynma G, pas  koropoit H ~ Dy, —
rpynna JAH3Apa NopsigXxa 2n, CyWIeCTBYeT TOrja H TOJbKO TOTAa,
xorna n = 1, 2, 6. BeckoHeuHas aGeneBa rpynna G, AJs KOTOPOit
H — 0606uieHnas rpynna kBatepuuonos K, nopsaxa 2", n =3,
CymiecTByeT TOrAa H TOJNBKO Toraa, korga n = 3. KoHeuHasi aGe-
neBa rpynua H moxer GbiTh peanusoBaHa kak rpymna Aut G Gec-
KOHEeYHOIt rpynmnst G B TOM M TOJBKO TOM cjydae, Koraa NopAnOK
rpynnsi H dereH u H sipasieTcss mpsMofl CyMMOfl IHKJIHYECKHX Ipynn
Z(2), Z(3), Z(4), npuueM ecau H o6napaer snemeHToM nopsjka 12,
To H posxkua o6/afaTb 3JEMEHTOM NOPsAKAa 2, He SABJAKMCS
mecroit cremedpio (Fournelle T. A.//J. Algebra.— 1983. —
V. 80, N 1.—P. 106—112).
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[lycts G —rpynna, ans xoropoi H = Aut G — cyer-
Has HUJbIIOTCHTHAast Nepuoauvieckast rpynna. Torna H
HMeeT KOHeuHbIH mnepHoh, rpynna Inn G koHeuHa M- 3Je-
MeHTHl Ipyunbl G KOHEYHBIX MOPAAKOB O6pPa3yIOT KOHeu-
Hyio noarpynny. Bosee Toro, B rpynne H 3jeMmeHTH IO-
PAAKOB B3aHMHO NPOCTHX ¢ 6 06pa3yloT KOHEYHYI0 HOJ-
rpynny. B To ke Bpemsl cyuiectByer rpynna G, Ajs KO-
topoit H = Aut G — cueTHas MeTabesieBa NepHOAHYECKAS
rpynna HeorpandyeHHoro nepuoga (Robinson D. J. S.
/IQuartery J. Math. —1979. — V. 30.—P. 351—364).

Ecnin H — koHeunast rpynna, To ypaBHenue Aut G =
= H B KJacce KOHEUYHBIX TPYNI MOXKET HMETb TOJBKO
KoHeyHoe MHoxecTBo pewenuit (Iyer H. K.//Rocky
Mountain J. Math. —1979. — V. 9, N 4. — P. 653—670).
3aMeTHM, 4TO yKa3aHHOE MHOMXECTBO MOXET COCTOSITb
6oJsiee, yeM M3 OJHOro 3jnemeHnra. Hampumep, rpynnn
Z(3) u Z(4) umeror rpynnsl aBTOMOp(hH3MOB, H30OMOPD-
Hble rpynne Z(2).

Ecnu H = Aut G — xoHeuHas rpynna Ajs NpoH3BOJb-
Ho# rpynnu G, To rpynna Inn G ~ G/C(G) << H takxe
KOHeyHa. DTO BJeueT KOHEYHOCTH KoMMyTaHta G’. B pac-
CMaTpHBAaeMOM CJyyae 3JIEMEHTbl KOHEUHBIX IOPSJKOB
rpynnsl G o6pasyioT koHeuHyio noarpynny 7T (G)= G’.
M3 nepuoanynoctn G cJjenyer ee KOHeYHOCTb. Ecum
rpynna G KOHEYHO MOPOXKJeHa, TO OHa SIBJsIeTCA paclId-
peHueM uukJauyeckoii moarpynnsl u3 C(G) nocpeiactsom
KOHeuHOH rpynnsl. Huabnorentnas rpynna G HMmeeT Ko-
HEYHYIO Ipynny asToMOp(puaMoB H B TOM H TOJBKO TOM
cayuae, ecid uHpekc |G:C(G)| u rpynna Aut C(G)
KoHeuHsl, ¢cM. (Robinson D. J. S.//Proc. London
Math. Soc. — 1974. — V. 35. — P. 34—54).

ABToMOp®H3M @ rpynnel G Ha3LIBAETCA PE2YAAPHOLIM,
ecn @(g)=g, rie g = G, Biever g = 1. Ecau xoHeu-
Hasi rpynna G uMeeT peryJspHbi aBTOMOpGHU3M MpO-
CTOTO HEUEeTHOro MOpsAKa, TO rpynna G HUJIbNOTEHTHA.

HOns npousBosbHoro asromMoptusma ¢ & Aut G MHo-
JKECTBO HENMOJBHXKHBIX TOueK (I® Ha3bIBAIOT TaKXKe IleH-
TpaausatopoM Cg(¢). ABTOMOPOH3IM ¢ HA3HIBAETCA
nouru peezyrapueim, ecau ero uentpaausatop Ce (@) Ko-
Heued. [IycTb @ — IIOYTH peryysipHb aBTOMOP(HU3M me-
puonuueckolt rpynnel G, mias kotoporo 2 =id (T. e.
@ — nuBosouust). B stom cayuae rpynna G JIOKaJbHO
KOHeyHa M I10YTH paspeiunma. boJee Toro, B G umeercs
HHJIbIIOTEHTHAsl CTYNeHH k<2 MOATpynna KOHEYHOro
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HHIeKca, MHIEKC M KoMMyTaHT noarpynnu [G, (p)] <<
<< G << Hol G takxe xoneunnl B G (llyukos B. IL{
Anre6pa u asoruka.— 1972. —T. 11.— C. 470 — 493;
Benses B. B, Cecexkun H. ®.//Studia Scien.
Math. Hungarica. — 1982. — V. 17. — P, 137—141).

PaccmorpuM rpynnel aBTOMOpGH3MOB paspelnMbiX
rpynn. HusibnorentHas rpynna (G mopoXkjaeTcs COBO-
KyTHOCTbIO 3JIEMEHTOB g; TOTJZa H TOJbKO TOrAa, Koria
abenesa rpynna G/G’ nopoxniaercs obpaszaMH g; 3THX
sneMmenToB. Ecan G = F(X, €)— cBoboxras rpynna
B HCKOTOPOM HHJIbNOTEHTHOM MHoroo6pasnu € = R, TO
Jio6oe otobpaxenue X — G, x+—> xvy, vy = G’, onpene-
Jasiet aBromopdusm rpynnu G.

Ilyetb Fr m = Fn(Rm)— cBOGOAHAs rpynna paHra n
B MHOroo6pasuM BceX HHJBIOTEHTHBIX TPYNN CTYNeHH
kR<m. llpu m=1, 2 romoMoppu3MBH HHAYUHDPOBAHHSA
am: Aut F,— Aut Fp, » siBAsIOTCST 3MHMOpHU3MAMHU.

Eciu m =3, 10 am yxXe He sBJAseTCa OTOGPaKeHHEM «Ha».
BosbMeM, Hampumep, n = 2, toraa JioGoi aBToMopdusM ¢ < Aut Fa
nepeBNAHT 3JeMeHT [xi, Xz] B ajaeMeHT ([x1, x2)¢)*!, g= Fa, B TO

BpeMs KaK aBTOMOPGH3M ¥: Xq+—>Xy[Xxy, X2]2, Xo—> Xz rpymust Fz s

(6asuchl rpynnm Mbl 0603HayaeM OQHHAKOBO) NePeBOAUT [X), X2] B
-2
X
[x1, x2] ([x1, %2]®) 7 caenoBaTensHo, % He HHIYLHpYyeTcss aBTOMOP-

¢usmom u3 Aut Fe.

I'pynna Aut Fn » npu n>=m =2 nopoxjaercs ue-
THPbMS HHJIbCEHOBHIMH aBTOMOD(®H3MaMH Ly, P12, Tiz, T
H (m—2)-Ma aBTOMOppHU3MaMH 0 x;+—> xi[x1, Xo, ...

., xx], =3, 4, ..., m. Ecan n > 4, T0 HUJbCEHOBH
aBTOMOpPGH3MH 3aMeHSIOTCS JABYMs IMODOXIAOUIMMHU
rpynny Aut F, s3neMeHTaMH, cjeJoBaTe/bHO, B 3TOM CJY-
yae rpynna Aut F,, » HMeeT m MOPOXKAAIOIIMX 3JEMEHTOB
(Andreadakis S.//Arch. Math.— 1984. —V. 42,
N 4. — P. 296—300).

Eciu KOHeYHO MOpOXJAEHHHE HUJBIOTEHTHBIE FPYNIH
COH3MEpPHMBI, T. €. B HHX €CTb H30MOp(QHbIe MOArpyNbl
KOHEYHHIX HHAEKCOB, TO H IPYMIH HX aBTOMOP(H3MOB cO-
H3MepuMul. OGpaTHOe HeBEPHO, TAK KaK CYLIECTBYIOT He-
H30MOp(HHE KOHEYHO INOpPOXKAeHHHE HHJbIOTEHTHHIE
rpynnu 6e3 KpyuyeHHs, I'PYNNH aBTOMOP(HH3IMOB KOTOPHIX
H3oMophHH (cM. [47]).

KoHeuHas HeuMKJIHYecKasi p-rpynna uMeer HeeRHHHY-
HhI BHeWIHHH aBTOMOpOH3M (Teopema lawroya).

CrpaBel/MBO aHAJOTHYHOE YTBEpKAEHHe AJs J06o#
HHJbNOTeHTHOA p-rpynnu. CyllecTByeT HHJbIOTEHTHAsA
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rpynna Ge3 BHeumHHX aBToMopduamon. KoHeuHo mopox-
IeHHast HUJIBIIOTeHTHAasl TPyNna MOJHIHK/JIHYECKOTO paHra
| > 2 uMeeT HeeJMHHUYHBIH BHeWIHHH aBToMOp¢usMm, Has
[ =1 Bompoc 0 ero cyuecTBOBaHHH OTKPHIT. CyllecTByer
COBeplIeHHas NOJHUHK/IHYeCKass rpynna Ge3 KpyuyeHHs
MOJIHIMKJAHYecKoro paHra [=7. C KpyucHHEM TakKoH
npuMep HalAeH cpeld MeTalbeseBBHIX TPYNN MOJHLHKIAH-
yeckoro paura /=4, cm. ([47], Robinson D. J. S.//
Rend. Sem. Mat. Univ. Fadova.— 1980.—V. 62. —
P. 281—294).

I'pynna aBTOMOP(}H3MOB HOYTH MOJHIHKJIHYECKOH
rpynnsl KOHeyHO onpefeneHa (cm. [40]).

Jlio6asi KoHeyHasas rpynnma (G mnpeicTaBUMa B BHIE
G =AutH/CentH, rae H ecTb 2-CTyNeHHO HHJIbIO-
TeHTHas rpynna nepuoxa p2. I'pynny H MoxHO BHGpaThb
TakXe B KJacce 2-CTyNeHHO HMJbMOTEHTHHX rpynm 6e3
kpyuenuss (Heineken H., Liebeck H.//Arch.
Math. —1974.— V. 25, N 1.—P. 8—16;, Liebeck H.//
J. London Math. Soc. —1975.— V. 10, N 3. — P. 349—
356).

[lycrb  Sp, x = Fn(¥*¥) — cBoGoaHass  paspewinMas
rpynna paHra n B MHOroo6pasuu %* Bcex pa3peLIHMBIX
rpynn ctyneHd He Goablie k2. M3BectHo, yto Inn Sy, , =
=JAut Sy, , aas Jawo6oro k. I'oMmomopdpuamu Aut F,—
—AutS, 2 npy n=2 u n >4 sBAAOTCA 3NUMOPPH3-
MaMmH, cjenoBatenabHo, rpynnbl AutS, s npu n =2 uan
n >4 nopoxpaaioTcs o6pa3aMH HHJIbCEHOBHIX aBTOMOD-
(H3MOB M, C/eJOBaTeJbHO, KOHEYHO NOpOXAeHH. B TO
XKe Bpems, rpynna AutS; o He sBJseTcss JaxKe KOHEYHO
nopoxaeHHod. CM. Mo 3ToMy NOBOAY OG30pHHIe CTaTbH
[74], [100].

IMyctb A = 8,—1Sns, r — NOCJACAHUH HECAHHHYHBIH YJieH
psfilla KOMMYTAaHTOB Ipynnsl Sy, . OUeBHIHO, UTO Sy, p—1 =~
=~ S, r/A. Bce aBTOoMOpdH3MbI rpynnbl Sp, x TOXIeE-
cTBeHHble Ha A, SsBAsIOTCS BHYTpeHHHMMH. ['pynna
Aut(Ss  A) nonyckaer usoMopdHOe NpeACTaBIeHHEe
MaTpHUAMH Hajf CPYNIOBHM KOJbLOM ZS, r— MO NpaBHIY

d
k——>( qa(x,))’ 1<, j<n, (*)
dx]

Pﬂae Xy, X3, «.., Xp—6azuc S, p @ € Aut (S, A),
5, —uacTaasi mpoussogHas {Pokca co 3HaueHHeM



244 rJ1. 11. TPYMNIbI

B ZSn k-1 (cm. m. 1.2) B wuwacTHOM cJayuae Tpymmm
Aut(S, ,, S, ,) mpasas uacTb (%) COCTOMT H3 TeX H

TOJILKO T€X MAaTpHL, KOTOpble CTa0HJH3HUPYIOT BEKTOP
=1, x—1, ..., x,—1).

[Tycts rpynna G npeacraBsena kak G = F/N’, N F.

Ilyets —-— — uvacTHas npoussoanas Pokca Ha rpynne
I

G co 3HayeHHsIMH B KoJble Z(F/N) (cm. m. 1.2). Toraa

rpynna Aut(G,N/N’) ponyckaer H3oMmMopdHOe Nnpeacras-

JleHHe MaTpUIaMd IO [PaBHJY, aHaJOTHUYHOMY (x).

[Tycts Fn(M)— cBobGonHas rpynma paHra n B MHO-
roo6pasuu leHTpaabHO-MerabeneBbix rpynn M. Ipynna
Aut F,(M;) KoHeuHO moOpoxKieHa HpU n =4 U GecKo-
HeuHo nopoxaeHa npu n =2, 3. Ecan X ={x;, xo, ...

., Xp}— 6asnc F,(M), 1o npu n =4 oHa NMOpPOKAAET-
Csl HHUJIbCEHOBLIMH aBTOMODPO®H3MAaMH i, Ti2, P12, A (TOY-
Hee, UX aHaJ/JoraMu) u aBToMop®u3MOM a: x;+—> xi[[xy,
x2], [x3,x4]]. Tloka HesicHO, MOXHO Jin y6paTb M3 MHO-
JKecTBa MOPOKJAAIOUIMX 3JEeMeHT o, T. €. He GyJder JHU ro-
momopousm  Aut F, — Aut F,(M;) snumopdusmom
(Stohr E.//Akad. Der. Wissens chaften der DDR. —
Berlin, 1985).

Ecin KoHeyHO mnopoxjaeHHas rpynna G ecTb pacliH-
peHHe abeseBOH Ipynnbl NOCPEACTBOM MOJHLHKJIHYECKOH
rpynnsl, To Ha rpynne Aut G BbimoJHeHa assTepHaTUBA
Turca: npou3BoJbHAs KOHEYHO NMOPOXKIEHHas MOArpynna
H << Aut G nu6o comepxkut Fz, 1160 NOYTH paspelunmMa.
IIpsimoe cnnerenne H = KeZ, rue K — KoHeuyHas rpyn-
na, snaoxumo B rpynny Aut G ansi HeKOTOpOH KOHeYHO
NopoxKaeHHOH paspelwnmoit rpynnsl G. OnHako H He co-
nepKHUT F; U He TOYTH paspeliuMa B cayuae, ecad K He
paspemnMa (cM. [47]). MoXHO JH BJOXHTb JI100YIO
cuetHywo rpynny H B rpynny Aut G ans noaxoasiiei ko-
HEUYHO INOPOXKJeHHOH pa3pelwlHMol rpynnel G, moka He
H3BECTHO.

C kaxjao# rpynnoii G cBsi3aHa INOCJAeAOBATENbHOCTb
rpynn aBtomopdusmoB A!G = Aut G, A+!G = Aut A‘G,
i=1,2, ... Eciu C(G)=E, 10 C(A'G)=E nas Bcex i
H CymeCTBy}OT ecTecTBeHHbe BJOXKeHHss AIG << ARG
MoxHuo onpegpenutb rpynny A*G pas n:060ro nopsiaxo-
BOTO OpAHHaJa o, Gepst Ha MpeleNbHOM liiare oGbeinHe-
HHe Bcex NpeAblAywux rpynm: A°G = U A*G, u nona-

B<a
ras AB+1G = Aut ABG. Tlonyuum 6awHio a8TOMOPGPU3-
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mos A*G. IlocaenoBaTesqbHOCTb TPYNN aBTOMOP(U3IMOB
KOHeyHOH rpynnsl G cTabUIU3NpyeTCcss HAa KOHEYHOM
ware, T. &: cywectsyer n < N rakoe, utro A" G = A"G.
Ecau G — npousBoabHast rpynna, To OallHsA ee rpynn
aBTOMOP(®H3MOB CTaGHIH3UPYETCH Ha HEKOTOPOM OpIH-
Hane a. as Jo6oro Hanepel 3aJaHHOro o Hafijgercs
rpynna G(a), 6awHsa rpynn aBTOMOP(HH3IMOB KOTOpPOI
crabunusupyercss B TOYHOCTH, HauuHasg ¢ o (Tho-
mas S.// roc. Amer. Math. Soc.—1985.—V. 95,
N 2. —P. 166—168).

[Iyctb nentp rpynnsl G eauHuued. Toraa rpynnn G
u A'G sasasiorcs noarpynnaMu rpynnbnl A2G. Ipynna
A'G coBepluieHHa B TOM H TOJBKO TOM cayuae, Koraa G
aBromopdpHo ponyctuma B A2G. I'pynna Aut F, cosep-
uiesHHa npu Jwb6om n=2, 3, ... I'pynna G = F,/N’,
rie N — aBroMopdHO gonmycrumasi noxarpymnna F, Je-
xamas B F;, ecin ¢daxroprpynna F,/N annpoxcumu-
pyeTcst HUJIBIIOTEHTHBIMU TpynnaMu 6e3 Kpy4yeHHs, TaKxKe
HMeeT COBeplieHHyIO rpynmy aBToMopduamoB AutG.
Orcioia cielyerT COBEpIIEHHOCTb I'PYII aBTOMOpPGH3IMOB
Aut F,(¥') cBOGOAHBIX pa3peliuMbIX TPYNN CTYyNeHU [ = 2
paira n>2 (Dyer J.L,Formanek E.//Bull. Amer.
Math. Soc. — 1975. — V. 81, N 2. — P. 435—437).

[pynoet  Aut F,(R:) coBepwedHnl npu n 1, 3.
Ipynna A2F;(R;) npencrasase:cs B Buie AF;(N) > (@),
rile ¢ — BHellHHu# aBTromMopdusm rpynnu A'F3(R,), umelo-
mu# nopsgok 2, u caMa cosepiieHHa (Dyer J. L,
Formanek E.//Math. Proc. Cambridge Phil. Soc. —
1976. — V. 79, N 2. — P. 271—-279).

4.2. KoromoJsorun rpynn. ['ny6okoe B3aumojeiicTBHe
Mexay ajre6poit M TOnoJorued JOCTHraercs yepes rpym-
Obl TOMOJIOTHH H KOI'OMOJIOTHH TOIOJIOTHYECKOro Hnpo-
CTPaHCTBa, a NOTOMY HCTOKH KOTOMOJIOTMUECKOH TEeOpHH
rPpyNN HaxXoJATCSA B DAaBHOH cTemeHu B aJjre6pe H B TO-
nosorud. B sToM nyHkTe oTpakeH aJjreGpaHyeckuHi ac-
IeKT TEOPHU H NPHUBENEHBbl NPHJIO0MXKEHHS TEODHH KOroMo-
JIOTHH K TEOPHH TpYIIL.

BBeneM KOMIJIEKCHl, pe3oabBeHTh U G-MonyJH. Ilycts
R — npoussosbHOe KoJbLO ¢ efuHuuel. Ilocrenosaren-
HOCTb

dpyy dn
o Xy —> X, Xy .. (nEZ) (%)
R-monynet X, u ux romomopdusMoB d, Ha3bBaeTcs
Yenunoim Komnaekcom, ecid InpousBeleHdHe dnpdny =0
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dass Bcex ne<Z. Dosee koMnakTtHoe cG603HaueHue
(Xn; dn) wim npocro X. T'omomopdu3MBl d, Ha3HIBAKOT
Ouppepenyuaramu, 3neMedtn rpynn Z,(X)= Ker d, —
yukaramu, sneMeHTh rpynnn Bp(X)=Im d,, — epanu-
yamu (pasmeproctu n). I'pynnet eomosroeuil KoMIaekca
X onpepenstorca  Qopmyaoit H,(X)=Z,(X)/B.(X).
ToyHocTb mocJefOBaTeNbHOCTH (%) O3Hauder, 4TO
Kerd, =Imd,;, 1. e ut0 Hpo(X)=0 pas ecex n. Pe-
304668eHTOll R-MOAy/nst A Ha3biBaeTcsl TOYHBIH KOMIJIEKC
BUJA

s X, o X 2 xy B a0,

PesoabBenta HasniBaercss cgob6odrod, ecan X, — cBo60f-
Hble R-MOAyJiH,

MoXkHO paccMaTpHBaTh KOMILJIEKCH, PacloJIOKeHHbIE
10 BO3pacTaHHIO HHAEKCOB

—y dan-! an
L X s Xt X

Takne KOMINJIEKCH HAa3BIBAIOT KOYENHuiMu U TOBOPST CO-
OTBeTCTBEeHHO 0 xoyuxaax Z"(X)= Ker d", xoepanuyax
B*(X)=Imd"! u xozomorocusax H"(X).

Ilycts G — HexkoTopas rpynmna, ZG — ee 1eJOUHC/IEH-
HOe rpynmnoBoe KoJsblo. B nanbhefinieM repMuH G-#00yAab
o3HayaeT TO ke, yto ZG-moayab. Mm paccMarpuBaeM
npaBele G-MOAYJH, OAHAKO J0GoH mnpaBblili G-MOAYJb
A MOXHO cuHTaTb TakXe JeBnM G(-MoayJeM OTHO-
cHTe/IbHO JeficTBHS ga = ag~!, a= A, g= G. O6ozna-
uiM A® B u A ®s B TteHsopHoe npousBedenne G-Mo-
aynedt A u B wap Z u Hajg ZG coorsercTBenHo. [lycts
C — aGeneBa rpynna, Ha kotopoil G HeficTByeT TpUBH-
aabHO, T. e. cg=¢, c=C, g= G. AGeneBy rpynny
C ® ZG MoxHO cyuTaTh G-MOLYyJeM OTHOCHTEJbHO Hefi-
crBust (c®r)g=c®rg, c=C, r=ZG, g = G. Takue
MOAYJNH Ha3bBAaOT UHOYyuposarHeimu. J BOHCTBEHHO,
o6osnaunM Hom (A, B) u Homg (A, B) rpynnn roMmomop-
¢usmoB ¢: A— B Hang Z u Han ZG cOOTBETCTBEHHO.

A6enesy rpynny Hom(ZG, C) MoxHO cuurath G-MO-
AyJneM OTHOCHTeJbHO JReiicTBHA (9(g)) (r)=o(g7'r),
¢ € Hom(ZG, C), r= ZG, g = G. Takue MOAyIH Ha3H-
BAIOT KOUHOY{LPOBAHHbIMUL,
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Jis onpeneseHust TPYNN TOMOJIOTHH M KOTOMOJIOTH#
BbIGepeM CBOOOAHYIO pe30JIbBEHTYy TpHBHasabHOro G-Mmo-
nyasa Z

.—>Xnit>...—>X1—dl->Xo“i>Z—>0 (%%)

n  nyctb A — npousBoabHHit G-Moayab. Paccmorpum
KOMILJIeKC

X, @A X @A X, @4 A0,

rie Op(x,®a)=d.x.® a, xn= X, a= A. 10T KOMI-
Jiekc, BooGLle roBOps, He SBJAsieTCd TOYHBIM. Ero rpynnu
rOMOJIOTHH Ha3HIBAIOT epynnamu eomoroeull epynnet G
¢ xoagppuyuesramu 8 G-modyre A U 0603HayaIOT
H.(G,A). [BOiicTBEHHO, PacCMOTPHM KOLENMHOH KOMII-
JIeKC.

0 — Home (X,, A) 2% Homg (X,, 4)—> . .. )
. —Homg (X,, 4) 2> ...,

rae 0" (f) xp1 = f(dnXnt1), Xnt1EXn41, fEHomg (XA, A).
Ero rpynnel KOroMoJIOrM# Ha3bIBalOT 2pynnamu KO20MO-
aoeud epynnot G ¢ Kosppuyuentamu 6 G-modyse A n
o6oznauator H"*(G, A). MoxKHO HAOKa3aTh, YTO TIpYNIbl
H,(G,A) uw H"(G,A) 3aBucst aumb oT G u A, HO He
3aBHCAT OT BhIGOpa CBOGOAHOH PE30JIbBEHTHI (x).
Brisaer yacro ymo6HO rpynns (KO)roMoJsornii pac-
cmaTpuBaTh BMecte. [l 3TOrO0 BBeAeM OOO3HauYeHHS

H_ (G, A)=n6>90 H,(G, A) u H*(G, A)= n@o H" (G, A).

Ecau a: A,—> A, —romMomopduam G-monyne#, TO
otoGpaxenus X, ®; A, > X, ®g Ay HHLYUHPYIOT rOMO-
Mopdu3Mbl rpynn roMosoruit a,: Ha(G, A\)— H.(G, A,).
Anasoruuno, umelorcs romomopdusMmn o H*(G,A;)—
- H"(G, Az). Tpynnsl H.(G,—) u H"(G, —) aBasiotcs
KOBapHaHTHHIMH (DYyHKTOpaMH BTOPOro apryMeHTa.

Ilycts

0>A4-5B-5Cco0 (%)

TOYHas mnocJefoBaTeabHOCTh G-monyneit. Torma cyule-
CTBYeT OAUHHAA TOYHAA NOCAE00BATEALHOCTb 2pynn eo-
Moaoeudl

e..—>H,, (G, C)LH»H,,(G, A) >
> Ho (G, B) 2% Ho(G, €)=t ... (exrs)
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Otobpa’keHus o, M P, HHAYLHPOBAHBl OTOGpAaXKEHHAMHU
a 1 B. Tak Kak o — MOHOMOpPHU3M, a B — snuMopdu3M,
TO MOXHO cuHuTatb, yt0 A << B, C = B/A. Tak xaxk wmo-
ayab X, co6omen, 1o X,®;A << X, ®; B H, caenona-
tenpHo, X, Qs C=X,®;B/X,®; A.

ITycTb 2z — UMK, NpeicTaBJAAOLUIUN HEKOTOPBIH 3Je-
MeHT h = H, (G, C). O6pas saementa 2’ = 0,2 B X, Q¢
®; C paBen HyJo, nosatomy 2z’ = X, ®; A. Tak kak
0n-10, =0, TO 2’ — UHUKJ, NPEACTABJSIOUIUA HEKOTOPBIM
anemenT h' € H,_,(G, A). Tlo onpexnenenrio 8,4 =Ah' u
0, Ha3blBaeTCs CBA3bIBAOWUM WUIH 2PDAHUYHOLM TOMOMOD-
¢usmom. [locienoBaTenbHOCTb (##x%%) (YHKTOPHAJbHO
3aBHCHT OT MOCJEJ0BATENbHOCTH (s%%). DTO O3Hauaer,
4TO KOMMYTAaTHBHas Auarpamma

0—-A >B —-C —0

vl
0>A"—>B >C"—>0

onpejfensieT KOMMYTATHBHYIO JHarpaMMmy AJIHHHBIX TO4-
HBIX NOCJeA0BATEJbHOCTEH TPYyINN FOMOJOrHH

.. H,1(G,C) >H, (G, A) »H, (G, B) >H, (G, 4) —. ..

v v v v
... H,,1(G,C)>H, (G, A)>H, (G, B)>H,(G, A)~>. ..

JAaunnas TO4KAA noCae008ATEeNbHOCT6 TPYNN KOrOMO-
JIOTH# ompeje/isieTcss aHAaJOTHYHO H UMeeT BHA

n—1 al n n
> H'(G, 0) > B (G, A)SS HT (G, B)
S H"(@G, ) ..

Ipynnel romoJsioruit 06/afaloT caelyIOIHMH TpeMs
CBOHCTBAMH, KOTOphle MOXHO OblI0 Gbl B3SITb B KayecTBe
UX onpejeseHus.

a) Ho(G,A)=Z®; A — naubonpunii  daxTopmo-
ayab moayas A, Ha kqropoM rpynna G AeHCTByeT TpH-
BHAJbLHO; )

6) Aas KaXIOH KOpPOTKOH TOYHOH IOCJeA0BaTe/b-
HocTH G-MopyJeill cyuiecTByeT (YHKTOpDHAJbHO 3aBHCH-
uas OT Hee JJIMHHAsI TOYHAas NOCJeJOBaTeNbHOCTb Ipynn
TOMOJIOTHH;

B) H,(G,A)=0, ecau A — uHayuupoBanuuii G-MO-
ayab un > 0.
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CeoiictBamu a)—B) rpynnsl H,(G, A) onpeaeasior-
cs1 OJHO3HAYHO.

Hdas mo6oro G-moayas A o6osHaunM A° TpuBHAJb-
ol G-MOAyJb ¢ TOH Xe caMOM aJIUTHBHON TpYMIoH.
Hmeerca snumoppusm A°®@ZG—A (a® gr—>ag) u,
c/1eJloBaTe/1bHO, TOUYHAS NOCJAEL0BATENbHOCTD

0>A>4"QZG— A—0.

CBsi3biBalolilie FOMOMOP(H3MBI OTHOCHTEIbHO 3TOH IO-
cJe0BaTebHOCTH

0.0 H,(G, A)—>H,_,(G, A)
SIBJSAIOTCA HM30MOpdH3MaMHu aas Bcex n>1 Hu
H, (G, A) ~Ker(Hy(G, A")—> Hy(G, A ® ZG)).

OTH H30MOpDHU3MBl HA3LIBAWOT u3oMoOpgudmamu cosiea
PA3MEPHOCTU.

PaccmoTpuM GyHKTOpHAJbHYIO 3aBHCHMOCTb 110 mep-
BOMY aprymeHty H 3ameny rpynn. Ecau ¢: H— G — ro-
MoMop¢uam rpynn u A — Hekotopul#i G-Monyab, 10 A
MOXKHO CUHTaTh Takxke H-moayaewm, nonaras ah=aq(h),
a= A, he= H. OueBnaHo, umeercs anumopdusm Z& A=
=7 ®; A, KOTOphlil MO CBOHCTBY a) MOXHO HHTepIpe-
THpOBaTb Kak snuMmopdusm Hy(H, A)— Hy(G, A). C no-
MOIUBIO CABHra pa3MepPHOCTH IOJYYHM TOMOMOpGHH3IM
H.(H,A)—> H.(G, A). B 3tom cmbicne H,(—, A) — KoBa-
pHaHTHBIH (YHKTOp nepBOro aprymeHTta. AHaJIOTHYHO,
umeercs Bjaoxenue Homg (Z, A)— Homy (Z, A), koTopoe
MHTepnpeTHpyeTcsi Kak romomopdpusm H°(G, A) —
— HO(H, A). CaBurasi pa3MepHOCTb, NOJYYHM TIOMOMOP-
¢usmel H*(G, A)—> H*(H, A), 1. e. H*(—, A)— KoHTpa-
BapHaHTHHIA ¢yHKTOp nepBoro aprymenrta. Ilycte H —
noarpynna B G. Torma Baoxenue H— G unAynmpyer
20MOMOPPU3MbL 02PAHULEHUS UL KOOCDAHUUEHUS

res: H* (G, A)— H"(H, A), cor: H,(H,A)— H,(G, A).

Has nwo6oro H-moayas C paccmMorpuM abeseBy rpyn-
ny C ®yZG, rae ZG cuurtaercs JeBbM H-MolyseM OTHO-
CHTeJALHO YMHOXeHHS Ha 3jemeHTl H cieBa. Ha C®
® ZG MOXHO BBECTH CTPYKTypy npasoro G-Moayas, mo-
aoxuB (c®r)g=c®rg, ce=C, relG, g G. HUmelor
MeCTO H30MOp(hH3IMBI

H,(H, C)~H,(G, C®ZG), n>0.
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Aty u3oMopbH3MBEl Ha3bIBAOT 3amenoil epynn. JIBoii-
CTRCHHOE YTBepXKJeHHe

H"™(Ii, C) ~ H" (G, Hompy (ZG, C)).

OmnpenenuM CTaHAapTHYIO pe30JbBEHTY NMPOU3BOJbHOM
rpynnsl G. O6o3Hauum uepe3 X, n=1,2, ..., cBO6GOA-
Hbii  G-MOAYJAb CO  CBOOOJHBIMH  IOPOXKAAIOLIHMH
(g1, ..., gn), roe gi= G, g5 1. Cuuraem, uto X, no-
poxjpaercsi OAHMUM CHMBOJOM ( ). YI0OHO TakXke CYH-
tatb, ut0 (g1, ..., &x)=0, ecan gi=1 anda Hexoro-
poro i. Onpenenum roMoMopdusMbl dn: Xn—> Xn—y paBeH-
CTBOM

dn(gl» sy gn)=(gl: ) gn—l)gn"'
1

+ Z (gl: e 81 ifi+ s --'vgn)-l_(_—l)n(g%~"’gn)

i=n—1

n romoMop¢usm e: Xo—Z paBenctBoMm &( )= 1. [Ipo-
BepsieTcsl YTO mocJaefoBatesnbHocTb G-moayJeit X, u ro-
MOMOpP(H3MOB dn, € — cBOOOJHASI pe30/bBeHTAa TPHUBHAb-
Horo G-monyns Z. OHa Ha3LIBaETCS CTAKROAPTHOLU Pe30ab-
genroul rpynnsl G.

[Tyete A — Hexkotopniii G-moayJib. CkpeujerHbinu
comomoppusmanmu o: G—A HasbBawT OTOGpaxKeHHH,
YAOBJIETBOPSIOILHE PABEHCTBY o (g182) = (g1) g2+ (g2)-
CkpelLleHHbIi TOMOMOP(H3M Ha3blBAETCH 2AABHbIM, €CJH
/s HEeKOToporo 3jeMeHtra a = A a(g)=ag—a. U3
¢dopmyan ans pudpdepenuuanos caenyer, yto H!' (G, A)—
3TO0 ()aKTOPrpynna rpynnel CKpeueHHbX roMoOMOp(dU3IMOB
N0 NOArpYyNie TIJIaBHBIX CKpeLleHHBIX TIOMOMOD(H3MOB.
Ananoruyno, H?(G, A)— ¢bakroprpynna rpynns oro6pa-
x)euuit a: GX G—A, yA0OBJETBOPSIOUIUX PABEHCTBY

a(g, &) & — a(g), 8283) + (8182, &) —a(gz, &) =0
N0 NoArpynmne, cocrosimiei U3 orobpakKeHuli BHIAA

a (g, g2) =P (g1) g2 — B (8182 + B (g2,

rae B: G— A — Hekotopoe oToGpaxeHue, §(1)=0.

Jnsi onpenenenust pe3oavgentst [ pronbepea mnpenno-
JIOXKHUM, yTo rpynna G npeicTaBjeHa Kak (pakroprpymnna
G = F/N, rpe F—cBo6oanas rpynna, N  F. O6o3Ha-
4HM yepe3 ¢ QyHAaMeHTaJNbHBIH HAeasa kKoabua ZG. Ecau
I — npousBo/ibHBI NpaBbii HAean koabua ZF, to [ —
cBo6oanbt ZF-mMoapyab, caemosatenbHo, [/Im — cBoGOA-
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Hbli ZG-MonyJb, rie n— HAeas, MOPOXKAECHHHH 3JeMeH-
TaMi BuJa x— 1, x = N. PaccMoTpuM moc/iefioBaresb-
HOCTb

— u/nd SN n/fun? N n/fn RN f/fn RN ZF/n =>Z->0

(3zech f— ¢yHnamenTanbHbli Haean xkogbua ZF). Ujen
X, sTOl moc/ef0BaTeILHOCTH ONpefessieTcss no ¢opmyJae

X, =n*/nk+! npu n=2%k, X, =fn*/fn*+! npu n=2~L + 1,

a romoMop®hu3MH d, UHAYLHPOBAHK BJIOXKEHHSIMH n* —
—fnk-1 fuk —n* e — tpusBuasusauus. OueBHHO, 3Ta NO-
cJieloBaTe/IbHOCTb ABJsieTcsl pe3oJbBeHTOH. [lo mpeaway-
HieMy 3aMeyaHHIO OHa COCTOMT H3 CBOOGOAHHIX G-MoAyJeit
H, cJeJoBaTe/]bHO, MOXKeT GbITb HCINOJb30BaHa /s BHI-
yncaeHns [ko]romoJoru#t rpynnu G.

Ecan G = F —cBo6ojaHas rpynmna, TO pe30JbBeHTa
I'pron6epra npunuMaer BHJ

0>f—>ZF-Z—0,

nostomy npu n>1 H,(F,A)=H"(F,A)=0 aaa mao-
Goro F-monyas A.

ITycts C(m)— nuk/auyeckas rpymnia nopsiiaka m c no-
poxnatomum ¢ Tlpencrasam C(m) kKak ¢akrToprpynmy
F/N 6eckoHeuHOH NHK/IHYECKOH IpyNnmb ¢ NOPOXKAaio-
mHM x 1o noxrpynne N, nopoxieHHoit x™. Toraa B pe-
3o0/ibBeHTe ['ploHGepra Bce MOJYJH — CBOGOAHBIE HHKJH-
yeckHe, T. e. usomoppun ZC(m), a camMa pe3osibBeHTa
NPHHHMAaeT BHJX

d d
~ZC(m) —> ... >ZC(m) —> ZC (m) —>Z —0,

rae d, — YMHOXeHHWe Ha r={— | NpH HeyeTHOM 7 H Ha
R=1+41t+ ... +tm+! npu uetHoM n. A noromy AAA
aoGoro C(m)-moayas A umeeMm

Hy. (C(m), A)={a= A|Ra=0}/r4,
Hop_1(C(m), A)={a= Alra=0}/RA, k>0.
B uacrtHocTH, Aasi TpuBHaibHOro C(m)— monyas A
Hy (C(m), A)=0, Hy_(C(m), A=1Z/mZ, k>0.

B nocnenoBatenbHocTH I'prosGepra BepHO, u4TO
ZF/n ~ZG, f/fm ~f®r ZG, Kerdy =n/fn, nostomy aag
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Jio6oro mnpeacraBaeHus rpynnel G B BHAe G =F/N
HMeeT MeCTO TOYHas MOcC/]eJ0BaTe]IbHOCTb

0—»>u/fu>f®ZG—>ZG—>Z 0.

[lycts N2° — ¢dakrtoprpynna N mno ee kommyrtaHty N’.
ConpsixkeHHe »3JjeMeHTaMH x & F uHAyuupyer Ha N3°
ctpyktypy G-moapyas. OtobpaxeHue xN'+—>(X¥— 1)+ fn
onpenenser uomoptousm G-moayJell H, cleJ0OBaTe/bHO,
HMeeT MeCTO TOYHAs NOCJeJ0BaTeNbHOCTh

0>N*>fQ®r2ZG—>2ZG—>Z—0.

Mojayab N3P HocHT Ha3BaHHe MOOYAR COOTHOULEHUL TPy~
nel G.

[Tpennonoxum, uto G 3anaercss OAHHM COOTHOLIEHHEM
v(xi, ..., xz)=1. Torna N2’ — nuk/1uveckuii G-MOALy./b
¢ nopoxparmomwnuM vN’. M3BecTHO, 4TO ec/H CJIOBO U He
PaBHO COOCTBEHHOH CTeNCHH HHKAKOro [Apyroro cJosa
rpynnet F, To N3 — cBo6GoaHb#t G-MOAY/b C MOPOXKAAI0-
wuM uN’, T. e. noc/eqHsisl NOC/eJ0BaTENbHOCTb CBOGOA-
Hasi pe3oJibBeHTa TpHBHaJbHOro G-moayas Z. [lostomy
ecaid G —rpynna ¢ OAHHM COOTHOLIeHHeM U 6e3 Kpyue-
HHUs,, TO NMpH n > 2 pas moboro G-monyns A umeeM
H,(G,A)=H"(G,A)=0.

[Tycts G = G#sGy — cBOGOAHOE NPOH3BeJeHHe TPy
G, u G; c o6beanHesHolt noarpynnoit S. Toraa ans Jo-
6oro G-monyJs A cyuecTByeT AJHHHAS TOYHAs MOCJELO-
BaTe/JbHOCTh

G G, G G
(cor 1, cor ) corGl+cc>rG2

> Hy (S, ) ——— H, (G, AQ HA (G, A) ——
6n
—>H, (G, A—>H, (S, A~ ...,

rie yepe3 cor 0603HauYeHbl 0TOOpaXKeHHs1 KOOrpaHHYeHHs
U1 COOTBETCTBYIOLIMX NOArpynn, a depe3 O, — HEKOTO-
pHlil cBA3BIBAOWHKA roMoMop®u3M. B yacTHocTH, A5 cBO-
6oxHoro mnpousBeneHus G = G;xG; HMEIOT MecTO H30-
MOP(®H3MEI

H,(G, A)~H,(G,, AYDH,(Gy, 4) (n>1).

AHasornuHble pe3yabTaThl CIPaBeANHBBl AJS KOrOMO-
JIOrHH.

IMycts S u T — gBe usomopdHule noarpynnu B G H
a: S — T — HekoTOpblli M30MOpDH3M Mexay HumH. O6o-
sHauuM G HNN-pacumpenue rpynns G OTHOCHTEJbHO
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a. Toraa pas awo6oro G-moayasi A cylecTByer AAMHHAs
TOYHasl NOCJAeA0BaTENbHOCTD

corG—a corg cor@
n
o H (S, A)——— 1,6, A)—

~ 5,
—>H,(G, A)-—>H,_(S, A)— ...,

rie O, — HEKOTOphI CBA3BLIBAIOIIHH roMoMopdu3m (aHa-
JIOTHYHO 1151 KOTOMOJIOTHH).
[Myetse G = G, X G, — npsiMoe mnpou3BeleHHe Tpynmn
G, v G, Ecnu X — nexotopuiét Gy-mMoayap, X@ — G,-
MOAYJIb, TO TeH30pHOe Npou3BeldeHHe X & X2 o6aapnaer
eCTeCTBEeHHOH CTPYKTypoll G-moayas: (x; @ xp) (g1, g2)=
=x181 @ Xag2. Ecan mopynu XD u X@ cBo6oaHbl Hag
G, u G, coorBercTBeHHO, TO XN & X2 — cBoGOAHBI}
G-moayab. Ilyers (X, dP) u (XP, d?)— cBoGbaHke
pe30/bBeHTHl TPHBHAJbHOrO MoAy.as Z Han G, u G,. Fac-
cmotrpum G-moaynu X, = b xpe X?® n romomop-
k+l=n
¢u3mbl d,: X,— X._,, onpeleneHHbie paBCHCTBOM
d, (%, ® 1) =dx, ® x, + (—1)* x, ® dfYx,,
x,eX), x,eXP, k+l=n.
Toraa (X, dn)— cBOGOAHAsT pe30JbBeHTa TPHBHAJIbLHOTO
G-moayns Z u
H, (G, X G, Z)=(k+619 He (G, Z) @ H,(Gy, 2)) D
=n
@TOI’ (Hk (G) Z)v Hl (02’ Z))

(80 BTOpOM caaraemoM YyuactByeT ¢yHkTop Tor (cwm.
[32], [62]); ecau rpynnw romonoruit H,(—, Z) xota GH
onHo#t u3 rpynn G, uau G He UMeIOT KpPYYeHHS, TO BTO-
poe cjaraeMoe paBHO HYJIO).

INycts G — cBoGonnas aGenesa rpynna, G= @ G,
i

rie G;— GeckOHeyHasi UHKJIHYeCKas C MOPOXKIAAIOUIHUM Xi.
Hns kaxnoit rpynnel G; HMeeTcst cBOGOAHAS pe30JbBEHTA

(i)
012G, ~> 126,70,

rae d) — ymHoxkeHnne Ha x; — |. TeHsopHoe mpoussene-
HHe 3THX pe30JibBEHT H30MOp(HO BHellHeH ajrebpe A =
= Az (G) rpynnu G Haa koabuom ZG. Nuddepen-
uHan d, Ha CBOGOAHBIX MOPOKAAMWHX Xy A ... A Xi,
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OIHOPOAHCH KOMNOHEHTH A, AeHCTBYeT IO (GopMmyde
do(xi, N oo AN Xgy)=

1
=,Z=:n(_l)n_’xfl A AR A A xi‘n(xii— ),

rue )Eii 03HaYaeT MpOMyCK Xi. Ecan G uMeeT KoHeuHBIH
paur r, To H, (G, Z)=0 npu n>r u H,(G, Z) — cBo-
6onHasi abeseBa rpynmna padra (;) npu 0<Cn<r.

Teopemer 06 yHusepcarvrolx Ko3PPuyuenTax: [As
Jio6oro TpuBHajapHoro G-moay.isi A HMeEIOT MeCTO H30-
MOp(U3MBI

H,G, A)~H,(G, Z) ® A@ Tor (H,_, (G, Z), A),
H" (G, A)~Ext(H,_,(G, Z), A Hom (H, (G, Z), A).

StH ¢opmyabl NoayepKHBalOT 0cobyio poab Z Kak
Monyas kosdpoiuunentoB. Bropas ¢opmyna noxkasnBaer,
4YTO KOI'OMOJIOTMH B CJyyae TPHBHAJBHOTO MOAYJSA KO3(-
¢uLHeHTOB CBOASITCA K romoJsorusiM. B kauectBe caen-
cTBUs1 uMeeM: ecad rpynnu H,(G, Z)— cBoGoaHble abe-
JeBHl, TO

H" (G, Z) ~Hom (H,(G, Z), Z).

YKaxeM TOMOJIOTMYECKYI0 MHTEPNpeTauuio rPynm rOMOJIOTHM.
ITycts X — cBsi3HOe JIOKAJbHO CBSI3HOE TONOJIOrHYECKOe INPOCTPaH-
c¢tBo 1 G — ero dynmamenrasbuas rpynna. Ecan X acdepuuro (r.e.
€C/IH ero TOMOTONHYeCKHe TpYINb, HayHHAs CO BTOPOH, TPHBHAJb-
HHL), TO IIMEeT MecTO H30MOP(H3IM

an: Hp (X) > Hy (G, Z),

rie cCjleBa CTOSIT TPYMNbl TFOMOJIOCHA TOMOJOrHYECKOrQ MNPOCTPaH-
ctBa X, a cnpaBa — roMoJiorud rpynnsl G, ompejieNeHHbIE YHCTO aJ-
re6panueckn. Jaa moGoii a6crpakTHoit rpynnel G Takoe MpPOCTpaH-
cTBO X CYyWECTBYeT M €IHHCTBEHHO € TOYHOCTBIO JO TOMOTONHYE-
cKoil 3KkBHMBaseHTHocTH. Ero HaamiBaloT npoctpaHcrsoM K(G, 1) wau
Kaaccuguyupyrouwurm npocrpancrgom rpynnsl G. Hanpumep, ecan
G — cBo6oanas rpymna, To K(G, 1)— GykeT OKpyKHoCTel, ec/ad
G — cBoGonnas abesneBa rpymna pasra r, 1o K(G, 1) ectb r-mep-
Hbiffi Top, ecan G —rpynma KpalueHslx - Koc (cMm. m. 4.4), To
K(G, 1)— noanpocTpaHCTBO n-MEPHOr0 KOMIJIEKCHOrO MPOCTPAHCTBA
C®, cocrosiee H3 To4eK (21, ..., 2n) C pasauuHbiMH 2;. M3omop-
$HU3MBl @, NMO3BOJAIOT NpPUBJIEKAaTb K BbluHcaenuio rpynn H,(G, Z)
TOMOJIOTHYECKHE CO06palKEeHH .

PaccMOTpHUM KOrOMOJIOTHH B MaJIbIX pa3MepHOCTSAX.
[Mycts G = A> B — nonynpsimoe npousBeleHHe aGeJe-
Bo# rpynnu A u rpynnel B. O6o3nauum uyepes [ rpynmy
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aBToMOp¢H3MOB rpynnul (G, AefCTBYIOINHX TOXAECTBEHHO
Ha A u B ¢akroprpynne G/A. Ecam a = I, 10 aas aio-
6oro b = B umeem oa(b)=bas, rae ap=A. Oyuxuusa
f: B— A, onpenesieHHas paBeHCTBOM [(b) = a,, siBaAsieTCH
CKpelleHHbBIM roMoMOp(®H3MOM, IpHYEM €CJH O — BHYT-
peHHHH aBTOMOpP()H3M, COOTBETCTBYIOLUHH  3JIeMEHTY
as A, 10 f— rnaBHBH CKpeuleHHbII roMoMopusM. DTo
ycraHaBauBaer H3oMopdu3M Mexiy rpynnod H!'(B, A)
u ¢akroprpynnoi / no noArpyine BHyTPeHHHX aBTOMOp-
¢H3MOB, HMHIYUHPOBAaHHBIX 3jeMeHTaMH a < A. Eciau
a1, 10 a(B)— nononnenue A B G, nosromy H'(B, A)
MOXKHO HHTEpPNpETHPOBaTh KaK (aKTOPrpynmy TrpyNIH
BCEBO3MOKHBIX JOMOJHEHHH MO NOArpYyIie, cOCTOsILIEH K3
JONOJIHEHHH, CcONpsiKeHHHX B ¢ MNOMOIUBIO 3JIeMEHTOB
acs A

[Tycte cHOoBa B — mpousBosibHas rpynna u A — Heko-
Topblii B-mopy/b. PaccMOTpHM BCEBO3LIOXKHEE pAacllH-
peHus

l1-A—-G—->B—>1,

B KOTODBIX CONpSXKeHHA 3JeMeHTaMH M3 (G HHAYLHDPYIOT
Ha A naHHyio cTpykTypy B-Moayasi. JlBa Takux pacuupe-
HusA ¢ rpynnamMu G; # G, Ha3HIBAIOTCSA 3KBUBAAEHTHOIMU,
ecau cyuectsyer usoMopdusm G,— G, TOXKAeCTBeHHBIHA
Ha noarpynne A u ¢paxroprpynne B = G/A. PaccmoTpum
Jajiee TEOPETHKO-MHOXeCTBeHHoe ceueHHe . B—
— G (v(1)=1). Oro6paxenue f: BX B— A, onpeleneH-
HOe paBeHCTBOM

L (b1bg) =1 (b)) L (bo) [ (b1, o),

NO3BOJISIeT YCTAHOBHTb B3aHMHO OJHO3HAaYHOE COOTBET-
CTBHe MeXJy 3jemeHTamu rpynnsl H?(B, A) u kaaccaMu
SKBHBAJIEHTHBIX pacUIMpeHHii rpynnel A ¢ NOMOLLbIO TPy~
ns B. Hyaesomy saementy rpynnn H2(B, A) coorser-
CTByeT MOJynpsiMoe npousBelenne A>~ B.

Co6CTBEHHO, H3JIOXKEHHHIe Bhillle (PakTH OBIIH OLHOA
M3 MOTHBHDOBOK BBEJ€HHs IPyNn KOrOMOJIOrHi aGCTpaKT-
HOH rpyMNIH.

PaccMOTpUM TOMOJIOTHH B MaJbiXx pasmepHoctax. [luas
ao6oit rpynnst G umeer mecto uzomoppusm H, (G, Z) ~
=~ G/G’. JleficTBUTEJbHO, YMHOXas pe30/bBeHTY I'pioH-
Gepra TtensopHo Ha Z, moayumM, uto H (G, Z) =~ g/g?
rie g— dynaamedtanbablii naeaa xoabua ZG. Orobpa-
XKenne gG’+—>(g— 1)+ ¢ ycraHaBJuBaer u3oMopduaM
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G/G" ~g/9°. Ecau G = F/N, rae F — cBoGojHas rpynna,
TO

Hy(G, Z) >~ NN F'/[N, F]1 (popmyrc Xonga).

[ns koHeuno#t rpynnel G rpynny Hy(G, Z) HaswBawT
myastunasukaropom lypa rpynnet G. D10 OJHH H3 BaiK-
HbIX HHBADHAHTOB KOHEYHBIX NMPOCTHIX IPYIIL

TeopeTnko-rpynnoBylo HHTEPNPETAIHIO HMEET TAKNKE
rpynna H4(G,Z/2Z). Ecau G — npou3BoJbHasi rpynna
6e3 HHBOJIIOUHH, TO

H (G, Z]2Z) ~T (N’/[N’, F])

(Kyssmun 0. B.//JAH CCCP, 1987.— T. 196, Ne2.—
C. 267—270). 3nech, kak u panbiue, G = F/N, rae F —
cBoGoaHas rpynna. 3ra ¢dopmysaa NO3BOJsIeT 0OHAPYKHUTD
2-kpyuyenHe B CBOGOAHBIX TpPYNNax HEKOTOPHIX MHOr006-
pa3Hi, 33JaHHBIX KOMMYTaTODHBIMH TOXJeCTBaMH (Ha-
npuMep, B CBOOOAHBIX LEHTPaJbHO-PA3pellUMbIX Tpyil-
nax).

CrpoeHHe Tpynibl CBS3aHO H C ee TOMOJIOTMYECKHMH
ceofictBaMu. [lyctb G; u Gy — NpoOM3BOJbHBIE TPYNIbL
Ecan romomoppuam ¢: Gy— (G HHAYUHpPYET H30MOp-
¢usm H, (G, Z)— H,(Gs, Z) u snumopdusm Hy(Gy, Z)—
— Hy(G2, Z), 10 @ uHayuupyer usomopcusm koJen Jlu
L(G,) - L(Gg), NOCTPOEHHBIX MO HHXHEMY UEHTpaJb-
Homy psiny rpynn G, u G, (Stallings J.//J. Algeb-
ra.— 1965. — N 2. —P. 170—181).

Ecau rpynnel G; 1 G, KOHEYHBl M HMHIYLUHDOBAaHHBbIE
romomMopdusMu  Hn (G, Z)— H,(Gs, Z) — u3omopdhusmsl,
TO @ — Takxe H30MOop¢pH3M. B 3TOM cMbIC/e KOHeuHas
rpynna onpepnessiercsi ceouMu romosorusimu (Culler M.//
Proc. Amer. Math. Soc., 1978. — V. 72, N 1. —P. 218—
220).

Koneunas rpynna G HHJBMOTEHTHA TOTA2 H TOJBKO
TOrfla, KOrAa [JJs1 JI060ro NPOCTOro Ne/HTeNsl p MOpSAKa
rpynnsl G u J1060ro NpocToro HeTpHrRuHaabHOro G-mo-
ayns A (pA=0) umeeM H*(G,A)=0 nas Bcex n =0
(Stammbach U.//J. Pure and Appl. Algebra.—
1977. — N 11. — P. 293—301).

Beenem o6osHauvenne H(G) = @H?*(G, Z/pZ), H(G) — xom-
myTtaTuBHas nopaJnre6pa Z/pZ-anre6pu H*(G, Z/pZ).

Pasmepuocts Kpyans anre6pot H(G) coBmagaeT ¢ MaKCHMaJb-
HBIM PaHroM 3JeMeHTapHHX afejeBnx p-noarpynn rpynnsl G (Teo-
pema Keuarenaj.
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[Fomonoruueckas asnre6pa JaeT TEOPHH TIPYNN TakKHe
BaXXHble XapaKTEPUCTHKH KaK Pa3MepHOCTb M 3iljiepoBa
XapakTepuctuka. Ilomoaocuueckas pasmeprocre hd G
rpynnel ‘G onpejessieTcst Kak HauMeHbliee 4uc/a0 d Ta-
Koe, uT0 MJs Jwboro G-moayas A MMeOT MeCTO paBeH-
crBa Hn(G, A)=0 npu n > d. AHaJOrHyHO Omnpesaesser-
cA Kozomoaoeuweckas pasmeprocts c¢d G (I CUETHBIX
rpynnsel ¢d G << hd G+ 1).

pynna G cBo6oaHa TOria M TOJBLKO TOTAA, KOTIa
cd G = 1. Otciona BBITeKaer, yTo0 rpynna 6e3 KpyueHHs,
cojiepamas cBOGOAHYI0 MOATPYNIy KOHEYUHOrO HHAEKCa,
cama co6oaHa (reopema Croarunzca—Cyona).

Yucroim paneom pr A aGenesoit rpynnel A Ha3LBaOT
dimq A® Q. Ecau rpynna G paspeiinMa, TO ee YHCTBIH
paHr — 31O, MO oOnpeje/eHHIO, CyMMa paHroB (akTopoB
ee psijJa KOMMYTaHTOB.

Jans paspewnmoii rpynnsl G umeeM c¢d G=pr G << oo
TOrAa H TOJIbKO TOrAa, Korja G — KOHCTpyHpyeMast
rpynna 6e3 kpyueHust (reopema 'uardetxeroza—Kpogdoa-
aepa—IlTpebeasn).

Knace Kouctpyupyemoix epynn omnpepensiercs Kak
HaMMeHbLIMH KJaacc TrpyMmd, Ccolepialuuil eIHHHYHYIO
Ipynny U 3aMKHYTHIH OTHOCHTE/]bHO KOHEUHBIX pacuIupe-
uuii 1 HNN-pacwupenuii, B kotopbix GasoBasi rpynmna
H acCOLHHPOBAHHBEIE MOArPYMNNBI KOHCTPYHPYEMBIL.

Jiineposa xapaxrepucruxa rpynnbsl G onpenensieTcs
paBEHCTBOM '

x(G) = ; (—=1)"dimq H, (G, Q).

st Toro 4to6hl ONpefeseHHE HMEJIO0 CMBIC, Halo NoTpe-
60BaTh, YTOGHI YMCJO cjaaraeMblx B NMpPaBOH 4yacTH O6BLIO
KOHeYHO W 4TOOHI Bce ciaraemble GbliH KOHeuHBl. [lep-
BOe [OCTHraercsi HajsoxeHueM ycaosusi hd G << oo. Jas
BBIMOJIHEHUS BTOPOrO YCJOBHS JOCTAaTOYHO MOTpe6OBaTh
CYL1eCTBOBAHHS Pe30JbBEHTH TpHBHAJbHOro G-moayas Z,
cocTosimed M3 KOHEYHO [OPOXKAEHHBIX MPOEKTHBHBIX
G-voayaelt (MOAy/b MNPOEKTHBEH, €CJH OH H30MOp(deH
npsiMoMmy cJaraeMoMy cBoGoaHoro MmoayJs). [pymmsl,
YAOBJIETBOPSIOLINE 3THM JBYM YCJOBHSIM, Ha3bIBalOTCA
epynnamu tTuna FP. Ecnu H — noArpynmna KOHeYHOrO HH-
nekca B rpynne G, to y(H)=|G : H|y,(G). dto cBoiicTBoO
[O3BOJIAET OMNpeJe/HTb 3HJIepOBY XapaKTePHCTHKY JIJIs
epynnet tuna VFP, 1. e. paa rpynn @, KoTopble
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006/1aR310T NMOATPYNNOil KOoHeuHOTO HWHAekca H Ttuna FP,

. < (H
X(Gi=%-

Ilpn rtakom onpernenenuu % (G) CTaHOBHTCS paiuo-
HaJIbHBIM, He 005133aTeJbHO NeJbIM YHCJIOM.

a) Ecam mpocroe uncsao p perut 3HameHatenb y(G),
To B G ecTb 3JeMcHTH nopagka p. Hanpumep,
%(SL(2,Z))=—1/12, a2 notomy B SL(2,Z) ectb 3ae-
MEHTHI NopsAiKa 2 u 3.

6) Ecau p* peaur susamenarenb % (G), to B G ecTb
noarpynna nopsiika p* (reopema bpayna). Ecaum rpyn-
na G xoueuHa, 10 x(G)=1/|G|, noaTtoMy .15 KOHeyHOMH
rpynnet G Teopema bpayna npeBpamaercs B TepBYIO
Teopemy Cuiosa.

B) Ilycte 1 > A — G— B— 1 —KopoTkas TouyHas no-
cJel0BaTebHOCTL FPyNM, B KoTopoll rpynnel A u B dB-
asiorca rpynnaMu tuna VFP. Ecan G noutu Ge3 kpyue-
HHSl, TO OHa sfABJAsercs rpynnoi tuna VFP un y(G)=
=x(A)x(B).

r) Ilyerb 1-A— G—B—1—rakoe rpyniosce
paciiupeHnse, 4To rpynna A He HMeeT KpydYeHHs H SIB-
asiercsi rpynno# tHna VFP, a B ectb p-rpynna. Ecau
p 4 % (A), To pacuipeHHe paculenJseTcs.

4.3. YpaBHenus B rpynnax. Ypasnexuem B TeOpHH
IpYNI Ha3LIBAIOT BHIpAXKeHHe BHIa

v(g P=1, (*)

rae v(g,9) = v(gi, &2 ---» &n, Y1, Yo, -, Ym)—TPYyN-
[OBOE CJIOBO OT 3JEMEHTOB g1, g2, ---, &n (KO3 dHuiiiieH-
TOB) AaHHOU rpynnel G, Hal KOTOpPOH paccMaTpuBaeTcs
ypaBHeHHe, MW HEHM3BECTHBIX Y1, Y2, ..., Ym. JlONMycTHMA
TaKXe 3alMCb ypaBHedus B BHIe v (g, §)= w (], 7), 3K-
BuBaJiedTHas 3anucu v (g, j)w(f, 7)~1=1.

Peuwenuem ypasnenus (+) B rpynne H>=G HasbBalOT
HaGop snemeHtoB h = (hy, h,, ..., h,) rvpynnu H, pas
kotoporo vu (g, h)= 1 — BepHOe paseHcTBO. ['0BOpAT, 4TO
ypaBHeHue (%) paspewumo Hao epynnot G, ecin OHO
HMeeT pellleHHe B HekoTopoil rpynne H > G.

Ilycts G (Y)= G+F(Y)— cBo60AHOE TpOM3BELEHHE
rpynnel G u cBoGogHo#t rpynnel F(Y) cuerHoro paura
Han Y ={y, y2, ...}. JleBylo 4acTb NPOH3BOJILHOTO YpaB-
HeHHst (*) MOXKHO CuuTaTh 3JemeHToM rpynnu G(Y).
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CuyutaeM, 4TO C10BO U (g, J) UMKJIHYECKH PEAYLHUDPOBAHO
Kak aJjemeHT rpynnsl G(Y) u BkJIOyaer B CBOIO 3anuch
XOTA GHl OJHY NEepeMEHHYIO yi.

OueBHAHEIM 06GpPa3oM BBOJIHTCA IOHATHE CHCTEMBEI
ypaBHeHH#H

vi(g' !;7)=l» iEIt (**)

Haj JaHHOW rpynmod G, peuleHus cucTeMbl (%x) Hap
rpynnofi G U T. A.

Cucrema ypaBHeHUH (xx) paspewnima Hag G B TOM
H TOJIbKO TOM CJyyae, Korja rpynna G BJIOXeHa B pyI-
ny G=G(Y)/{(({vi(g, J)|i=1})) ecTecTBeHHHM romo-
mopdusmom G —G.

[lyets a@;; o3Hauvaer CyMMy mnokasaTesnedl CTencHeH,
C KOTODHIMH HeH3BeCTHAs y; BXOAUT B 3aNUCh CJOBA U;.
Cucrema (x+) Ha3blzaeTcsl HeOCOOEHHOW, eC/H CTPOKH
MaTpuubl A =(a;;) auHeiiHo He3aBucuMu Hanx Q. OcHoB-
HOil HepelIeHHBIH B HacTCsllee BpeMs BONPOC B TEOpHH
ypaBHeHHH — 0 chpaBeAJHBOCTH eunore3st Kepsepa—
Jlaydenbaxa—Xoysu: ecsikasi HeoCOGEHHAs CHCTEMA yPaB-
HeH#fi (+x) pa3pemnma Haj Jwo6oi#t rpynmoit G.

IMMpumep. Eciu g, [—anementot npoussosbHoit rpymnu G,
HMelHe pa3Hkie NMOpPAAKH, TO ypaBHEeHHE ygy“ =f He pa3peumumMo

Han G. Ecto nmpeanosoxenue, 4ro Hald rpynmno#t 6e3 KpyuyeHus pas-
pew:Mo Jl060e ypaBHEHHe.

[Tycts & — kacc ypaBHeHuil OIpeleJeHHOrO THMA.
FoBopsAT, uTO ypaBHeHHs KJaacca J QASOPUTMULECKU
paspewume. B rpynne G, ecqu CYILIeCTBYeT aJrOpHTM,
onpeje sioulHi, HMeeT JIH NPOH3BOJNbHOE ypaBHEHHE H3
X uaj rpynnoli G pewleHHe B rpynne G HJH He HMeeT.

PaccMoTpuM ypaBHeHHS B CBOGOAHHIX rpynnax. Ilpu
LHMKJIHYECKH HECOKPaTHMHX cJoBax f, g1, g2 & F ypasHe-
Hust y*=f, k=N, ygiy~! = g, pemaiorcss B F rpadu-
yeckd. Kak ormeuasoc Ha c. 99, B mepoM cJayyae
pelileHHe Yy = a CYIIeCTBYeT H eJHHCTBEHHO, eCJH

-

f_°_aa ... @, BO BTOpOM cCJjyyae pellleHHe y = b ocyIlie-
——

k
CTB.JIsIET IHMKJHUECKYIO NEepPecTaHOBKY g A0 g2, a ofinee
petiledre umeer BHA y = bc, rae c = Cr(g1). I'paduye-
CKOe pelleHHe JONYCKalT B CBOGOAHOH rpynne F takxe
ypasuenus [y, y,] =F n yly;=g. J10 ciaenyer U3 Ta-
KuX ¢aktoB: 1) UHKIHYECKH HECOKPATHMHH 3JeMeHT
[ = F sBnserca kommytatopoM B F B TOM H TOJNBKO TOM
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cJjayyae, ecJH f coana,uacr C LHKJIUYeCKOH nepec*rariOB-

Kol caosa BHAA r o wowu o l'w™! (samernwm, _4TO
wowu—'v-'w'= [uw-T, wv]); UMKIHYECKH HECOKPATH-
MBI 37eMeHT BHAA S == [}f? ecTb UMK/HYecKas mNepecra-
HOBKa OJHOrO M3 cJoB BHAA u’t?, wvwu~'wo, wwvlw-'.

YpaBHeHHe (%) Ha3bBaercs rceadparutmbm ecJin
B 3amuch ero JepoH 4YacTH Ka)XAasi HeM3BeCTHAsl M3 J
BXOJAHMT B TOYHOCTH ABaKJbl, NpHuyeM o6a pasa B cTene-
HsiXx 41 uan —1. CymecTByeT JOCTATOYHO NPOCTOH aJro-
PHTM, oONpeje]sOWHi pa3pelIMMOCTb KBaJpaTHUHOro
ypaBHeHHs1 (%) B cBoGoauoil rpynne. [Ipu 3ToM MOXHO
paccMaTtpuBaTh 060GlieHHe YypaBHeHHs (%), Jonyckas
Aasi ko3¢ duuneHTOB napaMeTpn Kak NOKa3aTeJaH CTe-
nexvet. [lapaMerpsl MOryT NPHHHUMAaTh leJOYHCJEHHHE
3HaYyeHHs, IPHYEM 3Ta BO3MOXKHOCTb OIpaHHUYHBaEeTCs Ha-
JIOXKEHHEM Ha HHX CHUCTEMbl JUHEHHBIX HEpaBEHCTB C Le-
JeMH Ko3pduunentamu. PopmaibHo 0606ieHHOe YypaB-

A R

HeHHe, O KOTOPOM MIET peub, HMEeeT BUA 1,g,'t,g.% ...
. gﬁkuk= 1,rne uie G(Y), gie G, A — LeJOYUCTEH-
Hble ITapaMeTphl, CBs3aHHHE CHCTEMOHl HepaBeHCTB

{ Z B:h; <<O0|B;; = Z} Kpome Toro, kBaapaTHukbe

ypaBHEHHS aJrOPHTMHYECKH pa3pellUMbl B CBOGOAHBIX
NpPOH3BEJeHHAX T'PYNN H B IPYyNNax ¢ VCAOBHSIMH MaJbiX
cokpamennii (Comerford L. P, Edmunds C. C.//
J. Algebra.—1981.—V. 68, N 2. —P. 276—297; Con-
temp. Math. — 1984. — V. 33. —P. 159—196; Comer-
ford L. P.//J. Algebra.— 1981.— V. 69.— P. 175—1853).

Jlio6oe ypaBHeHHe (%) aJrOpHTMHYECKH pa3pelliMo
BO BCSKO#M cBoGomHoil rpynme (Makaunuu I'. C.//U3B.
AH CCCP. Cep. mar. — 1982. — T. 46, Ne 6. — C. 1199—
1273). :

H3BecTHO onucaHue o6liero pelleHHsl NPOH3BOJbHOTO
ypaBHEeHHS HJIH CHCTeMBl ypDaBHEHHH OT OJHOH Heu3BecT-
HO#l B cBOGOAHOI rpynne. ObLiee pelleHHe NPeACTABJIEHO
KOHEYHHIM MHOXKEeCTBOM INapaMeTPHYeCKHX CJOB BHAA
ab*c c uejourcaeHHuM napamerpoM A. [logpoGHee cm.
B [30].

INMpumep. VYpasuenue [[x;, 1], [*s, 1]l =1 wumeer B cBo-
60,szon rpynmne F(x., X;) ofllee pellleHHe, 3afaBaeMoe CJIOBaMH

xf. x27 (x Iy , TAe k NpPHHMMaeT NpPOH3BOJbHOe 3HaueHne B Z.
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YpaBHeHHe OT ABYX HJH GoJiee NMepeMeHHBIX, BOOGile
rosops, yXe He AONyCKaeT OOLIEro pelleHHs, 3aNKCHBae-
MOTO0 KOHEYHBIM MHOXECTBOM CJIOB C L€JOYHCJIEHHBIMH
napamerpaMu. Huyero He maer Takxke JonylieHue mapa-
MeTpOB, MPHUHHUMAIOUIMX 3HAYeHH B caMOH CBOGOZHOM
rpynme.

MMpuwmep. YpaBuenue [y1, y2] = [x;, %3] B cBoGonHO# rpynmne
F(x1, x5) umeer ofulee pelleHue, 3ajaBaemoe GeCKOHeYHOH mMocJe-

ROBATEJHHOCTHIO Map CJOB: (xl, x2), (xlxg‘, xz), (xlxgl, Xy (xlx;“)l'),
(xlxg‘ (x2 (xlxg‘)l')k’, X (x,xg')"). ..., KOTOPYIO HeJb3fl ompeje-

JIHTH 4Yepe3 KOHEeYHOe MHOXKeCTBO CJIOB C UeJOYHCJIEeHHbIMH Mmapa-
MeTpaMmHu.

YpaBHeHus BHia v(j)=g, g = G, HazwBawT 6€CKO-
appuyuentroimu. [lycts G = F(€)— cBoboaHas rpymnmna
HekoToporo muoroo6pasus €. Ecau panr F(G) He MeHb-
lle, YeM YHCJI0 HEM3BECTHBIX B U (i), TO MOXKHO ompele-
JUTb 3JeMeHT v (X) < F(C), 3ameHsist B v(j) paziuuHble
HeW3BeCTHble PAa3JHYHBIMH 3JeMeHTaMu 6Gaszuca X rpyn-
nu F(€). BeckoadpduunentHoe ypaBHeHHe HMeeT pelle-
Hue B rpynne F(€) B TOM M TOJbBKO TOM cCJyuae, eCJHd
3JIeMeHT g siBJsieTcs 06pa3oM sjeMeHTa v (X) NPH KaKoM-
HUOYIb 3HAoMop¢usMe rpynnel F(€). Bompoc o cyue-
cTBoBaHHM 3HAOMOpdu3Ma rpynnel G, NepeBOAALIErO
HpOU3BOJBHBIA 3/1eMeHT g & G B NPOH3BOJIbHBIH 3J@MeHT
f = G, uasbiBaioT npobaemoii ILOOMOPPHOL c800UMOCTU
B rpynne G. [as rpynm, cBOGOJHBIX B MHOrooGpasusx
3Ta npo6JeMa HasblBaeTcss Takke npobaemol nodcra-
Hosku. O6 ee aJrOpHTMHYECKHMX acleKTax CM. JaJjee H
B [47], [55].

[Mycte F = F (X) — cBoGoxnuasi rpynna. Beprer cae-
Hoylolie yTBepKACHHS O Pa3peuluMoCTH B Hed Geckoat -
¢uuHeHTHBIX ypaBHeHu#A. 1) YpaBHenue [y,, y2]=y§,
k>2, umeer B F pelieHde TOJAbKO NpH [y, Yol =ys=1.
2) VYpasuenuwe Buaa [y, Yollys, yal - - [Ym_1, Um]l =
=[x, %] ... [Xn_1, X,] umeer pemenne B F Torma u
TOJILKO TOrjga, Korma m_—>=n. 3) YpaBHeHHE BHAA
[0, 9l (g3, 9l - - W1, Yml =[x1, 25]" £>>2, umeer pe-
wenue B F, ecan m > 2[k/2] + 2, B wacrHocTH, [xx,x",
x5 xox 2] [ 251X %y X3 = [% x)*. 4) Ypasuenne
Yi3yi =[x, x,] umeer pemenne B F: y =xx), y,=
=x;'x7'x,, y,=x;'. 5) PaHr nNOArpymmel, MNOPOX-
AeHHo# B F KOMNOHEHTAMH pELIEHHA YypaBHEHHS BHAA
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ykyk ...yt =1, k>2, ne npesnmaer m/2. 6) Panr

NOJArpyniL, HﬂpO)KILEPHCH B F KOMIOHEHTaMH pelieHus
ypaBHeHHust Bupa yhykyk , k,>2, ne npespimaer 1.

7) Ecau B ypaBHeKiH v(y)=v(y-,, oy =1 k=2,
CJIOBO U () He sBJsETCS HCTHHHOE CTENEHbI0 H HE EXO-
IHT HH B Kakoit 0asuc (T. e. He sBJsiseTcss NPHUMHTHB-
HblM 3JemeHTOoM) rpynnel [ (Y), To KOMIOHEHTH Jw6oro
pelwenuss @ BMecTte ¢ ajeMeHToM [ mopoxnawoT B F (Y)
NOArpynmy panra, He mpeBccxonsinero m — 1.

OnpenesiesHbifl cnoco6 3anucu o6LIero pelieHHs npo-
H3BOJIbHOrO 6ecko3¢dPHIHEHTHOrO ypaBHeHHs B CBOGOJ-
Ho# rpynne npeasnoxeH B (Pas6Gopor A. A.//Uss.
AH CCCP. Cep. mar.—1984.—T. 48, Ne 4.—
C. 779—832).

[lycte I' =T"(a) — oAHONOPOXK/eHHBIA CBOOOAHBIA He-
acconvathBHbIf rpynnoud. Ero siaeMeHTamu sgBJasoTCA
caona a, a?, (a®)a, a(a?), (a?) (a®) u 1. n. Kaxnoe us
HHX MMeeT eCTeCTBEHHYylO AJHHY W OAHO3HAYHO ONpeje-
JisieTcsl paccTaHOBKOH Ckob6ok. Ecau 2y, 2o, ..., 2 — Npo-
H3BOJbLHBIH Ha0op MNepeMeHHBIX HJU 3/JeMeHTOB KakKoH-
HUOYAb TPYyNIbl, TO 3JeMeHT y & I’ JJIUHBl 1 NOKa3biBaeT,

KaK HYXHO pacCTaBHTb CKOOKH B 2122 ... 2, UTOGH
NOJIyYHTb CJIOXKHBIH KOMMYTaTop, OO6O3HauaeMblii ue-
pes [z, 22, ..., zx]y. Hanpumep, [2), 2, 235, 24 40)(0ry=

=1[[21, 2], [25 2] Tyers T'=T(a)— OJIHOTIOPOK IEH-
HBIH CBOGOAHBIE KOMMYTATHBHBI HeaCCOUHATHBHLIN Ipyl-
noux, I'—>T, y+—> 9y, — ecTecTBeHHBIH roMomopdusm.
YpaBueHue [yi, Y2, ..., Ynly=1I[x1, X2, ..., Xals, ¥, 6T,
paspewrumo B cBoGoaHoH rpynne F=F(X) Ttoraa H

TOJIBKO TOrja, Koria y=24. [Ipn 3TOM KOMIOHEHTH Jl0-
6oro pemreHus [ cocraBisflT 6a3uc B NoArpynne
F(xy, %2, ..., xa) << F (Rips E.//Isr. J. Math.— 1981.—
V. 39, N 4. — P. 326—340).

Jlio6ast GeckOHeyHast CHCTeMa YpaBHeHHMH Hajd CBO-
GonHoil rpynnoi OT KOHEYHOTO YHCJ/a IePEMEHHBIX 3KBH-
BaJIeHTHA HEKOTOpO# cBoel koHeuHoH noicucreme (I'y-
6a B. C.//Mar. 3amerku.— 1986.—T. 40, Ne
C. 321—-324).

PaccMoTpyM nOHsATHEe annpOKCHMHPYEMOCTH YpaBHe-
Huil. [lyctb ¢: G— H — HexkoTophift anuMOpdH3M. ¥Ypas-
HeHHio v(g, §)=1 c kospduuneHTamMu 3 G CONOCTABHM

ypasienne v(h, j)=1 c kosdduunentamn h= @ (g)
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u3 H. Paspewmocts nepsoro u3 HuX B G BJjeder paspe-
muMoctb Broporo B H. I[lepBoe ypaBHeHHe HazmBaercs
annpokcumupyemsim 8 Kaacce rpynn J, ecaiu ero Hepas-
pewuMocTb B G BJeYeT Hepa3peuIMMOCTb BTOPOro ypas-
HeHHs JJS Kakoro-iu6o snumopdHoro obpaza He X
rpynns G.

Iloka He u3BecTHO, GyfeT Ju KJacc F Bcex KOHed-
HBIX TPYNN alNpOKCHMHPOBAaTh J0G0Oe ypaBHEHHe C KO-
appuuHedHTaMu U3 cBo6oaHOM rpynnkul F. M3BecTHO Juuie
creayiomee. 1) Ypasuenue Buma ygy—'=f, g, fEF,
annpoKcHMHUpyeTcs JMIOGBIM KaaccoM &, BCeX KOHEUHBIX
p-rpynn. 2) YpasHesue BHAa y*=f, f< F, annpokcu-
Mupyetcsi kjaaccoM ¥, BCeX KOHEUHBIX p-TPYHII IPH ycJ0-
BuM p4 k. 3) Ypasueuue yiy2yi=F, f & F, ue Bcerna amn-
NPOKCHMHPYeTCsl Ka1accoM ¥ s KOHEYHhIX NMPOCTHIX I'pyI,
NOCKOJBbKY M0G0 3/1eMeHT KOHeuHO# mpoctodl rpynnbl K
NpeiCTaBHM KakK npousselenue A2hZhI, h, = K. 4) Ypas-
HeHne BHIA [yi, Y] ... [yon—1, yonl=1Ff, fEF, rae | ne
npeacraBiM B F, Kak Npou3BeleHHe n KOMMYTaTOpOB,
He aNNpOKCHMHDYETCfi KJaccOM BCeX HHJbIOTEHTHHIX
Py, TaK Kak Jio60# 3JeMeHT 71— NOPOXK/JAEHHOH HHJb-
HOTEHTHOH TpYNNH NpeACTaBHM KaK [pOU3BeleHHEe 1 KOM-
MyTaToOpOB. 5) YpaBHeHHe BHAA [y, yo] =% 1+*f<=F,
k > 2, He annpoKCHMHUpPYeTCs KJacCOM KOHEUYHBIX MpO-
cteix rpynn s, Tak Kak B Jw060# rpynne H = & s Bce
3JIeMeHTBl ABJAIOTCS KOMMYTaTOpaMH.

PaccmoTpuM BOMpoC O paspelieHUH YypaBHeHUH Hax
rpynnamu. CBOGOJAHbIE KOHCTPYKIHH MO3BOJIAIOT pellaTh
Han J060i rpynnoit G ypaBHeHus Buia yf =g, k=N,
g=G, uBuna ygy-'=g, &, 8 0G, npu ycrosuy,
uto | g |=|g.|

3 Teopembn Marayca (c. 114) nerko cjeayer, 4TO
Hajx cBOOORHOHA rpynnoif paspellnMo Jo6oe ypaBHeHHe.
Jlio6oe ypaBHeHUe paspewminMo Haf J060H J0KaIbHO HH-
IUKaGeNbHON Tpynmnoil, B YaCTHOCTH, HaJ NPOH3BOJbLHOH
rpynnoii ¢ OJHHM COOTHOLIeHHeM 6e3 Kpyuyenus (bpoa-
ckuit C. I1.//Cu6. mar. k. — 1984. —T 25, Ne 2. —
C. 84—103).

Ecau rpynnma G BiroxHMa B CBS3HYIO KOMIAKTHYIO
rpynny Jlu, TO s0Goe HeocoOeHHOEe  ypaBHEHHE
v(g,y)=1 (1. e. Takoe ypaBHeHHe, CyMMa NOKazaTeJel
CTelleHel MpPH y B JeBOH YaCTH KOTOPOrO He paBHA
Hy/110) paspewumo Haj rpymno# G. B uyactHoctH, n060€
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HeocoGeHHOe ypaBHEHHe pa3pellnMo Haji NPOH3BOJbLHON
KOHeuHOH; Hau 6osee 00610, PHHHTHO aniIpOKCUMHpYe-
Moi#i rpynnoi.

Ecain Bce nokxasaTesad creneHel, ¢ KOTOPHIMH Heus-
BeCTHasl y BXOJHT B 3aNHCb YyacTH ypaBHeHus v(g,y)=1,
HMEIOT OJIMH 3HaK, TO YKa3aHHOe YpaBHeHHE pa3peunmo
Haj Joboit rpynmoii G. YpaBHenue v(g,y)* =1 npu
k = 2 paspewumo Hapn Jwo6oil rpynnoi G, He WMewulei
sneMenToB nopsaxkoB 2, 3 (Eropos B. H.//Heanoso,
1983, 25 c., Ne 1127-83 Hen.). Insa HeocoGeHHOrO ypas-
HeHus1 v(g,y)=1 cyulecTByeT Takoe HaTypaJbHOe YH-
cJo k, 4To ypaBHeHHe v (g, y)* =1 paspewnmMo Hajg Jio-
6ot rpynnoit G. Ilpu stoM k& MOXXHO nogo6paTh TakHM

06pa3oM, 4To OHO Gyjler He GoJablie yucaa 4 Z la; | 4+
i

-+ Za,, rie o;—ToKa3aTeJu cTeneHefi y B 3anucu

v(g, y). Kak mbl Buaum, k He 3aBucur or G (Makar-
Limanov L. Makar-Limanov 0.//J). Algebra.—
1985.—V. 93, N 1.—P. 165—168). ypaBHeHHe
g1ygaygay~' =1 paspewrnmo Haa Jgw6oi rpynmoi G
(Howie J.//Proc. Edinburgh Math. Soc. — 1981. —
V. 26, N 2. — P. 89—95).

I'pynna G HasbiBaercsid aszedpauuecku 3aMKHYTOU
(a.3.), ecan m06as KOHeuHasi cHCTeMa ypaBHeHH# Han G,
paspelwnmas Haj G, uMeeT pelleHue B caMoii rpynne G.

Jlio6as rpynna BJIOXKHMA B a.3. TPYNNy TOH e MOIL-
HoctH. Jlo6as a.3. rpynna npocra.

I'pynna G HaspiBaeTcsi IK3UCTEHUUAALHO 3AMKHYTOU
(3.3.), ecu a06as KOHeYHasi CHCTeMa YpaBHEHHH W He-
paBeHCTB, paspelnmas Haj G (NpH ecTeCTBEHHOM oIpe-
IejeHud HepaBeHcTBa v (g, ¥)7* w(f, ) u ero paspeliu-
MOCTH), pa3peminma yxe B camoi rpynne G. OaHako 310
onpejeJieHde MO CYLIeCTBY He JaeT HUYEro HOBOro, Tak
KaK HeelIMHHUYHbIe a.3. TPYNNbl ABJAIOTCH TaKkKe 3.3.

PaccMOTpHM YypaBHeHHSi B paspellHMBIX TIpynnax.
ITyctb G — KOHEYHO NOpOXKJeHHast HUNbNOTEHTHAs Tpyn-

na 6e3 KpyueHus, u;, ug, ..., Ur— ee MaJgbleBCKas 6asa.

Tpoussonbuomy saementy g = ult 2@ . %@ paa.

HMHO  OJIHO3HAQYHO COOTBETCTBYeT cTpoka (ai(g),

az(g), ..., o-(g)) uelOYHCIEHHBIX KOOpAHHAT. BBemeM
IJIsi IPOU3BOJILHOH TepeMeHHOH y; CTPOKY ee KOOPRHHAT
(21 (yi), ..., & (yi)) c HeonpeaeseHHLIMH KOMIOHEHTa-

mu. JlioGomy snauenuio nepeMenHoi y; B rpynne G orse-
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‘yaeT 3HaueHue BBeJeHHOH ctpoku B Z7. Tlockosbky npu
rpyNNoBLIX ONepalHaX CTPOKH KOOpAHHAT Npeobpasyorcs
N0 NMOJHHOMHAJNbHBIM (OpMYJaM, 3aBUCSIUIHM TOJbKO OT
BhI6Opa MaJbueBCKOH 6asbl, Jio6oe ypaBHeHHe C KO3(-
¢uunedTaMi u3 G 3KBHBAJEHTHO HEKOTODOH cucTeMe
IHO(AHTOBBIX ypaBHEHHH OT HeoNpeAeJeHHBIX KOMIIOHEHT
HeH3BeCTHHIX a;(y;), i=1,2, ..., r; j=1,2, ...

Has mo6oro auodanTtoBa ypaBHeHHsT [ MOXKHO 110-
cTpouTh 6Geckoa(pduuHeHTHOe ypaBHeHHe B CBOGOAHOMH
HUJbNOTEHTHOH rpynne G = F,(R,) nocratoyHo 60J1b-
uioro paHra n npu k =9, umemouiece peuiedine B G B TOM
M TOJBKO TOM cJydyae, eCJH ypaBHeHHe D paspelinMo
B UEJHIX Yhcaax. AHAJOrMuHOe yTBepXKAeHHe BEPHO, eCJIH
B kauectBe (G 6paTb CBOGOJAHYIO paspeliMMylo rpynny
ctynend [ = 2 pocratoyHo 6oJbuioro paira (PoMaunb-
koB B. A.//Anre6pa u noruka. — 1977. — T. 16, Ne 4. —
C. 457—471; Cu6. mar. x.—1979.—T. 20, Ne 3.—
C. 671—673).

MMpumep. CyuwecTByloT ypaBHeHHS HaJ HHJIbNOTEHTHLIMU
rpynnaMH, He paspewiHMmblie B GOJBIIHX HHJBIOTEHTHBIX Tpymnnax.
TakoBH, ckaxeM, ypaBHeHHs Buja ygfy—! = g' rme g* # g'. Kax
npaBuso, NOAOGHbIE NPHMEPBl JIErKo CTPOATCS TakxkKe JAJs MHOro-
o6pasuii rpynim.

IMycte K — cBsaAsHbil 2-MepHblit CW-koMmiekc, AJst
kotoporo s (K)= G. ConocraBuM KaxxaoMy pebpy e
e E(L)\ E(K) Hekotoporo 60/bliero CBS3HOrO KOMI-
nekca L D K nmnepemenHylo y=y(e), cuHTas, uTO
y(e')=y~'. Csaxem ¢ Kaxpod rpaHslo D&
= D(L)N\D(K) caoso v(D), noayuawolieecss NpH Ipo-
XOXJeHHH TpaHnuHoro nyTH p & 0D. Tloayyum cucremy
ypasuenuit {v(D)=1|D e D(L)\D(K)} nan G. Ha-
odopor, 1o J1060H cHCTeMe ypaBHEHHH MOXHO NOCTPOHTb
Takyl napy kommjiekcoB L D K, 4To onHcaHHas ‘KOH-
CTPYKUHSI NPHUBOAHT K AAHHOH cHcreMe ypaBHeHnui. He-
OCOGEHHOCTb 3TOH CHCTEMbl PaBHOCHJIbHA pPaBEHCTBY
Hy(K,L)=0. Ouna paspewrnMa Hax G Toria M TOJIbKO
TOoraa, korga romoMopdusm s, (K) =~ G —m, (L) asasercs
BroxenueMm. Ilepexoas k daktopkommiekcy M= L/K,
ansi koroporo H,(M)=0, MOXHO AaTb APYryl0 paBHO-
CHJIbHYI0 (POPMYJIMPOBKY pa3pelliMOCTH HEOCOGEHHOH cu-
cTeMbl ypaBHenMii Haj G Ha s3blKe CeEpPUYECKHX OHa-
rpamm (cm. Howie J.//Math. Proc. Cambridge Phil.
Soc. — 1984. — V. 96, N 2. — P. 257—270).
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4.4. AnropurmHueckue Bonpochl. J[Be ocHOBHBIE aJiro-
puTMHUYecKHe IIpo6JieMBl MOTYyT OBbITb OIpedeJieHbl cJe-
AyloiuiHM o6Gpasom.

IlIpobarema pasencrea (e, 1910 r.). Ilycts rpyn-
na G 3afaHa xoHeuHbIM xoAoM. CyllecTByeT JiH aJro-
PHTM, BBISCHSIIOLUHH 110 ABYM NDPOH3BOJIbBHBIM T'pYNHOBREIM
Cl0BaM OT NOPOXKAAWILHX 3JeMeHTOB TIDYINbI, ompepe-
JSIOT JIU OHH OJIMH U TOT K€ 3JIeMeHT TpYyNnb?

IIpo6aema usomopgusma (Turtue, 1908 r.). Ilyctp
J — kJnacc BCeX KOHEYHBIX TrpynmoBbix konxoB. Cyiue-
CTBYeT JH aJrOpHTM, BBICHAOIIHH 1O JIO60H NpOHU3-
BOJIHOH IMape KOAOB H3 J, onpelessioT JU OHH HK30-
MOp(QHBIE TPYNIH?

Donee ¢opmanbHble (GOpMYJIHPOBKH 3THX M JPYrHX
aJITOPUTMHYECKHX MNpOG6JeM HCIOJb3YIOT TEOPHI0 HyMe-
pauMd M TEOpHI0 pPEeKYPCUBHBIX MHOXecTB. KmeHHoO,
nycts G = (X||R) — koneunsiii kox rpynnu. Torga G
siB/IsieTcsl (pakTOprpynnoH ceoborHo# rpynnel F(X) c 6a-
soii X mo HopMmaJsibHOH noArpynne N, MOpoXKIeHHOH MHO-
xkectBoM R. Ilycts a: F(X)— N — nekcukorpaguueckas
HyMepauus sjaemeHtos F(X). Hns rpynnm G mpoGieMa
paBeHCTBa paspellWMa TOrJa M TOJbKO TOrja, KOraa
MHOXecCTBO o (N) pekypcHBHO. DTO onpelesneHHe paspe-
LIMMOCTH NMpo06J/eMbl paBeHCTBa AJst rpynnsl G He 3aBH-
CHT HH OT BHIOOpa réjeseBoil (peKypCHBHO MNepeyHCJiHU-
MOii) HyMepauuu 3JemedToB rpynnel F(X), HH OT BH-
6opa KOHeYyHOro Koja rpynns G.

IlycTe H — peKypcUBHO NepeyHCAHMBIH K/1acC KOHeu-
HBIX I'PYNNOBBIX KOAOB, P: H# —*N — HHBbeKTHBHas réfe-
JieBa HyMepauus KoAoB H3 J H M — noJMHOXecCTBO
N X N, cocrosiiee u3 Bcex takux nap (k,![), Aist koTo-
pbix komnl P-'(k) u P~'(/) onpemensior usoMopdHBIE
rpynnel. [Ipo6iema nsomopdusma nasa knaacca & paspe-
DIHMa B TOM H TOJIBKO B TOM CJydae, KOTLa MHOXecTBO M
SIBJIETCH PEKYpPCHBHBIM.

Jpyrue noAXOAB K MOCTAHOBKE AJTOPHTMHYECKHX 3a-
auy MOXHO (hOPMYJNHPOBATb Ha sI3blKe AJIOPHTMOB Haj
caoramu (A. A, Mapkos), Ha sI3bIKe KaHOHHYECKHX CH-
crem [locra, Ha s3bike MaiiwH Thropunra. B Hacrosiuiee
BpeMs NOAaBJsiiollee GOJBIUHHCTBO MATEMaTHKOB BEpPAT
B TE3HC O TOM, YTO BCE 3TH MOAXOALI SIBJAIOTCS 3KBHUBA-
JIEHTHBIMH.

B x/iaccuzeckoMm BapuaHTe npodJema paBeHCTBAa CTa-
BHTCSA JJIS KOHEYHO onpefesieHHOM rpynnel. /s KOppekrt-
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HOCTH ee pacCMOTPeHHss Heo6XOIIMO W JOCTAaTOUHO,
4To6Bl rpynna G6bla 3afaHa 3(P(OCKTHBHHIM CIICCOGOM.
Tak, npo6jemMa MoxeT OBITb MOCTaBJeHAa HJisI KOHEUHO
NOPOXKIeHHOH TPYMNIBI C PEKYPCHBHO MEepPEYHUCIHMBIM MHO-
JKeCTBOM OINpenenslONUX COOTHOWIeHHe (TouHee AJd
Kofa Takoro BuAa). Takue rpynnul HasbBawTCs pekyp-
custo onpedenernnoimu. OTMeTHM Ha HedopMasbHOM
YPOBHEe HEKOTOpble ApYrHe a/JropHTMHYeCKHe MpoOJIeMBL.
byaeM roBopuTb «3/eMeHT», HMes B BHAY €ro 3anuch
yepe3 nopoxjamoiue rpynnsl. [Tockoabky Bonpoch aJro-
puTMHueckHe, GyldeM ONYCKAaTb CJI0OBa «CYILECTBYeT JH
alroOpUTM...».

IIpobaema conpamennoctu (den). ComnpsikeHw JH
IBa NMPOHU3BOJILHLIX 3JIeMEHTa TPYNIBI?

IIpobrema sxosmdenus (Hwnabcen, Marnyc). Bxoxur
JIM NPOH3BOJEBHBIH 3J7eMeHT B MOArpynmy, 3aJaHHYl0 mO-
POXKAAIOUINMH 3JIeMEHTaMH?

ITpobaema asromopgroii conpsscennocry (Yaiitxen).
SIBasieTcs M OAMH M3 ABYX INPOH3BOJIBHBIX 3JIEMEHTOB
Fpynnel aBToMOphHHM 06pa3oM ApYroro?

[Ipo6sema paseHcTBa B 0oOLleM c/ayyae peillleHa OTpH-
LaTeNbHO: CYLIECTBYeT KOHEUHO OnpefeleHHas rpynna
¢ Hepaspewumoit npob6JieMoll papeHcTtBa (Teopema Ho-
8uKosa).

B ocHoBe koHcTpykuuH HOBHKOBa JeXHT pe3y/bTaT
TeiopuHra o HepaspelIMMOCTH Npob6JeMBl paBeHCTBA AJSA
AoJyrpynn c¢ cokpauleHHeM. KoHcTpykuus npumepa B
HajbHeilleM O6bl1a 3HAYMTEJbHO YIPOILEeHA — FPYNIH
Byna (Boone W. W.//Ann. Math. —1959. —V. 70. —
P. 207—265), rpynmsl ¢ HOpMaJbHBIM 6asucoM (cM. [6]),
rpynnet  Bpurrona (Brittonm J. L.//Ann. Math. —
1963. — V. 77. — P. 16—32); nocJjieHHe CTPOATCA C HC-
NOJIb30BaHHEM CBOGOJHBIX KOHCTPYKLHH.

pynna ¢ oJHHM COCTHOIUEHHeM BCerja MMeer paspe-
wuMyio npoGieMy paBeHcTBa (Teopema Maenyca).

He wusBecTHO, paspeuinma Ju npo6jema paBeHCTBA
B Ipyniie ¢ ABYMS COOTHOLIEHHSIMH.

[Tycts m — npousBoJbHASA TbIODHHrOBa MJH Tab-
JUYHAsl CTelleHb B HEPapXUsiX PEKYPCHBHO mepeyuc-
JUMBIX MHOXECTB, TOIAa CYIIECTBYeT KOHEUHBIH KOI
TAKOMH, YTO COOTBETCTBYIOLLAsl CTeneHb MHOXecTBa  (N)
pasHa m.

INpuMepsl KOAOB TPy C pa3pelnMoi npobaemoi pa-
BEHCTBA JaeT TeOPHSA MaJblXx COKpauleHu# (cM. m. 1.3).
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Ecnu kon rpynnbl G yIOBJIETBOPSET OJHOMY H3 YCJO-
BH# & (6) uau &’ (1/5) (cm. c. 118), 10 B rpynne G pas-
peurama npoGsieMa paBeHcTBa (reopema Jlundona).

Pesyabrat JIMHAOHA SABJASETCH 3KCTpPEMAaJbHbIM, MO-
CKOJIbKY H3BeCTHO, YTO Jl06asi KOHeYHO ©lnpedeseHHas
rpynna jaonyckaer KojJ (ero MOXHO MOJy4HTb 3hdek-
THBHO M3 HAHHOrO KOHEYHOIO KOJa), B KOTOPOM JJIHHA
KaXJoro Kycka He npesnillaer 1/5 JJHHBI COOTHOLIEHHS.
Paspewmocts mpoGJsieMbl paBeHCTBa B TIpYNmax ¢ Ma-
JIBIM COKDAlLIeHHEM BBITEKAeT H3 BO3MOMXHOCTH INpHMe-
HEHHS K HHM axa2opurma [Jena (nubo ero moaHdHKauHH),
OCHOBAHHOTO Ha cjelyiolieM (akTe: eclH HeCOKpaTHMOe
CJIOBO @ OMNpefensieT eAMHHUY B rpynne G, To w cojep-
XKUT Gosiee !/, HekOTOPOrO cOOTHOWEHHS U3 R. Anroputm
oueBHAeH: AJHHY W (w == 1) MOXHO yMEHbIUHUTb, He H3-
MeHsisl ero 3HaueHus B G.

Koneuno nopoxaennast rpynna G =<{gy, gs, -.., gny
TOTJ@ M TOJILKO TOTAAa HMeeT paspeliuMylo npobaeMy pa-
BEHCTBA, KOTa BHIMOJIHEHO ONHO H3 CJHEAYIOUHX YCJOBHIA:

a) cyumectByoT BaoxeHuss G << S << T, rae S —npo-
crasi, T — KOHeuHO onpefdeseHHas rpynna,

6) G Baoxuma B J100yI0 ajre6panueckKd 3aMKHYTYIO
rpynmy;

B) CYLIECTBYeT BBIMOJHHMAas ¢GopMyJia NepBOro mo-
paaka rpynnoso#i curHatypel @ (xy, xo, ..., Xn) Takas,
uto u3 H = ®(hy, hy, ..., ha) Ans rpynnbsl H caenyer
BJI0OXHMOCTE G B H, mpojonkaiouiasi 0106paxenne g;—
—h;, =12, ..., n

Apudmernueckass CTpykTypa MHOXKecTBa M BCex KO-
HEYHO OmpeJeseHHbIX TPYNN C pa3pelInMoi npobsemoit
paBeHCTBA CJIOB NpH JNI060# réjejeBoil HyMepalHH 10CTa-
TOYHO CJIOXKHA:

a) MHOXecTBO M He SABJASIETCHA PEKYPCHBHO IMepeyHuc-
JUMbIM; 60Jiee TOUHO OHO JIEXKHT B Kjaacce E; uepapxuu
Knunu—MocroBckoro [56];

6) He cyuleCTByeT paBHOMEpPHOTrO aJropuTMa, pelua-
nero mnpoGJeMy paBeHCTBA BO BCEX KOHEYHBIX KOJax
rpynn u3 kJjacca M.

[puBemeM pe3y/bTaTh, Kacamoluecsd MapKOBCKHX
CBOHCTB, NpOGJEeMbl COMPSI}KEHHOCTH U APYTHX aJIrOpHT-
MHYECKHX BOIMPOCOB.

a) Jlas Ja06bIX ABYX THIODUHIOBLIX CTelmeHed m<Cn
B HepapXHH PEKYPCHBHO MEpPeYyHCIUMBIX MHOXECTB Cylile-
CTBYeT KOHEUHO ONpejeseHHast TPynna, AJs KOTOPOH m —
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CTeneHb CMOXKHOCTH NMpo6JaeMbl paBeHCTBA, a 1 — npob.e-
MBI CONpPSI}KEHHOCTH.

6) I'pynna c ycaosuem % (6) (niun €’(1/5)) umeer
paspelinMyio npo6JieMy CONpsKEHHOCTH.

B) Paspeurnmocts npo6/ieMbl CONPSIXKEHHOCTH He Me-
peHOCHTCA Ha KoHeuHble pacwivpeHust (Fopsira A. B,
Kupxuncku#t A. C.//Arrebpa u soruxa. — 1975. —
T. 14, Ne 4. — C. 393—406).

r) He usBectHo, paspewmnma Jau npoGJeMa CONpsiKeH-
HOCTH B TPYNNax ¢ OJHHM COOTHOLIEHHEM.

Ilpobrema BxOXKAeHHS Hepa3pellMMa yXxe B Trpynmne
Fy X F;, a ee pa3pellnMoCTb He cJelyeT M3 YCJAOBHH Ma-
JIOTO COKpalleHHsI.

[Ipo6rema usomopduama J060H HaHHOH KOHEYHO
onpeleNeHHONH rpynne Hepaspemnma (reopema Adana).
Bonpoc o paspemwrnMocTH mnpoGJeMb H3oMopdusMa B
KJacce TPYNNl C OJHHUM COOTHOLIEHHEM OTKPHBIT.

Knaccuyeckuit pesysabrar, YTBepXKAAIOWHUA paspelin-
MOCTb Npo6JeMbl aBTOMOP(MHON CONPAXKEHHOCTH AJs Ha-
60pOB 3JeMeHTOB CBOOOZHOW TpyMNNb, NPHHANJIEKHT
Yaiitxeny.

[lyctb ‘¢ — abcTpakTHOe TrpynnoBoe CBOMCTBO, BHI-
NOJIHEHHOE B HEKOTOPOH KOHEeYHO onpejesieHHOH rpyn-
ne G; U He BHINOJIHSAOLLeecs B J0O60H KOHEUHO onpeje-
JIeHHOH rpynne, cojepxauled (HKCHPOBaHHYIO KOHEUHO
onpeaeneHHywo rpynny G, Takue cpoiicTBa Ha3HBAOT
MapKoBCKUMU.

Ecin % — MapkOBCKOe CBOHCTBO, TO KJacC BCeX KO-
HEeuHBIX KOJOB rpymnm, o6safalouix cBOHCTBOM €, He sB-
JisileTcsl peKypPCHUBHBIM; [APYTHMH CJIOBaMH, CBOHCTBO %
aJrOpUTMHYECKH Hepacro3HaBaemo (reopema Adara—
Pabuna).

MapkoBcKMMH SIBASIOTCSA CJeAylolie CBOHCTBA: GHITb
eIHHHUYHON, UHKJIHYECKOH, KOHeYHO#, cBoboaHOH, ale.e-
BOii, HUJBNOTEHTHOH, pa3pelIMMON TPpynmod u T. A

CymectByer 3-CTyNEeHHO pa3pellliMas KOHEYHO ompe-
NeseHHas (B KJacce BCeX IpyNn) rpymnna ¢ Hepaspellu-
Moii npo6aemoit papenctsa (Xapuaammnosuy O. I.//
HUAH CCCP. Cep. mat. — 1981. — T. 45, Ne 4.— C. 854—
873). Ilpo6iemMa papeHcTBAa paspelliMa B MHOrooGpa-
ausax %2 u MY (cm. [55] u Xapaamnosuu O. I.//
Anre6pa u soruka. — 1987. — T. 26, Ne 4. — C. 481—501).

Oas mo6oro MHorooGpasus rpynn €, coiepxauiero
R:¥, cymwecTByeT KOHeuHO onpefeneHHas B € rpynma c
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Hepaspewimoii npo6aemoii pasedctBa (EmaHuuH-
nes B. U, Kykun I'. [1.//Anre6pa u soruka.— 1979.—
T. 18, Ne 3. — C. 259—285).

[Ipo6nemMa paBencTBa paspeiinMa AJNA CBOGOAHBIX
pa3pellMMBIX TpYNN, CBGOOAHBIX NOJHHHJIbIOTEHTHBIX
rpyni. ’

[TIpobGnema conpsiKeHHOCTH pa3pelminMa B MHoroobpa-
3yr MerabesieBHIX [PYyNN, a TakXKe AJd CBOOOAHBIX pas-
pEeLIMMEIX H CBOGOAHBIX MOJHHHABHOTEHTHHX Ipynn (cM.
[551).

[Ipo6nema BxOXJAeHHs pa3pelldiMa B MHOroo6pasusax
NoA, AN, (cm. [6]). He u3BecTHO, Kak pelnaercss Mpo-
6sema u3oMop¢H3Ma B KJjacce MerabeseBbIX TPYIIIL.

CBsisb MexIy (HUHHTHOH aNMpOKCHMHPYEMOCTBIO H
pa3pelInMOCTbI0 MpOo6JeMbBl pPAaBEHCTBA TOJYyvaeTcs H3
caenyounx coobpaxenuil. [Iycte ®A-rpynna G 3azaHa
KOHeuHBIM KoJAOM. Torga mHOXecTBO o (N) siBisieTcs pe-
KypCHBHO NepeyHCJIHMEM MHOXKecTBOM. [lycte {N:|ie
& I} — MHOXEeCTBO Bcex coJepxkKallHx N HOpMaJbHHX
HOArpYNN KOHEYHOro HHAekca cBOOOAHOH rpynnn F H
B: /- N —réneneBa nymepauuss mHoxectBa /. Tak kak

G siznsiercss ®A-rpynmoit, To N= [| N, n a(F\ N)=
iel

= U[a(F\N,). [To Teopeme O NMpOEKUHH pEeKypCHBHO

(XS
NepeyHCJIUMOr0 MHOXECTBa, OTCI0Ja CJAeAyeT, YTO MHO-
xkectBo a(F\N) TakxXe peKypCHBHO IepeyHCJIHMO,
a noroMy o(N)— pekypcuBHoe MHoxecTBo. CienoBa-
TeJbHO, B rpynne G paspeminma npob6JgeMa paBeHCTBA.

AHaJIOrHYHBE pacCyXI2HHS MOryT GHTb NpOBeleHH
AJIS KOHEYHO omnpelesneHHHX rpynn H3 kKaaccoB ®AC u
®AB-rpymnm.

[Tyctb G — KoHeuyHO ompefeJeHHasi rpynna. Toraa:
1) eciu G sBasiercs ®A-rpynmoit, To B G paspelinma
npo6GseMa paBeHcTBa, 2) ecau G ssasercs PAC-rpyn-
noii, To0 B (G paspeminma npoGJeMa CONpPSXKEHHOCTH,
3) eciu G sasiercss ®ABg. o-rpynmo#t, To B G paspe-
muMa mnpoG/ieMa BXOXKAEHHA B KOHEYHO MOpPOXKAEHHBIE
HOATPYMIIBL.

CpofictBo PA mnepedocHTcs Ha NOATPYNNH, Ha Nps-
MBble ¥ CBOGOJIHBIE NpOU3BEAEHUs, HA KOHEYHnle pacllupe-
Hus. Crsierenne A e B rpynn A u B ssasiercs ®A-rpyn-
noii Torga H TOJbKO TOrja, Korga A u B — ®A-rpynnn
H BbIOJIHEHO OJZHO U3 ycJoBHHA: 1) A — aGeseBa rpynna,
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2) B —koHeyHas rpynna. [Ipou3BOJNbHAsT KOHEYHO IO-
pOXIeHHas JHWHeHHas rpynna ssiasercs PA-rpynnoi.
KoneuHo nopoxpaeHnHas rpynna, sBJagiouliasics pacuiupe-
HueM abesieBOH Trpynnbl C MOMOILLIO MOJHUHKJIHYECKOI
rpynnsl, sBiasiercsi ®A-rpynnoi.

CgoiictBo ®AB nepeHocHuTcsi Ha CBOGOAHBIE NMpPOH3BE-
JeHUs M KOHEYHHEe pacLIHPeHUs, HO He NepeHOCHTCS HAa
npsimele npou3BefeHHs. [Ipou3BoJbHAst MOYTH NOJHIHK-
Jauyeckas rpynna siBasercs ®AB-rpynmnoii.

O ¢yHIaMeHTaNbHBIX TpyNHmax MHoroo6pasuii cM., HanpHMep,
[38]. dto nousTHe G6buo BBemeHo B 1892 r. Ilyankape u npajo
OCHOBaHHe JJIfi HCIOJIb30BaHHS KOMOGHHAaTOPHOH TeOPHH Trpynn B
ronoJiorin. CylllecTBYIOIHe B TOMOJOrHH MNPOGJEMbl aJrOPHTMHUE-
CKOro XapaKTepa, TakHe, Kak npo6JjeMa romMeomopcdusma, mpobaema
FOMOTONIHYECKOH TPHBHAJBHOCTH TyTeH (CTArMBaeMOCTH), mpoGiema
9KBHBAJIEHTHOCTH Y3JIOB, HAaXONAT aJeKBAaTHOE CBOe OTpaXeHHe B
aHaJIOTHYHBIX npobJjemax n/as ¢yHIaMeHTanbHBIX rpynn. OcHoBHas
npo6;eMa TOMOJOTHYECKOH XapaKTePH3alHH Ha IOBEPXHOCTSX — 3TO
BOMPOC O CTSATCHBACMOCTH 3aMKHYTOH KpHBo# B Touky. CooTBeTcTRYIO-
wHA anroputm Gbla moctpoeH [deHowm.

Pemwena npoGJemMa paBeHCTBa [IAs NPOH3BOJbHON (yHzaMeH-
TaNbHOH rpynnel y3na. B Hnacrosinee BpeMs ycuausMmu Tépcrena u
JAPYTHX aBTOPOB AJsl LIHPOKOro kjaacca 3-MHOroo6pasuif Takxe pe-
weHa mpo6sema paBeHCTBa. Tak Kak Jio6as KOHEYHO ONpefe/ieHHAas
rpynna peajusyeMa Kak QynaameHTaJbHas rpynmna 4-mHoroo6pasus,
TO npo6ieMa CTATHBAeMOCTH HJsi 4-MHOroo6pasusi Hepaspelwnma.
Tlpo6nema romeomMopduaMa HepaspellMMa Yyxe B KJacce TpPHAHIy-
JupyeMbix 4-mHoroo6pasuii. He cymectByer ajropuT™a, pacnosHaio-
mero NATHMepHYy0 chepy.

lFeomerpuyeckoe pelneHre npo6/emMbl paBeHCTBA AJAs TPYNMHl
KOC mouTH oueBHAHO. [Ipo6iema cONpsxKeHHOCTH I/ He€ TaKxe
HMeeT MoJIoXHTeJbHOoe peurenne. [lpobsemMa 3KBHBAJIEHTHOCTH Y3JO0B
NOKa He pellleHa.

4.5. Cpsi3b C TOMOJIOTHYECKMMY NpocTpaHcTBaMu. Ye-
pe3 m; (X) o6o3Hayum ¢yHAaMeHTaNbHYIO TPYNAY JUHeH-
HO CBSI3HOTO TOMOJIOTHYECKOro mpocTpaHcTsa X.

Mpumepw. 1) Ilycte S* ectp n-MepHast cdepa, Toraa
(St)~Z u 7n4(S*) = E (emuHHyHass rpynma) npu n = 2.
2) Ilycte R%(n) — miockocTb € n BHIKOJIOTHIMH TOYKaMH, TOrjaa
i1 (R%(n)) ~ F, — cBoGoauast rpynna paura n. 3) Haa <«GyTHAKH
Kneitnas K wumeem my(K) ~ G, rae rpynmna G 3anaercs KOAOM

(xp %y || 2 yxprix57 " = 1)

dyHlaMeHTaJbHasl Tpynna NpoH3BeAeHHsl ABYX IIpoO-
CTPaHCTB H30MOp(HA NpPSAMOMY NPOH3BEAEHHIO HX (yH-
damenrtaabHbix rpynm, T. e. 7y (X X Y) = m; (X)X (Y).
HenpepusHoe ortoGpaxenue f: X—Y Tonosoruye-
CKHX MPOCTPAHCTB HHAYLUHPYET rOMOMOPH3M f,: at; (X)—
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—m;(Y) ux ¢pyunamedranoubix rpynn. Eciu f— romoro-
NHYecKast 3KBUBAJIEHTHOCTb, TO [, — H30MOpGhHU3M.

Ecnun X — nedbopmauuonuniii perpakt Y, 1o 5y (X) =~
2 1y (Y), B YaCTHOCTH, €c/iM NPOCTPAHCTBO Y cTsrHBaemo,
10 T (Y)=E

ITycte Wi, W;— JquHellHO CBfI3HBIE OTKpbITHE NOJ-
MHOXecTBa npoctpaHcTBa X Ttakue, yto X =W, U W, u
WiN Wy 5= & — nuneitno cBsisHo. [ns Bcex paccmarp-
BaeMBbIX 3Jecb (yHAaMeHTaJbHBIX rpynn BbiGepem Gasuc-
HYIO TOUKY xo & W} Wo, a uepe3 i, 0603HaYUM HHAYUH-
pOBaHHBIE TOMOMOPGH3MB, COOTBETCTBYIOLIHE BJOXKe-
HusAM. KoMMyraTuBHas auarpamma

nl(WI)
1277 w
(W, N W, ) T, (X)
(W)

ABJsLTCS gbiTarKusaroujum keadparom (push out square).
D10 3HAYHT, YTO s Jo6Go# rpynnst H, mo6oit napsl
romomopusmos ¢ ;i (W:)—>H (i=1,2) rtakux, 4ro
L9 =1,,9,, CYLECTBYeT eNHHCTBEHHHIH TroMoMopdu3m
@3: my (X)— H takoi, uto L P =9, \,.9,=q, (Teopema
3eligpepra—san Kamnena). ,

Ecniu B mnpuBedeHHOi Bbille JHarpaMMe rpynia
7y (Wi N W;) ecrectsenHo Baoxena B m(Wy) u m (W),
10 7y (X) >~ 50 (W) #nw i way 70 (Wo).

[Tycte X — npocTpaHCTBO ¢ BBIAENEHHBIMH T'OMeO-
MOpP(QHBIMU APYyT APYrY JHHEHHO CBA3HBIMHU MOANPOCTPAH-
crBamu W, W, Ilyctb npocrpaHcTBo X moJyuaercs u3
X npucoennnenuem pyuxu W X [0, 1], ocHoBaHusi KOTO-
poit (W, {0}) u (W, {1}) ecTecTBEHHO OTOXIECTBJEHHI
¢ Wi, W, coorBercTBeHHO. Ecaiu B mpuBeleHHBIX ycCJ0-
Busix rpynubl 7 (W:) ecTecTBeHHO BIOXeHH B m; (X), TO
i (X) ects HNN-pacuupenue rpynmnsr n1(X) ¢ accounn-
posaHHbiMH noarpynnamu m (W), i=1, 2.

HOas no6oit rpynnsel G cyliecTByeT MpoCTpaHcTBO X,
st kotoporo iy (X) =~ G

Ecniu Y — nunefino cBsiznoe Tj-npoctpaHctBo, O —
rpynna, ¢: ®; (Y)— G — romoMopdHu3M, To HalAeTCa BJO-
xkeHue 1: Y — X rtakoe, uto 7 (X)~ G
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HOas mo6oit noarpynnet H << 7y (Y) cyuwectsyer Ha-
KpbiBalomlee orobpaxenue f: X—Y Takoe, wurO
fe(m(X))=H; a ecau f: X— Y — HakpriBaioliee 0TO-
-6paKeHHe TOIMOJIOrHYEeCKHX MPOCTPAHCTB, TO f,: 7 (X)—
—n; (Y)— BaoXenue (Teopema o Hakpeisarouwjux oTobpa-
HCEHUAX).

IlpencraBuM uielo ¢yHAaMeHTaAbHO{l Tpynnel B ee
KOMOHHaTOpHOM BHJe. PaccmMaTpuBaeMble 3[eCb KOMII-
JIGKCHl M OTOOpa’KeHHsl TNpeAnoJaralTcst YUCTO KOMGHHA-
TOPHBIMHM H aJreGpanyecKUMH.

Tpagp wnu odnomeproli komnuaerc T' COCTOUT M3 MHO-
xectBa BepunH V (T') 5= @, pebep E ('), unBoJounuH
“LE)— E(),er—>e!, nusi koTopoii e~ ! s£e, (e™!) "'=e,
napsl orobpaxenuit a, o: E(I)—V (I), rae a(e) — ua-
yajo pe6pa e, o(e) —KoHeu pebpa e, COraacoBaHHBIX
¢ unBoJonuel, T. e. a(e”)=ow(e), o(e”)=ua(e). Oro-
6pawmcenue f: T')—T, rpapa T, B rpadp I', cocrout us
corsnacoBaHHplx  oToGpawenuét f,: V ([)) = V ([y),
fe: E(T)—E (), T e frle)=(e(e)", fy(ale)=
=a(fe(e), fv(@(e)) =o(fe(e)). Ecau T, opuentuposas,
a f —oro6paxenue «Ha», TO [ HHAYUHPYET OPHEHTAUHUIO
Ha Iy. I'padel u ux oro6paxeHnus ob6pasylor Karero-
pHuio, CHabGXKeHHYI0O QYHKTOpDaMH «BepUIHHBI» H «pebpa»
B KaTeropHio MHOJECTB.

ITyre B rpade I' —ato ynopsmoueHusi HaGop pe-
G6ep e, e, ..., e,, rie w(e)=0a(e;,,). Ero nauazo
a(p)sale), koney w(p)ssole,), Oauna n. Kaxpoin
pepwune ve V () cooTBeTCTBYeT eaMHMYHBIH NyThb 1,
M3 MyCcTOro MHOXecTBa pebep, mias Kotoporo a(l,) =
=w(l,) 550. Tlo onpenenenuo, o06parneiui K TNyTH

p=e, e, ..., e, nyTb p~l ectb e, !, ..., e\
[lyts 3amxnyr, ecau o(p)=w(p), npusedex, eciu
e, #e;!, mna Bcex i=12, ..., n—1, npocr, ecau

a(e;)# a(e;) npu is=j. Ipouszsedenue p,p, nyreir p,
H pp ompejensieTcsi B caydae, ecau o(p;)=oa(pz), AO-
Gap/ieHueM MyTH pp; 3a nyteM p;. Iyt p; u py Hasb-
BAalOTCA IKBUBANEHTHbIMU, €CJH OT P, K Pz MOXKHO Ie-
peiTH KOHEYHOH IOCJIeJ0BATEJbHOCTbIO BBHIYCDKUBAHHH H
BcTaBoK coceqell ee—!. Kaxaelii k/aacc 3KBHBAJEHTHOCTH
[p] comepxuT enMHCTBeHHBIA NMpHBEAEHHBIH MyTh. MHoO-
JEeCTBO BCEX KJAacCOB 3KBHBAJEHTHOCTH C HHAYLHpDOBAH-
HOIl yacTH4HOH omepauueil yMHOXeHHs1 o6pasyer ¢ynda-
menrarenoui epynnoud y(I'). Otobpaxkenue f: ' =TI
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uaayuupyer romomopousm f.: y(I't)—>vy(I'2) dyHaamen-
TaJbHHX rpynnounos. Ecau I' 1uHellHO CBSI3eH, TO MHO-
JKECTBO BCeX KJacCOB 3KBHBAJIEHTHOCTH NMyTeH C HauaJoM
H KOHUOM B (PUKCHPOBAHHOH TOYKe X9 & I' OTHOCHTENbHO
yMHOKeHHs1 06pasyloT ¢gyundamenrarshyro epynny m, (),
M30MOpGHBIA THN KOTOPOH He 3aBHCHT OT BhIGOpa Xo.

dyHpaMmeHTasbHas rpynna rpaga m; (I') cBoGoxnna.

HMelor Mecto aHasoru Teopembl J3elipepra—BaH
KaMnena u TeopeMbl 0O HAKpBIBAIOIIHX OTOOpaXKeHHUsIX.
IIpu sTomM HakpbiBalOUIMM HashBaeTcsi oToGpaKeHue f:
I't— Ty, sBasAOmIEecs OoTOOpaXeHHEM <«HAa» H B3aMMHO-
OJHO3HAYHO TNepeBOjslIee MHOXKeCTBO pebep, HHIKAEHT-
HBIX JI060# 3agaHHOl BepwHHe v V(I')), B aHaaoruu-
HOe MHOXeCTBO OTHOCHTENTbHO BeplUuHH f(v)e V(I%).
Ecau f coxpaHsier opueHTauuio, to J060if nyte p B Iz
OJHO3HAauHO mNoaHuMaercs o nytu f~'(p) B Ty, ecam
TOJIbKO (puKcHpoBaTh npoobpasz [~'(a(p))=oa(f~'(p)).

IMycre To, I, To—rpadn, w: To—>T%, k=1,2,—
oTo6paKeHus, He Hapyluawllrke opueHtauuo. Torna Hafi-
Jgercs rpag I's, eAHHCTBEHHBIM 06p230M onpejensiolUit-
cd CJelyOIHMH cBoficTBamu: 1) cyuiecTByloT oTobpaxe-
HuA 1 Tp—T5, k=1, 2, nenaromue auarpammy

/\
\/

KOMMYTaTHBHOH; 2) nJst MoObIX oToGpaxenui x,: I'y, — T,
k=1, 2, B HexoTopuli rpad I' Takux, YTO ;% = L%y
CylLlecTBYeT eQUHCTBeHHoe oTobpaxenue %3 Iy3—>TI ¢
yCJOBHEM T3 =1%;, (=1, 2 (BapHaHT BHITaJKHBawl1e-
ro kBazxpata). Ilycte vy & [y, v,=1, () (=1, 2),
v3 =117 (Vo) = 1272 (v0), TOrAa 7; (I's, v3) = (1. (70, (1, v1)),
Tox (['2, v2)). JIpyrHMH CJI0OBaMH, BHITAJKHBAOUIHA KBaJ-
paT peaJusyer NOArpymmy, NOPoXAeHHYO ob6pa3aMu QyH-
JaMeHTaJbHHX TIpynn (M BepXHIOI TpaHb B pelIeTKe
noarpynn). Ilyere yi: T'i—T's, i =1, 2, — oTo6paxKeHus.
BriGepem B I'y X I'; Takue napu (ey, ez), (v1, v2), YTO HX
KOMIOHEHTH HMeIT oJuHakoBhlie o6pa3nl B I's. CoGepem
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H3 takHx nap noarpa¢p I'o = I't X T Paccaoennoim npo-
useedenuem Ha3bplBaeTCsl KOMMYTaTHBHBIH KBaJpat

Ecmu uMeercs Tako#t kBaapar, npuuem v; =V (T')
(i=0, 1, 2, 3), pri(vg)=uv;, pra(vg)=v, u v (v)=
=1v,(v))=1v3, a y B Yy — ummepcuy (HHIyHHPYIOLUIHE
BJOXKEHHSI MHOXKecTB pebep HHUHMAEGHTHHIX C JIO-
6oit  Bepuiunoit veV () (=1, 2), B  COOT-
BeTCTBylOlllee MHOXecTBo nJsi ee o6pasa), Toraa
Yo (7 (T 00)) N, (7 (T 0)) = provi. (7 (Lo ©g))
JpyruMu cioBaMH, pacc/JOeHHOe NpPOH3BEJeHHE peaJiH-
ayer nepeceueHue QyHpaMeHTaJpHHX rpynn (Stal-
lings J. P. //Invent. Math. — 1983. — V.71. — P.551 —
565, Contemp. Math. — 1985. — V.44, — P.79 — 84),

Heymepnoii xomnaexc (unam mpocto rxomnaexc) K
HMeeT B KauecTBe ojHoMepHoro ocrosa rpad I'. Kpome
MHoxectB V(K), E(K) xoMmiekc K MoXeT BKJIOYaTh
TakXe MHoxecTBo rpadeil D (K), Ha KoTophlx 3agaHa
uusosouuss —!': D(K)— D (K), d~>d~!, co cBoficTBaMu
d-'#d, (d-')~'=d. Kaxpo#i rpauu d comocrasisercs
3aMKHYTHI LMKJIHYeCKHA NyTb P = 0d, COCTOSILIMH H3
OGBIYHOIO 3aMKHYTOrO NYyTH p=e€j, ..., €; H BCEX €ero
UHK/JIHYECKHX NepecTaHOBOK. Eciu d coOTBeTCTBYeT p =
==0d, 10 d-! cooTBeTCTBYyET p‘l (r'sme’s ety -

—‘) Orobpascernue f. Ky — K, xomniekca K; B xkomii-

Jgekc K, onpeaensieTcsi Kak COBOKYNMHOCTb TPOHKH cOrJa-
copaHHHX otobpaxenuit fy: V(Ki)— V(Kz), fe: E(Ki)—
— E(K3), fo: D(Ki)—D(K,), rae cornacopanue Ha d&
e D(K,) 3axJjouaercsi B TOM, YTO 06pa3s npﬂ f or od
cosnagaer ¢ 0f(d), a o6pas npu f or d-! coBmanaer
¢ f(a)-.

[lyTu p; ¥ p; HAa3LIBAIOTCS 20MOTONKbLIMU, €CH OT pi
K P2 MOXHO MepedTH I0C/JeA0BATeNbHOCTbIO BCTABOK H
BbHIYEPKHBaHUI ee~! HJIH NOANYTH ¢, TAe ¢ € 0d AIA
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Hexkortopoil rpann d & D (K). Puxcupys HauyaJbHYIO' TOYKY
vo=V (K), nonyuaem ¢pyrndamenraronyro epynny w (K, vo)
KoMmmiekca K, sleMeHTaMH KOTOPOH SIBJASIOTCS KJacChl
SKBHBAJEHTHOCTH [p] 3aMKHYTHIX NyTel ¢ HayaJoMm U,.
Ecnu K suHeiflHO cBsideH, T. e. COOTBETCTBYIOLIMH rpad
JHHEHAHO CBsI3€H, UTO MNpeANoJaraercs, T0 H30MOpGHLIH
TN rpynnsl % (K, vg) He 3aBHCHT OT BHIGOpA vp— MOJY-
yaeM ¢yHAaMeHTaJbHYyl0 rpynny kommuaekca i (K).

Fpynna mn;(K) wumeer kox <{{[x.]|e= E(K)\T}I
{[raJ= 1|d = D(K)}), rae T — MakcHMajbHOE AepeBO
B K (TouHee, B ogHOMepHOM octoBe K), x.=[vo, a(€)],
e, [o(e), vy], rie e—onHo u3 aByx pebep {e,e~'}, He
npuHapiaexawux T, [vy, vg] — eAHHCTBEHHLI NpHBelneH-
HBI MyTb M3 BEPIUHHBI U; N0 AepeBy T B BepUIHHY Ug;
re=1[vo, a(p)], p, [©(p), vo], rae d— npousBoJsbHaASA
rpaib B D(K), p = 0d — xKakoi-HuGYIb ee TI'paHHUYHBIH
nyThb.

Hao6opor, no aw6omy xony (X|IR) moxHo ompene-
JuTh KoMmieke K rtako#i, uto rpymna m; (K) 3amaercs
9THM KoaoM. Husa storo BHauase Bo3bMeM rpap I' =
= I'(X), cocrosimiuii u3 OHO# BepurHbl U % = [X] pe-
6ep (nmerean), B3aHMHO OJHO3HAYHO COOTBETCTBYIOLIHX
asieMeHTaM u3 X. BoiGepeM Ha KaxIoM pebpe e = e(x)
HanpasJieHHe, CONOCTAaBJSS MOJYYeHHOMY YNOPSIAOYEH-
HOMY peb6py 3JeMeHT X, a NPOTHBONOJIOXKHO HaNpasJieH-
HOMY pebpy e~! —asemenT x—'. [lis kaxmoro onpeie-
Jaswouero ciaosa r & R BBelneM rpasvb d = d(r), rpalunu-
HBI NMyTb KOTOPOH MoOJyyaetcs, eCJH 3alUCHIBaThb nocJe-
JoBaTeqbHO pe6Gpa, COOTBeTCTBYIOmMe OykBaM B 3anu-
cu r. [lonyueHunlit koMniaekc K sBJASIETCS HCKOMBIM.

Insi KOMNJIeKCOB CHpaBelJMBH MOJHEE aHaJOru
Teopembl 3eilidepra — BaH KaMneHa u TeopeMbl 0 HaKpHI-
paloulux oroGpaxeHusx. IIpy 3TOM HaKpHIBalOWHM
HasbiBaeTcsl Takoe oTo6pa)KeHue KoMmmaekcoB f: Ki—Kj,
KOTOpOe ecTb OToGpaKeHHe «Ha», HaKPBITHE COOTBET-
CTBYIOIIHX TrpadoB, B3aHMHO OJHO3HAYHO OTOOpaxalollee
MHOXeCTBO pebep H3 TrpaHHYHOTO NyTH p & 0d Mmo6oH
rpauu d = D(K,) Ha coOOTBeTCTBYIOILlee MHOXKECTBO AJISA
ee ofbpasa f(d)e D(K:) (xaxaoe pebpo cuHuTaercs
CTOJIbKO pa3, CKOJIbKO Pa3 OHO NOSABJSETCS B TPAHHYHOM
nytu). Cm. no satomy nosoay {30], [80].

dynnaMenrtanbHas rpynna m (Sg,r), rie Sg, r — CBA3-
Has KOMIaKTHas OpHEHTHpyeMas IOBEPXHOCTb poiaa g
C r KOMIIOHEHTaMH Kpasi, MoJenb KOTopoi — cdepa ¢
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g pYYKaMH U r AbIpaMH, MOXKeET 6bITh 3aJlaHa KOJOM

<al» blv a, b2v L] ag, bg’ Cp Cyy -
r g
s Cr”kl:[lck_].:[llai. bi]=l>'

<DyHnameHTam)Haﬂ rpymnmna m(Qg, /) (g =0) cBas-
HOH KOMNAKTHOH HeOpHEeHTHPYeMOH NOBEpXHOCTH poaa g
C r KOMIIOHEHTAaMH Kpasi, MoJAeJdb KOTOpOH — cdepa
C g BKJeeHHBIMH sauctaMH MéE6buyca u r AbIpaMH, MOMKET
6bITb 3aZlaHa KOAOM

<xl’ Xoy -y xg’ Yy Yoy -+ +5 Yr

r g
Iy [T =1).
j=1 " I=1

Kak cnexctBue OTMETHM, YTO JJIsi TPYIIBI FOMOJIOrHIH
cnpasennuBel H3oMopduambl: H(Sg, o) > Z%, H (S, ,) =~
2 pur > 1, Hi Qg0 Z()BZE T H, (Qq, )
~ 2% npu r>1.

M3BectHa Teopema Pajo, corjacHo KOTOpoil J106yi0
KOMMAaKTHYIO TOBEpPXHOCTb (C KpaeM) X MOXHO Tpuax-
eyasuposars, T. e. pa3bUTb Ha MNOAMHOXecTBa T =
=1,2, ..., n, roMmeoMOop(pHBIe TpeyroJbHHKaAM A; (=
=1,2, ..., n, B naockoctd R? mnpaBu/IbHO mpuJeram-
LHM z[pyr apyry (cM., Hanpumep, [38]). 3adurcupoBas
roMeoMop®Uu3Mbl P;: A —T;, i=1,2, ..., n, noayuuam
rpadp I'(X), BepwnHbl u pebpa KOToporo COOTBETCTBYIOT
BepliuHaM U pe6paM TpeyrosibHHKOB A; [lyctb T — Mak-
cumanbHoe pgepeso B I'(X), kaxiaomy pebpy KoToporo
e =T npunucan snement 1. Pe6pa e=T'(X)\ T npony-
MepyeM, YIOPSAAOYHM H NPHIMILIEM KaXKAOMY H3 HUX CBOM
aJeMeHT X; = x(e;), cuuTas, 4TO x(e;‘)=xl.“. Torna
rpynna n; (X) moxer 6biTh 3anana koaom {{xi}ll {r;/=1}),
rfie Kaxjaoe CJ0BO r; NMOJYy4YaeTcsl Kak Npou3BefieHHe OYKB
x%, e==+1, cooTBercTByOUHX pe6pam npu o6xojae BO-
kpyr T;, j=1, 2,

ITyctb Teneps M ectb 3-MHoroo6pasue, G — KOHEYHO
onpeneseHHass mHoArpynna ¢yHAaMeHTaJlbHOH TpyNbl
m;(M). Toraa cylecTByer KOMIaKTHOe 3-MHOrootpa-
3ue N u ummepcus f: N—M rtakue, uto f.: m(N)—
—m; (M) sBasiercss moHomopdusmom Ha G. Ecau mnpu
atom G =mn; (M), To B KauecTBe [ MOXHO BBHIGpPaTh He
TOJIbKO . HMMEPCHIO, HO H BJIOXKEHHE.
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H3BecTeH cielylOUMA CIHCOK BCeX KOHEYHO NOPOXK-
JIleHHBIX abeJsieBhHIX TpPYNN, KOTOpble MOTyT ObITH ¢yHIAA-
MEHTaJbHBIMH rpynnamyu 3-MHoroobpasuil (c ykasanuem
MHOroo6pasui) :

rpynns ZDZO|Z(p), p=>2

E 'z 'ZGBZIZ@Z@Z

mHoro- |D2X/|D2XTIT2X | T*XT PZ2XT L(p, 1)
obpa3us

3necy D2 — kpyr, / — unrepBaja, P2 — npoexTHBHas n.10-
ckoctb, L(p, 1)— nunsosoe mpoctpanctso, T u T> — ox-
HOMEepHBHIH H ABYMEepHBIl TOp COOTBETCTBEHHO.

H3BecTeH TakMXe TOJHBIH CIHCOK HUJBMOTEHTHHIX
(pyHRaMeHTa/bHBIX TpPYNN 3aMKHYTHIX (BO3MOXHO, He-
opHeHTHpyeMbIx) 3-MHoroo6pasuii (Thomas C.//Proc.
Cambridge Phil. Soc. — 1968. — V. 64. — P. 303—306).

KoHeuHo mopoxkieHHas rpynna, u3omopdHas cdyHzna-
MeHTaJbHOH rpylIe HeKeToporo 3-MHOrooGpasus KOoHeu-
Ho onpefeneHa (reopema Crxorra—Illarena).

T pynnot koc ApTuna 3apaTcsi CJAeLYOUHMH KOJaMH:
B,=(oy, 03, ..., 0,_ylllos, o]=1 mpn [i—j|=2,
0,6;,,6;=10;,,06:0;,;, | <<i<{n—2). OrHocutesbHo HX
peaansaunu B R3 cm. [29], [36].

[onaraem [ =0,0, ... G,_;, TOrAA L0;L ' =0, AJS
1<<i<<Kn—2, swauur, B,={(0,, {). Hmeem B, =E,
By~>~1Z, a uenrp rpynnel B, npu n_=>3 — 6eckoHeyHasn
UMKJHYECKas TPyMna, MopPoXKIAeHHas 3JeMEHTOM [”.

CyuectByer snumopdusm ¢,: B,—S, (n=N), ana
Kotoporo @(o))=(, i+ 1), i=1,2, ..., n—1. Slapo
C,= Ker ¢, Ha3bIBaeTcs epynnoii Kpaietvix Koc ApTuna
H MOPOXKJAeTCs MHOXKECTBOM 3.1€MEHTOB Y;;=0;_; ...

. 0,,0%7) o7t tae 1<Ki<j<n, B KOTOpHIX
MOXeT OHITh 3aJlaHa CJAefyIOUHM KOIpeACTaBJeHHEM:
(V1< < <m}l{[vep, vl =1, ecn i < j <k <1,
win i <k <I<j, YiyVieVie = VirVieYip» €can i <j <<k,
YieVieVi; = YirViYie» €can i <j<Rk, ~Y,~kY,kY,1Y,~—kl =
=YV Vi Vi €0 < j< k<)

IMoarpynna C, aBToMopdHO nomyctuma B B,. Has
qioboro smumopdusma p: B,—S, Haiimerca aBTOMOD-
¢usM p < Inn B, Takoii, uro peaJsusyercs ojHa H3 cJe-
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AYIOIHX BO3MOXHocTel: 1) pp=mxn, rge = (o) =
=(1, 2,..., n), I1<<iKn—1,2) n=4, pp: o,+—
—>(1, 2, 3, 4, t—(, 2), 3)n=06, pp: or—
— (1, 2) (3, 4) (5, 6), Z~—>(1,2,3)(4,5). dakroprpynna

n P
C,/C, —cBoGonuas abeseBa rpynna paera (2) ee 0a-

3UC COCTABJSIOT 00pa3nl 3JEeMEHTOB Yy, | <Ci<i<Cn
Bce moarpvanet  crepyiooweit  uenn: E=C, (n) <
<Ca(n_l) \/ .- <Cn(l)=cnv rae Cn (I‘) =<{Yij i 1 <
<Li<j, r<jin}) HOpMaJIbeI B C,. Hom‘pynna
F,(r G(Yl re Yo, rels oo o5 Vr, r*x) C.lr) (r=1,2

., n— 1} cBoGoana paHra r ¢ 6a3ucoM H3 yx\aﬁaﬂ-
HEIX mopoxrawmux 3sgemedrtes. OGpaswst rpynn F,{r)
nopoxpaT daktopet C,(r)/C,(r + 1), npuuem F, (r)ﬂ
NC,.{r+1)=E npu Bcex r, 1. e. C, (r)=C,(r+ 1)>~
>F (N, C,(n)C, (r+1)~F, (r)~F, (r=1,2,...,n—1).

I'pynna B; moxeT GbiTh 3an2Ha KOLOM (X, X, | x}=13),
T. e. By siBasiercss cBOOOJHBIM TNpoH3BeleHHEM ¢ oObe-
JUHEHHEM JBYX GECKOHEUYHbIX UHKJHYECKHX pymIl.

I'pynna B, pasJaraercsi B cBoOGOIHOE MPOH3BEIEHHE
rpynn A=(x, x| x“=x2) u B=(y, y2||y y3)
c o6beanHeHHol noarpynmnot N = (z, 2,, z,| 22 = %= 23).
Ilpu sTtomM 3a mopoxpaiouue Tpynim A B, C moxHO
NPHHATb 3JEMEHTHl X, = 0,0,0,, Y, = 0,0,0,0,, 2, =X} =

= Y'Yy, 2, = X, = Y, 2,=x, X% '=y,y,y; . Tpynna B,
nZ>=5, He HMEWT pastox{eHuu HH B KaKoe JpeBecHoe
npo:3segenne coberBenHbix moarpynn (Karrass A,
Piectrowski A, Solitar D. // Contemp. Math. —
1984. —V.33. — P. 341 — 352).
3a;laﬂ,HM Ha Gasuce X = {x, Xy, ..., X,} CBOGOJZHOMH
rpynsl = F(X) astoMopdu3MBL T;i X;—> Xiyy,
x,-+1*—>x,+‘,)., iep Xer X upuk E=Li+1(E=1,2,...
., n—1). Oro6paxenue B,— AutfF,, rae o;— 1y,
i=1,2,..., n— 1, o1HO3HAYHO NPOXOJI)KAETCS IO H30-
MopdHOro BJaoXeHHs. [IpousBoJibHBIH aBTOMOPH3IM
o & Aut F, npunan/iexut oGpasy rpynnbl B, npu sToMm
BJOXKGHHH B TOM H TOJbKO B TOM cCJyu4ae, e€cCJH:
1) « aepeBoxgut 3JleMeHTbl 6asuca X B coNpsiKEHHbIE

K HHM, T. €. X .—>x0m, g.=F, 2 a(xx,...x)=
=X Xy ... X,. BHyTpeHHml asToMopdusm rpynnst F,,
OTB2YaloUIHi 3JE€MEHTY XXy ... X,, TOPOXKIAeT LEHTP

rpyans B,,.
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Ho6aBuM HekoTophle cBelleHHs ©6 aBTOMOp@H3IMax
rpynn koc Apruna: 1) npu n > 4 rpynna Aut B, cosep-
LIeHHa, 2) Out B3 ~ Z(2), rpynna Aut(AutBa) coBep-
wensa (Dyer J. L., Grossman E. K.), 3) AutB,~
=~ Aut F, (cwm. paéoTy Karrass—Pletrowskl—Solltar M-
THPOBAHHYIO BhIllIE).

I'pynnoii » kaaccos orobpasceruii Wi MOOYAAPHOU
epynnot Tailixmrossepa KOMIAKTHOH OpPHEHTHpPYEMOIi mo-
BepxXxHOocTH Sg pola g HaswmBaercs rpynna M, Bcex co-
XpaHAIHX OPHEHTAUHI0 FTOMeOMOP(HH3MOB (MOXKHO CUH-
TaTh Takxe, AH(PGeomMoppu3MOB) Sg, paccMaTpHUBaEeMBIX
C TOYHOCTBIO J0 H30TONHYECKOH 3KBHBAJEHTHOCTH. [ pym-
na M; Bcex romeoMopdusMoB (AudpdeomopdusmMos) no-
BEPXHOCTH Sg, TaKKe pacCMaTPHBAEMBIX C TOYHOCTLIO 10
M30TONMHYECKOH 3KBHBAJEHTHOCTH, COAepXKHUT My B Kaue-
CTBe HOpMaJIbHOH TNOArpynnel HHAekca 2. Pacumupenue

M, no M, pacuwenssercs.

Jllo6o#i CcOXpaHSAIOWHA OpHEHTALHI0 TroOMeoMOphH3M
MOBEPXHOCTH Sy H30TONHYECKH SKBHBAJeHTEH NpOH3Bele-
Hulo ckpyuuBanuii Ilena. MspectHo, uto rpynna M, no-
poXnaaercs ABYMsl H30TOMHYECKHMH KJacCaMH CKpYyyHBa-
HuH JleHa; MHHHMaJ/bHOE YHCJO H30TOMHYECKHX KJACCOB
ckpyuuBanuii JleHa, agocraTouyHoe A1 NOPOXKAAaeMOCTH
rpynnel Mg npu g=2, paBHo 2g+1. Jlio6as rpynna Mg,
g = 2, MoxeT ObITb MOPOXKJAEHa YeThIpbMS 3JeMEeHTaMH
(He o6s3aTesqIbHO OTBeYalOUWIMMHM CKpyunBaHusM [ena).
I'pynne My KOHeuHO omnpefeseHbl, NpHUeM, ONpeaensio-
IHe COOTHOLIeHHs AJIA YNOMSIHYTHIX Bbile 2g 4 1 mo-
POXIAIOUIHX 3JE€MEHTOB SBHO BhiNHcaHn (Wajn-
ryb B.//Isr. J. Math.—1983.—V. 45, N 2, 3.—
P. 157—172).

I'pynna Mg ecTecTBEeHHBIM 00pa3oM JeHCTBYeT Ha
¢dyHaamenranbHoH rpynne m;(Sg). YcTaHoBJEHO, 4TO
My ~SL(2,Z) u Mg=~Outm(Sg) npu g =2 Jlio6oit
apromMop¢uaM rpynnbl 7 (Sg) HHIYLUHPOBAH aBTOMOP-
¢u3mMoM cBOGOAHOH rpynnsl Fag.

OTMeTHM HeKOTOpble Apyrde H3BecTHHle agrebpanue-
ckue cBoiictea rpynn Mg, g = 2.

1) I'pynna M, noutn Ge3 kpyueHus; GoJee TOUHO,
B M, cyulecTByeT HopMmaJabHas noarpynna I'g=Ker (M
— Aut(H,(Sg, Z(3))) wunmekca [<(3*¢’, He wumecwowas
KpyueHus.

2) T'pynna M, ¢uHHHTHO annpoKCHMHpyeMa.
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3) Jlwo6aa paspeminmas noarpynna rpynnsl Mg nourtu
abesieBa, a paHr 1060l ee abGeseBoi NOArPYNNbl He mpe-
BOCXOJHUT uucaa 3g — 3.

4) Jlo6aa noarpynna G << My au6o couepkut Fo,
anbo siBisieTcsl Mo4TH abeseBoi rpynnoil (6oJiee TOYHO,
an6o G Ty comepxutr F, nau6o G’y — cBobomnas
abeseBa rpynna patra [ < 3g —3).

5) Koneuno mopoxkaennas noarpynna G << M, auto
noutH abeJsesa, MO0 CONAEPIKHT MAKCHMAJbHYIO MOATPYII-
ny 6eCKOHEeYHOro MHAEKca.

6) Iloarpynna ®parruau @D (G) KOHEUHO MOPONKIEH-
Holi moarpynnsl G << My HUJIbNOTEHTa W NMOYTH abeJseBa
(3ameruM, utro @ (Mg)=E). (Cm. UBanos H. B.//
Hoxa. AH CCCP.—1984. —T. 275, Ne 4.— C. 786—
789; ®yHku. a”aau3 W ero npuaox.— 1987. —T. 21,
Ne 2. — C. 76—77.)

Ecan Sg, . — KOMNakTHas NMoBepXHOCTb poja g C BHI-
JleJIeHHOH TOuYKOH #, T0 Mg, , — rpynna romeoMop$u3MoB
HNOBEPXHOCTH Sg, ,, GUKCHPYIOLIHUX % H paccMaTPpHBAEMBIX
C TOYHOCTBIO [0 H30TQIHY, TaKXKe GHKcUpyowed x. AHa-
JIOTHYHO, €clH Sg, m — MOBEPXHOCTb POJAA g C M TPaHHY-
HbIMH OKDPYXHOCTAMH, TO Mg m — rpynna romeoMopdns-
MOB, (UKCHPYIOWIMX TpaHHYHble TOYKH, B3ATBIX C TOU-
HOCTBIO 0 H30TONHH, TaKXKe (HUKCHpYOLleHd rpaHUyHbIe
TOYKH.

[Tyctb S — koMnakTHash NOBEPXHOCTb H3 YHCJa BBe-
IeHHBIX HamH (Sg, Sgx, Sgm). B cuay csszHoct S ee
nepBas rpynna romosoruit H;(S, Z) nsomopdHa ¢pakrop-
rpynne rpynnsl 1ty (S) nNo KOMMYTaHTy, T. e. CBOGOAHOH
abenesoit rpynne. Ipynna kJaccoB oto6GpaxxeHud Ms
ecTecTEeHHbHIM oGpas3oM AefictByetr Ha rpynne H,(S, Z),
a sapo roMomop¢H3Ma, CBSI3aHHOTO C 3THM JeHCTBHEeM
HasnBaetcst nodepynnoii Topeaau T JMs. I'pynna Ts
KOHeuHo onpeleneHa (cm. [92], [100]).

Wmeor mecTo usomoppusme: Out M, ~ Out M, ~
~Z(2)DZ(2) u OutM,~Z(2), Out M, ~ E npu g >3
(cM. McCarthy J. D. // Invent. Math. — 1986. —
V. 84. — P. 49—-71).

IMycte M — mébuycosa epynna, T. e. rpymnna Bcex
APOGHO-JHHEeAHBIX Npec6pasoBakuii

f: 2> jjig ad—bc=1 (a, b, c, d=C)

pacuupensoii komnaexcHo#l miaockoctn €= CU {oo}.

g
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I'pynna M usomopdua rpynne PSL(2,C) u ob6napaer
€CTeCTBEHHOH TomoJioruell, HHAYLHPOBAaHHOH TOTOJIOrHeR
rpynnel SL(2, C). Toarpynna G << M auckpeTHa B TOM
H TOJbKO TOM CJyuae, eCJM ee Ipoodpa3 AHCKpETeH B
SL{2, C).

{Ipumeper auckpeTHnlx noarpynn B SL(2, C): 1) ko-
Heudble NOATPYNNbl;, 2) MoayaspHasa rpynma SL(2, C);
3) rpynna Ilukapa SL(2,Z[ij), rae Z[i]=2Z + iZ —
KOJIbLIO LieJIbIX TayCCOBbIX YMCe.

lipeo6pazoBaHue f, yka3aHHOe Bbillle, HA3BIBAETCH I~
AuUnTu4eCKUM, eClH KBajpar ero chaega (= (irf)2=
=(a + d)? ynosierBopsier HepaBeHcTBaM 0 <t < 4,
napaboaudeckum, ecau t=4, eunepboiu4ecKum, ecJau
t > 4, u nokcodpomuyecsum, ecau t & [0, 4o0).

T'oBopsaT, uto rpynna G romeoMop(dH3MOB XaycAop-
¢osa Tomosornyeckoro npoctpancrsa X Ha cebs Oded-
créyer paspel8Ho, ecau [ast gaw6oro xomnakta K= X
mHoxecTBo {g= G|g(K)N K % &} KoHeuHo.

Fpynna G << M [G << PSL(2,R)] auckperHa toraa
M TOJbKO TOorpa, koria (G AeHcTByeT pa3phIBHO B IpO-
crpanctBe H® [nnockoctn H?] Jlo6aueBckoro (reopema
ITyankape).

[Toarpynna G << M (He o006s3aTeIbHO AHMCKpETHaf)
Ha3biBaeTcsl 3AemeNTapHou, ecau Hekotopas G-op6GuTa
B npoctpatctBe H3® = H3| {oo} xoneuna. [Tosnmit cmn-
COK peaJin3yeMbIX BO3MOXKHOCTeH JIJisi AMCKPETHOH 3Je-
MeHTapHOoH mnoarpynnel G <X M Borasaut tak: Z(n)
(n = N)— rpynna Bpamenu#i, D, (n = N)—rpynna cum-
MeTpHil NpaBHJIBHOIO IJIOCKOTO N-yroJbHHUKA (epynna Ou-
30pa), As—rpynna cummeTpHi# TeTpasipa, Ss— Okra-
agpa, As — Mkocasjpa, paclivpeHue rpynnbl Z uiau rpyn-
not Z © Z nocpeacrsom rpynnu Z(q),q =1,2,3,4 uau 6,
npsimas cymma Z(n)@® Z waum ee pacllHpeHHe NOCpef-
crBom rpynnsl Z(2) (GoJsee peranabHo cMm. B [4]).

3ameTuM, 4T0 Aas1 AUCKpeTHOH rpynnul G << M 3KBH-
paJjieHTHBl ycsaoBHS: (1) G COCTOMT M3 3JJIMNTHYECKHX
npeo6pa3sosanuit u E, (2) saeMeHTbl G HMEIOT HENOABHXK-
Hyo touky B H3, (3) G koHeuna.

Huckpernas rpynna G << M HasmBaeTcsi ¢hykcosoli,
€CJIH OTHOCHTE/JbHO Hee HHBApHAHTEH HEKOTOPHIH OTKPHI-
THft Kpyr (uau mnoaymiockocts) A< C, B kotopom G
JeficTByeT paspuBHO. MoXHO mnpeanoJaratbh, 4ro A —
eqnHnunbilt  kpyr uwau  H?% u  paccmartpuBate G <
<< PSL(2,R) KaKk NHCKPETHYIO Ipynmy H30MeTpHH.
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Ecnn ¢pykcoBa rpynna G << PSL (2, R) aneMentapha,
TO OHA HJH LHKJIHYecKasa Z(n), WJIH CONpsiKeHa C MOJI-
rpynnoit (g,h)<< PSL(2,R), rae g: z2—kz (k> 1),
h: z——1/z. Yacto (YKCOBHIMH HAa3HIBAIOT TOJbLKO
HesJeMeHTapHele Tpynnu. 3aMeTHM, 4YTO NOArpynmna
G << PSL(2,R) onemeHtapHa, ecau Jo6ble fABa 3Je-
MeHTa g, g2 G G6GeCKOHEYHOro MOpsSAKa HMeKT 06-
LIYI0O HENOJABMIKHYIO TOYKY (PaBHOCHJIBLHO TOMY, 4TO
tr[gy, g2] = 2).

Ecnu HeasemeHnTapHas ¢ykcoBa rpynna G TakoBa, uTo
yHHndpopmuayeMas eio noepxHocts S = H? | G nmeer xo-
HeyHylo runepGoJiHyecKylo mjomajp, To G Ha3bBaercs
epynnoii 1-eo poda, B npoTHBHOM cJayyae G — rpynmna
2-20 poda. Ilpedesvnoe muoxecrso A = A(G) (ue2.e-
MeHTapHo#i) ¢ykcoBo# rpynnbl G e€CThb 3aMBIKaHHE MHO-
JKeCTBa HENMOABHMIKHBIX TOYEK ee JIOKCOLPOMHYECKHX HJIH
napabo/aHyecKMX 3JeMeHTOB (HaHMeHblllee IO BKJlOYe-
HHIO HelmycToe 3aMKHyTOoe noaMHoxectBo C, MHBapHaHT-
Hoe oTHocuTenbHO G). H3BecTHO, uTO A mNpHHAAIEXKHUT
rpanune OA. Eciu A =0JdA, to G — dykcoBa rpynna
1-ro pona, ecan A 5= 0A — 2-ro poaa.

Bcsikasi KOHeYHO mNopoXJeHHas ¢ykcosa rpynna G
o6s1ajlaeT KOHEUHBIM MHOXECTBOM KJacCOB COMNpSIXKeHHO-
CTH MaKCHMaJbHBIX LMKJIHYeCKHX mnoarpynm [{g:)] mno-
pankoB m;, i=1,2, ..., r, cogepXKalUX BCe 3JJIHNTH-
yeckHe 37eMeHTh U3 (G, a TakXKe KOHEYHbIM MHOXKECTBOM
KJ1aCCOB COMPSXKEHHOCTH MAaKCHMAaJbHBIX IHKJIHYECKHX
noarpynn [{f>], j=12, ..., s, GecKkOHeUHBIX TNOpSAA-
KOB, COlepXKalluX Bce mapaGoyHyecKHe sJaeMeHTH H3 G.
Ecan G —rpynna 2-ro poja, TO B Hell HMeeTcss TakKxKe
KOHeyHOe MHOXeCTBO KJIAaCCOB compsiKeHHOCTH [{Ax)],
k=1,2, ..., t, Tax Has3bBaeMBIX TIpDaHHYHBIX MaKCH-
MaJbHEX UHKJIMYECKHX TMOATPYNIN, COCTOSIIUX H3 THIep-
6o/iMyecKHX 3JeMeHTOB (6e3 yCJOBUS TPAaHHYHOCTH HX
GeckoneuHo MHoro). Eciu g— poa nosepxHocTH S =
= A\ G, To na6op (g; my, ms, ..., My, S, t) HaswBaeTcs
cuenarypoii epynnet G.

HessemeHTapHast KOHEYHO TMOpOXKJeHHas (yKcoBa
rpynna G 3ajlaHHON CHTHATYpH (g; mi, M, ..., My; S; 1)
CYIIECTBYeT TOrAa H TOJbKO TOTrJa, KOTAa BBHIMOJHEHO He-
PaBeHCTBO

2g—2+s+t+§(l —7"17)>0'
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dykcopa rpynna 1-ro poaa cUrHaTypul (g; mi, ma, ...
., My S, 0) MoxeT OLITb 3aJaHa KOJOM

ml___

<xl, Xy ooos Xy @ by o ay, by Py PG| X .
=X =£[l [a;, bilgpigl'xk= 1).

"@ykcoBbl rpynnel 1-ro poxa H30MOpdHBI TOrga H
TOJIbKO TOT/ld, KOTAA HX CHFHATYPH (C TOYHOCTbIO 10 Me-
pecraHoBkH uncen m;, i=1,2, ..., r) oauHakosnl. Ko-
HEYHO MOpOXKJeHHble (PYKCOBBI IpYMIIbl TOYHO MpeAcTa-
BUMBI 11e/IOYHCJIEHHBIMH MaTpHLAMH.

HesnementapHas ¢ykcoBa 2-nopoxJAeHHad rpymna
06/1a1aeT OAHHM U TOJIBKO OTHHM H3 CJeJYyHIOUHX KOLOB:

D) (x, xll)=F,) 2) (x, 5,lxf=1(p=2)~Z(p)*Z,
3) (x), Kt =x=12<p<q, p+9=5))~Z(p)*Z(q),

1) (x, xlep=xp = (rx) =1 (2<p<g<r, o+
+ 717--1-% <1 )>2D(p, g, r) — rpynna [uka, 5) (¥,
Xl % %,)7 =1 (r=2), 6) <xl, Xy Xl xl=xl=xl=
==-(xlx2x3)”= l(p=2k+1 23)>—<xlx2, XyX3)-

Huoraa rpynnet D(p, g, r) Ha3bIBalOT TPeyroJbHBIMH.
TpeyrosnbHas rpynna B atoM cMbiciie curiatypul (0; p, g,

r; 0; 0) npu ycnoBuu %+%+% < 1 — sto ¢ykcoa
rpynna l-ro poaa, siBasioumasics NOArpynmo HHAekca 2
B rpynne, MOPOXAEHHOH OTpPaKeHHSIMH OTHOCHTEJNbHO
CTOPOH TPEeyroJbHHKa ¢ yrjiaMmu s/p, s/q, m/r B CMBICIE
reomerpuit Jlo6aueBckoro, cMm. [69], [97].

Huckpernas rpynna G << M HaswiBaerca kaelnosold
epynnoi 1-20 poda, ecan A = C = OH3 (A onpejensercs
aHAJIOTHYHO TIPeABIAYLIEMY) M KaeliHo80il epynnoi 2-eo
poda (HHOTAA NMPOCTO KAeHOB80L epynnoll) B OCTAIbHBIX
cayuyasix. YactHeilt cayyall — QyKcoBbHl H KBa3H(]YKCOBH
rpynnel. Ksasugyxcosod HasbiBaeTcs rpymmna, obJjajgaro-
mas B C uHBapHaHTHOH 006/1aCTblO, OTPAHHYEHHOH XKOp-
NaHoBo# KpuBOH. OHH TakXe JeJasTcs Ha rpynnel 1-ro
H 2-ro pojaa, cM. [27].

Ecan B C uMmeercsi 2n momapHO HemepeceKaloUUXCH
3aMKHYTBIX KpyroB B;, i=1,2, ..., 2n, u gi— npeobpa-
30BaHMA U3 M, mepeBojsiliMe BHYTPeHHOCTb B; BO BHell-
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HocTs Biyn, i=1,2, ..., n, 10 rpynna {(gi, g2, ..., gn)
KaediHoBa. OHa cBOGOJAHA M COCTOHT (KpPOMe eNMHHLbI)
TOJILKG H3 JIOKCOJAPOMHYECKHX 3JeMeHTOB. Takue rpynn
HasblBawTCa Kaaccuseckumu epynnamu Llorrku. Haxko-
Hell, CyLIeCTBYIOT 060011eHNsT BBeJeHHbIX NMOHATHH Ha 6O-
Jiee BHICOKHE pa3MepHOCTH, cM. [27].

[Iycte G — AuckpeTHass rpynna ABHXKEHHH €BKJHIO-
BOHM MJIM HEEBKJHMAOBOI NJOCKOCTH E, NMeolas KOMNaKT-
Hylo ¢yHlaMeHTaJbHylo o6aacte (cm. [68], [69]).
Torna ona 3ajaercss OLHHM H3 CJAELYIOLIHX KOMOB:

1) nopoxpamuixe 3JeMeHTH:

na) sy, Sy, ..., S, (Mm=0); 16) ay, by, a, b, ..., a,
by (g =0) uan n6’) vy, vy, ..., V(g >0); uB) ¢, €y, ...
s eq (20), mr) ey, Gy oany Comrns - Comg et
(my = 0);

2) onpepessiiouie COOTHOUIEHMUS:

ca) sji=1, h,>2, i=1,2, ..., m c6) ;=1

i=1, 2, . q; ]=1, 2, . m‘-+ 1, CB) (C,"],HC”) ”— l,
hy=2,i=1,2,...,q; j=l 2, ..., my; c; e, mi+,ei‘]=l,

q
i=1,2...,¢q cr) Hs ﬁ[aj, bj]Hek=l WJH
i=l Py

i=1

cr’) H f[v2lg[ e,=1.

i=1 1—1 =
IIpu aToM, ecan noBepxHocte S = E \ G opueHTHpYyeMa,
TO GepyTcsl nopoxnatouide n6) ¥ COOTHOLIEHHs Nr), a
ecaqu — HeT, To Gepytcs n6’) u nr’) BMecTe CO BCeMH
OCTaJIbHHIMH TOPOXKAAIOIIHMH H COOTHOIUEHHSIMH.

Ipynna, 3ajaHHas NpeACTaBJEHHLIM BHILIE KOLOM,
peasusyeTcs Kak JAHCKpPeTHas rpynna JABHXKeHHH cdepbl
(>), eBKJIHAOBOH (=) HJH HeeBKAHAOBOH (<) NJOCKO-
CTH B 3aBHCHMOCTH OT BBLINOJIHEHHS COOTHOIIEHHH

m g M
022;(1 _Tli—)—‘_; ’;](1 ——71—1.:)—4+2£7+f,

rie f = 4g, eciu NOBEpXHOCTb S opueHTHpYeMa, H [ = 2g,
€CJIH NOBEpXHOCTb S HeOpHeHTHpyeMma.

Kaxkpasa u3 rpynn, 3ajlaHHBIX OJAHHM H3 YKa3aHHBIX
BHIIE KOAOB, COAEPXKHT B KauecTBe MNOATPYNIBLI KOHed-
HOro HHJAEKCa HEKOTOPYIo GYyHAaMEHTAJIbHYIO rpynny
3aMKHYTOH NMOBEPXHOCTH.
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F'JTABA III
KOJibIUA U MOAYJH

B § | Hacrosime# rnaBbl u3JjaraioTcsl o6LiMe CBOKHCTBA
koJseu. B § 2 u § 3 paccmarpuBaroTCs BOMPOCH], CHElH-
¢HuHBIe [J151 aCCOUMATHBHHIX H HEacCOLHATHBHHIX KOJIELl
coorsercTBeHHO. Kak yXe ormeuasoch, Teopus moJsied H
KOMMYTATHBHBIX aCCOIHATHBHBLIX KOJIEl, OCTAaeTCsl 3a Ipe-
JenaMu paccMoTpeHus (cm. o Hux [19], [40], [152],
[203]). CpaBHuUTeNbHO MajJO0 BHUMAaHHs YAEJEHO KOJib-
uam u aare6pam Jlu. Mongynsm nmocesimeH § 4. [1pu stom
romoJioruyeckass aJjre6pa H3/J0XeHa B MHHHMaJIbHOM
o6beMe. B yacTHocTH, NpaKkTHYeCKH He 3aTpoHyTa K-Teo-
pust. Hakonen, B § 5 paccMOTpeHBl TOMOJIOTHYECKHE, Yac-
THYHO ynopsiioyeHHble, AH(depeHLHaNbHbBIE, pA3HOCTHEIE,
¢unbTpOBaHHBIE M TpaAyHpPOBaHHHE KOJbLA. [{0BOJBHO
Maj0o BHHMAaHHA YAeJeHO MOAYJSIM C JONOJHHTENbHOH
cTpyKTypoil. PaccMoTpeHH TakiKe KOJbLa, Ha KOTOPHIX
JAeHicTByeT HekoTopas rpynna. M3 apyrux He HalleAwHX
OTpaXKeHHsl B CIPAaBOYHHKE BONPOCOB OTMETHM TEOpeTH-
KO-MOJleJibHEIe BONPOCH [127], KOHCTPYKTHBHHE acleKTH
[213], anropurmuueckue 3agaun [15], [58], csoiictsa
apauTHBHOM rpynnul kosbua [92], [145], ra. XVII, u ero
MyJbTHIIMKATHBHOH moayrpynnu [234]. B nocienueit
paboTre paccMaTpHBAIOTCA W JAPYrHe BOIPOCH, JexKaluue
Ha rpaHHUe TEOPHH KOJell H TEOPHH MOJYTpyImil.

§ 1. O6une onpeaeneHus

1.1. OcHoBHble ompeneennsi. AGesnesa rpynna R Ha-
3HIBAETCH KOAbYOM, €CJIM Ha HeH ONpelesieHO YMHOXKeHHe,
CBSI3aHHOEe CO CJOKEHHeM OUCTPUOYTUBHbIMU 3AKOHAMU:

(@+b)c=ac+bc u a(b+c)=ab+ac.

B KauvecTBe NPHMEPOB KOJEL YyKaXeMm: KoJbUO Z° LeJbIX yuced,
xoibo M,(R) xBanpaTHHX MaTpHL NOPAAKA 71 C JNEHCTBHTEJbHbLIMH
37eMEeHTaMH H KOJbUO V TPeXMePHHX BEKTOPOB C OGBIYHHM . CO*
XKeHHeM M BeKTODHHM NPOM3BEHEHHEM B KauecTBe YMHOXKEHHS.
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Ecau (R, 4, -)— xoabuo, To (R, +) HasniBaercqd ero
addurusnoii epynnoi, a (R, -)— MYAbTUNAUKATUBHOIM
epynnoudom. Ecau Ha xoasue (R, 4, -) 3anath HoBoe
YMHOXKeHHe o, NOJOXHUB a ob = ba, 10 (R, 4, °) Takxe
OKa3HBIBAaeTCs KOJbLOM, KOTOpPOE€ Ha3biBAETCS KOJbLOM,
UHBEPCHOLIM VIIW NPOTUBONOAOX KoM Koabuy R. W3 nau-
HOTO KOJblia R MOXKHO NOJIyYHTb HOBHE KoJgbua R H
R, 3anaB HoBble yMHOXeHHst [ , ] u {, } paBeHcTBa-
mu [a,b]=ab—ba u {a,b}=ab-+ba coorBeTcTBEHHO.
OnHOo3/eMEHTHOE KOJbLO Ha3hIBAeTCs HYAesblM.

Ecan 0 —Hyab aJdMTHBHOH rpynnel KoJbua R, TO
a0 =0a =0 ana mo6oro a = R. CnpaBelJHBH TaKXe
paBenctBa a(—b)=(—a)b=—ab n (—a)(—b)=ab.
Boiwuranue onpeaensiercss paBeHCTBOM a—b =a 4
+ (—b), rae —b — 3sneMeHT, NPOTHBONOJIOXKHBIA b (cp.
n. II. 1.1). OuctpnbyTHBHBIE 3aKOHBI pacnpoCTpaHAIOTCS
Ha BHuHTaHue: (@a—b)c=ac—bc n a(b—c)=ab —
—ac, a TakXe Ha cjJyyal HECKOJbKHX cJaraeMblx:

(Z ai)( bi) = Z ab;.
i1 i=1 i=1 i3

Kaxnaylo abeneBy rpynny R MOMXKHO NpeBpaTHTb B
KOJabLo, mnoJioXxuB ab=0 aas Bcex a,be R. Taxoe
KOJIbIIO HA3LIBAETCH KOALUYOM C HYAEBbLIM YMHONCEHUEM.

[MoaMHOXKecTBO S Kosibla R Ha3hiBaeTCsl NOOKOAbLYOM,
ecitt 0=S u a+b, —a, ab= S BcAxkui pas, Koraa
a,be S. Kaxnoe noakoabuo Koasua R sBJAseTCA KOJb-
LLOM OTHOCHTE/bHO onepauuH, 3ajaHHbix B R. TpuBnasb-
HbBIMH TIOAKOJbLIAMH SIBJASIIOTCA caMO R W OJHO3JIeMEHT-
Hoe MHOxecTBO {0}. IToakoabuom kosbua Z cAyXKur, Ha-
IpUMep, MHOXeCTBO BCeX YeTHHX uHcesa. B KauecTse
npuMmepa noAxkosabna V MOXHO YKa3aTb COBOKYNHOCTb
BEKTOPOB, JieXalllHX Ha (PHKCHPOBAHHOH nNpsAMOH. ITO
NOAKOJbUO fIBJISIETCS KOJbLUOM C HYJIeBHIM YMHOXEHHEM.
Ilepeceuenne J1060re HENyCTOro MHOXeCTBA IMOAKOJEL
KoJblla R okasbiBaercs noixoJabuoM. Iloatomy ans mo-
6oro Hemycroro nojMHoxectBa X = R cyuecTByeT Hau-
MeHblee MOJAKOJbLO, cofepkaiiee MmHoXectBo X. Tlpo
9TO MOAKOJBbLO TOBOPAT, YTO OHO NOPOXOAETCA MHOXCe-
crgom X. OHO COBNMajiaeT ¢ MHOXECTBOM BCEX CYMM Bce-
BO3MOXHEIX Npou3BelleRHi 3jeMeHToB M3 X. Hanpumep,
mHoxectBo {15, 6} nopoxjaaer B Z NOAKOJbLO, COCTOs-
niee M3 BCeX YHCces, AesslIMXcA Ha 3.



§ 1. OBWHE OMPENEJEHHUS 203

Kosbuo R HasbiBaercs accoyuarustoim, ecnu (ab)c=
=a(bc) ans mobuX a, b, cE R, T. e. ecId MyJbTHIIH-
KAaTHBHBIA TPYNMNOMA sBJAsieTcsl moayrpynmnoi. Ecau ab =
=ba AJ4 Bcex a,b = R, 10 Ko/JbLO R HA3bIBAETCS KOM-
myratushoim. KoJbuo, sBAsIOIIEECS KOMMYTATHBHBIM H
accouHaTHBHBIM OJHOBDEMEHHO, Ha3bIBAETCA aACCOYUA-
TUBHO-KOMMYTATUBHOIM. ACCOLHATHBHBIM [KOMMYyTaTHB-
HbiM| sIBJeTCH KOJIbLIO, HHBEPCHOE acCOLUATHBHOMY
[koMmyTaTHBHOMY]. AcCCOUHATHBHO-KOMMYTATHBHBIM 5B-
JaseTcs KoablLo Z, a TakXKe BCAKOe KOJbLO C HYJeBHM
ymHoxkendeM. Kosabuo M,(R) accouuatuHo, HO mnpH
n =2 He koMMmytaTHBHO. Kosbuo V He accouuaTHBHO H
He KOMMYTaTHBHO. CylIeCTBYIOT KOMMYTATHBHble, HO He
accoynaTuBHble KoJabua (cM. § 3). OpuHaxo, rosops
0 KOMMYTAaTHBHOM KOJIblle, yallle BCEero I10Jpa3yMeBalor,
YTO OHO SIBJISIETCS H acCOLMATHBHBIM. TepMHH <«KOJIbIO»
YacTO YNOTpeOAsieTCsl B CMbIC/IE KaCCOLHATUBHOE KOJbLOY.

Jesoid [npasoti] edunuyeri konbua R HasblBaercsi Ta-
KOIl 3JeMeHT e, uTo ea = a [ae=a] njs Bcex a = R.
[Ton edunuyeii MOHUMAaeTCs 3JeMeHT, ABJSIOWUNACS JieBOi
H [paBoH eJHHHUEH OJHOBpeMEHHO, T. €. Tako#l 3Je-
MEHT e, YTO ea = ae =g JJs Bcex a = R. B koJbue He
Momxer 6uiTh GoJsiee OfHOMN eAuHHUBL. Bosee Toro, eciau R
COLCPHUT JIeBYIO €AMHHUY e’ ¥ NpaBylo elHHHLY e”, TO
e’ =¢”, upuuem e’ okasbiBaercsi eluHuledl. OdyeHb yacTo
eAMHULY KoJbla oGo3HayaloT cumBosom 1. Hyuesoe
KOJIbL{O — 3TO eAHHCTBEHHOE KOJ/bLO, B KOTODOM eAUHHLA
cOBMajaer C HyJeM.

1 0...0

0 1... '
Eaununamu xodaeun Z u My (R) cayxar 1 u 71| coor-

0°0...1

percrBedno.. Koabuo V eauuunup He umeer. Ecan RS—nonyrpynno-
Basi.anre6pa (cM. m. 2.3) moayrpymmsl Jesbix Hynae# (cm. m IV.2.1),
T0 Bce 3eMeHTbl M3 RS okasnmiBawoTcs mpaeeMu eannuuamu. TMox-
9epKEEM, 4TO eJHHHLA MOAKO/IbIA MOXKET He 6biTb efHHHLEH ca-

More xonsua. Hampumep, MaTpuubm Bsuia (0 0) 06pa3yoT ToA-

Konbiuo S Koabua R =M, (R) H (0 O) CAYXHT efHHHUEH B S,
HO He B R.
‘Koabuo R HasniBaeTcs autelinod arzedpod unu mpo-

CTO an2ebpoli Haj acCOLUHATHBHO-KOMMYTATHBHBIM KOJb-
uom @ c emunuue#t (a rtakxke @-aareGpoit), eciu R
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apasiercss @-moayneM uA(ab)=(ra)b = a(Ab) pas Jo-
6bix A=® u a,b = R. OcobeHHO BaxkKeH cJyya#, Koriaa
@ — noJie u, cjefoBaTe/]bHO, R ABJseTCA JHHEHHHM Npo-
crpaHcTBoM Haa ‘@. B stoM cayuae aare6pa Ha3uBaercst
KoneuHnomepHol, eCMH OHa $SBJSETCH KOHEUYHOMEpPHHIM
npoctpaHcTROM Haj (D. Besgkoe KOJIbIO MOXHO paccMmar-
pHBaTh Kak ajareb6py HaJ KOJbLOM LEJbIX YHCEJ.

Ilpumepamu asre6p Hajg noneM @ MOryT CJAYyXHTb KOJbUO
maTtpul, M,(®) u konbuo MuorouneHos @[x]. Ilepsas us Hux ko-
HeyHoMepHa, a BTopas HeT. [Tosle KOMNJIEKCHBIX YHCesn M TeJIO KBa-
TEePHHOHOB SIBJSIOTCA ajre6paMi Hal TOJEM AEHCTBHTENbHEIX YHCeN.
Oxrako Teso KBaTEDHHOHOB a/are6poil naj I0JEM KOMIIEKCHBIX
YHCCS1 He SIBJISETCS.

Ecau R — aare6pa nan nonem @ u {e,|. = 3} — Gasa
JHHEAHOro npoctpancTsa R, T0 ee, = > che, rne
rel

ck = @, npuueM /A KaXAbIX L H % JHLIb KOHCYHOE YHCJIO
3/1IeMEHTOB ¢ OTJHYHO OT HyJs. DJeMeHTH ch, Hasb-
BAIOTCS CTPYKTYPHbIMU KOHCTAHTamu anreGpw R. 3apa-
HHe CTPYKTYDHHIX KOHCTAHT IOJIHOCTBIO ONpelensieT yM-
poxeHnue B ajreGpe R. Ilns ee acconHaTHBHOCTH [KOM-
MYTaTHBHOCTH] HeOOGXOZMMO H JOCTaTOYHO, YTOGH

App — W A0 A — pA
Z cheh, = Z ChCin [cm—cm] anas J1o6bIX 1, %, A, R,
reE pes

v, p 3. Bce ckaszaHHOe IOCJOBHO NOBTOpSeTCS B CJY-
yae, Korja (D — NpPOM3BOJILHOE AacCCOLHAaTHBHO-KOMMYTa-
THBHOE KOJIbIIO C eJHHHIEelH, a R — cBoO60AHBIH D-MOAyIb.

Bcsikoe kK0J1b10 R MOXeET GHTb BJOXKEHO B KOJAbHO R!
¢ eNHHHLEH: 3JeMeHTaMH Kojbua R! cayxart napbi
(a,m), rle a=R, meZ, a onepanun onpepeasiorcs
paBeHCTBAMH:

(a,m)+(b,n)=(a+b, m+n)
(a, m) (b, n) = (ab + na 4+ mb, mn).

djeMeHTH KOJblla R OTOXAECTBJSIOTCS C NapaMH Bujaa
(a,0), enunnueir cayxut napa (0,1). Ecin R accouna-
THBHO [KOMMYTaTHBHO|, TO acCOLHAaTHBHO [KOMMYTaTHB-
Ho] H xoJbuUO R'. Ananoruyno pist D-anre6ph R CTPOUT-
csa M-anre6pa R! ¢ epunuuei:R' ={(a, A)la = R, A €
e ®}, (a, M)+ (b, p)=(a + b, A+ p), (a, 1) (b, p)=
== (ab 4+ pa+ Ab, Ap), E(a, A) =(a, EA) nasa mao6HX
a, bsR u A, p, E= ®. INpo xoavuo [anre6py}] R! ro-
BOPSAT, YTO OHO NOJIy4Y€HO H3 R 8HEwHUM npucoeCunenuem

H
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eduruybl. OTMETHM, YTO ec/iH B R cyumecTBoBasa eJHHH-
na, To eauHuua B R! oranyHa ot Hee. Kpome Toro,
KOJIbLO R oKa3sblBaeTcs HaeasoMm B RI.

llodanzebpoii nuHeitHOH anreGpbl Haj MoJeM [KOJb-
uomM| @ HasbiBaeTCs MOJKOJBIO, SBJSIOLIEECS MNOANPO-
CTpaHCTBOM [moamonysem]. Asnre6pa Hajg nojem @ Ha-
3bIBAETCH AOKAALHO KOHE4HOU, eCJU BCE ee KOHEeYHO MOo-
pOXJeHHble NMOAAJIreGpE KOHEUHOMEDHHL.

Kosbuo wLeasix yucea sBJAseTcsS MOAKOJBUOM TOJA KOMIUIEKC-
HBIX YHCes, HO He GyneT mojanreGpoil anreGpH KOMIJIEKCHBIX YHCeJ
Haj noJeM AeHCTBHTEJbHBIX YHCEJ.

JJyeMeHT a anarebpn R Hax nojem (@ HasbiBaeTcs
arzebpaudeckum, ecaU CyLIeCTBYeT TAKOH HeHyJeBOil
MHorouJieH f(x) Hax nosem @, uto f(a)=0. Anre6pa R
HasblBaeTcs aseebpauyeckod, ecliu BCe ee 3JEeMEHTHl aJ-
re6pauueckne. Ecnu Bce aseMeHTH aJjre6pbnl R Han mo-
geM @ ABJAAIOTCA KOPHSMH MHoOrouseHoB Han ‘D, cTeneHH
KOTOPhIX OrpaHHYeHbl B COBOKYNHOCTH, TO TOBOPST, 4TO
R — aarcebpauueckas aneebpa o0epaHuvexHol Ccrenexu.
AnreGpaunyeckoii ajare6pofi OorpaHHYeHHOH CTeNeHH OKa-
3bIBaeTCs BCSKas KOHeUHOMepHas aJjrebpa Haj JIOGHIM
noneMm. IIpo6arema Kypowa: Bcsikast v anarebpanyeckast
anre6pa Haj moJeM JOKaJbHO KoHeuHa? OTpHuaTeNbHBIH
otser xaa E. C. T'omonx ([96], ra. 8).

OTto6paxeHue ¢ kosbla R B Koibuo S [@-anare6pu R
B ‘D-anreGpy S] HasbiBaercs 2omomoppuamom, eciau
9(a+b)=p(a)+ @(b) 1 ¢(ab)=q¢(a)@(b) ara mo-
6bix a, b= R [a Takke @(ha)=A@(a) nmaa mMOGHX
A= ® u a& R). TloguepxkHeM, UTO 3HAKH + H - B JIeBOH
M [paBoOil YacTX 3TOr0 PAaBEHCTBA HMMEIOT DPa3JHYHBIH
CMBICJI: CJIeBa — 3TO ONepauuy B KoJble R, a cnpaBa —
B KoJhile S. B3auMHO OJHO3HAYHBIH roMOMOp(H3M Ha-
spiBaercst usomopgusmom. Ecau ¢@: R—>S — usomop-
¢u3m, To o6paTHOe OoTOBpaXKeHHE Q! TaKIKe OKA3HIBAETCS
u3oMopdHU3MOM, H NOTOMY Takue KoJabna R u S ecrte-
CTBEHHO Has3BaTb usomopgreimu. Ecanm BTOpOE yCJI0BHE
M3 ompefe/eHHss roMoMop(H3Ma 3aMeHHTb Ha ¢(ab)=
=@ (b)p(a), To NpuAeM K ONpeJe/eHHI0 AHTU2OMOMOP-
¢uzma. BzauMHO ONHO3HAUHBLIA AaHTUrOMOMOp(}H3M Ha-
3biBaercs aquTuusomopgusmon. Tomomopdusm [anTHTO-
mMomopdusm] Kosbla MM aare6pel B ce0s HasHBaeTcs
andomopgusmon [anTusndomoppuamom] 3TOro KoOMbUA
UTu 310l aare6pr. Asromoppusm [anruasromoppusm]
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KOJblla WM adreGpbl onpefessiercsl Kak H3oMop¢dusm
[anTHH3OMOPDH3M] 3TOrO KOJBLA WAM 3TOH anrebpn Ha
ce6s. Ecan a—ob6paTHMBIl 2J1eMEHT acCcOUMaTHBHOrO
Kosbla R M ¢(x)=a"'xa, TO ¢ Oka3blBaeTcss aBTOMOp-
¢usmom kosabua R, KOTOpHIH Ha3bIBaeTCsi BHYTPEHHUM.
Ecau @ — HasnoXeHue accouHaTHBHOro kosbua R Ha 06-
JacTb uHejocTHocTH R’, npuueM ¢ (a + b)=oq(a)+ ¢ (b),
9(a?)=(p(a))? 1 p(abc)=(a)e(b)e(c) Anst MOOHIX
a, b, ce R, T0 ¢ okasniBaercss roMmoMopdHHU3MOM HJiH aH-
turomomopbudmom (Xya Jlo Ken//Ycnexn mMar.
nayk. — 1955. — T. 8, Ne 3. — C. 143—148).

ITpumepn. 1) R— Konpuo MHOrowleHoB Haj mnoaem S u
(p(f(t)) = f(1) pas Beex (1) ER (¢ — romomop¢usm);
2) R — npou3BOJBHOE KOJBLO, S — KOJbLO, HHBEPCHOe Koaruy R,
B @(x) = x ans Bcex x E R (9 — antunsomopdusm); 3) R — none
KOMIJIEKCHBIX 4HCel M @(2) = Z mas Bcex 2 € R (¢ — aBTCMOp-
¢mam); 4) R — Konblo Martpuu Haj noteMm P u ¢(A) — matpuua,
TpaHcnoHnpoBanHas Kk A & R (@9 — anrnasToMopdHam).

Iycts ¢: R— S — romomopduam kosen |[D-anare6p].
Ecau | X — noamMHoXxecTBO B R, TO NOJOXHM ¢ (X)=
={¢(x) |xe X}. Ecan X —noakoabuo [noaasreGpal
B R, T0 ¢ (X) oxa3niBaeTcs NOAKONbUOM [nomanreGpoi)
B S. B uacTtHocTH noakoabuoM [noaanre6poii] B S oxa-
snBaercs @ (R)=Im ¢. D10 NnoAKOIbLO OKa3bIBaeTCs ac-
COLHATHBHEIM [KOMMYTAaTHBHHIM] KOJIBLIOM, €CJH acco-
UHaTHBHO [KOMMyTatuBHO] Koabuo R. Ecan B koasue R
umeercst ennnuna 1, To ¢ (1) CAyXKUT elHHHIIER KoJiblia
Im @, HO MOXeT He ObITb eauHHLEH KoJbla S. DjieMEHT
@ (1) obs3aH GLITL eanHUIeH Koabuna S B ciyvyae, KOrjia
¢ — romoMopHoe HaloxeHue, T. e. ¢(R)=S. Hanpo-
B, @(0) Bceraa spJasieTcs HyJeM Koabua S.

Ecan {R.|v& 3} — cemeiictso Koren [D-aare6p], 10
npsiMmoe npou3BeleHHe MHOXecTB R,, T. €. COBOKYNHOCTh
cTpok (..., @, ...), TAe a, € R, nau, uTc TO XKe camoe,
MHEXECTBO BCeX TaKHX OTOOpaXeHHHA a MHOXeCTBa J

B - IM3BIOHKTHOe OObejHHeHHe U R,, utO a(l)eRl

(cp. m. 1.1.2) moxHO npeBpame B KoabLO [M-anre6-
py], onpenejus onepaunH NOKOMNOHEHTHO, T. €.

Coay )4 Gy by )=, a+b,...)

( a;,...)( .oy bt,...)=(..., a;b;,-.')
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[a Takike
A/(..., a,, ...)=(..., lal, ...)

s oGoro A = @].
‘DTO KOJbLO HA3LIBAETCA NPAMbIM npoussedenuem WIu
noanod npamoi cymmod xojeu [D-aare6p] R, n o6o3Ha-

yaeTcsi yepes H R, a npu §={l, ..., n} — uepes
3

[ =
R,® ... ®R, niu Ry X ... X Ry Ecau Bce koabua R,
accouHaTHBHB, KOMMYTAaTHBHB WK 006J1aal0T eAHHHLEH,
TO TO e caMoe CIpPaBeNJIMBO M IJs1 HX NpPSIMOTO NPOU3-
BeleHusl.
Hyets R= H R.. Orob6paxkxenune m,, crassiliee B €o-

. el
OTBETCTBHE Ka’KAOH CTpPOKe ee 1-10 KOOPAHHATY, sBJAseTCs
roMoMop(Gn3MOM NPSIMOro NPOU3Be/leHHs Ha KOJbLIO [ai-
re6py] R, KOTOpLI!i Ha3blBAeTCS €CTECTAEHHOL Rnpoex-
yueii. Konbuo [@-anrebpa] R usomopduo npsiMmomy npo-
U3BEJEHHIO Hs R, Ttoraa u TOMBKO TOTJA, KOrAa Cyuie-
: \E

CTBYIOT TOMOMOp(]HLIe HaNOMXKEeRHS 1, KOJbLAa R Ha KOJb-
na R, obnapampluve cleAyOIIHMH CBOHCTBOM: KAKOBEI Ob)
HH Gblin romMoMopdusmbl @, koabua [@-aare6pu] S B
Koabua [M-aare6pn} R, cyuecTByeTr OSHME H TOJbKO
OiHH roMmoMop¢u3M ¢ Koabua [D-asreGpu] R B KOAbUO
[®-anre6py] S Tako#, uto n, (¢ (x)) = @,(x) Ana sobdoro
xe S (cp. n. VIL 1.7).

Iloaxkoasuo S xoabna R = ]I R., cocTosiulee H3 BCEX

[X=}
TaK#X CTPOK; Y  KOTOPHIX TNOYTH BCE KOODAHHATH (T. e.
Bee, KpoMme, GbITb MOXKET, KOHEYHOrO YHCJAa HX) paBHbI
HYJII0, HA3blBaeTCs 6HeulHeli npamoid cymmoid xesen R,
W o6Cc3HauaeTcs uepes Z: R.. Ormetrum, uTO B €iydae
Te )

6eCKOHEYHOr0O MHOXeCTBa HHAeKcoB J mnpaMas cyMmma
HEHYJIEBbIX KOJIel| eJIHHHIIB He HMeeT, AaxKe eCJH eAHHH-
ueil o6aanaer Kaxjaoe u3 koJaeuy R,. Ecan 3 KoHeuHO, TO
BHEUIHAA MpsMas CyMMa COBNajaer C NpsMbIM NpPOH3BeE-
AenueM. Bce ckasaHHoe ocTaerTcss B CHJe W AJsA anre6p.

ToBopaT, uTo KOALLO R npedcrasrero 6 gude noonpsa-
Mo20 npoussedenusn xoseu R, v&J, wid u4t0 R 1B-
nsieTcsi nodnpameim npoussedenuem xojeu R,, uan yto R
pasaacaerca 8 noonpamoe npoussedenue Kojen R,, ecan
‘cyluectsyeT Takoe romoMopdHoe BJOXKeHHe @ koJbua R
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B IIpsAMOE IIpOH3BedeHHe ]___[SR,,, 4YTO @I, OKa3biBaeTcsd
e

roMoMop(dHbIM HaJloXkKeHHeM R Ha R, [Js Kaxaoro L 3.
ITopnpsiMoe mnpousBeJeHHe Ha3bLIBAGTCA TPUBUANLHOLM,
ec/il JJI HeKOTOporo L& .S roMoMophH3M @m, OKa3hl-
Baercss u3oMopouamoM. Koubno HaswiBaercs ,nodnpamo
HepasnoiumblM WM MOHOAUTHbIM, €CJIN BCKOE ero Npej-
CcTap/ieHHe B BHJe IMOANPSMOro INpPOHU3BeJEeHHS OKa3hl-
BaeTcsl TpHUBHaJbHBIM. Koabno R nojanpsiMo HepasJo-
XKHMO TOrJa M TOJBKO TOTAA, KOrja INepeceueHHe BCex
ero HeHyJIeBBIX HAeaJoB OTIHYHO oT {0}. DTO mnepeceue-
HMe Ha3blBaeTcst cepOyesuHol WJIH MOHOAUTOM KOJbLA.
Bcsikoe Ko/bIl0 npeAcTaBJasieTcsl B BUAE MOANPSIMOro npo-
H3BeJeHHS TMOANPSIMO HepasJOXHMBHX KoJjel. BHelHss
npsivasi CyMMa KoJiell siBJsieTCs YAaCTHBIM CJyyaeM INOJ-
npsiMoro npousselenus. IloanpsiMoe npousBseleHue, co-
JeprKallee NpPSAMYI0 CYyMMYy, Ha3blBaeTcsl CHEyuaibHolM.
IloanpsiMoe npousBefeHHe Kogel R,, v & J, Ha3bBaeTcs
HecoKpaTumslm, ecaH MAJsi Jio6oro x € JF romMomopdpusm

@n*), rpe n*) — ecTecTBEHHAs] IpOEKUHSA R, Ha
3

II R, me sBasercst Baokennem. 1o pPaBHOCHJIb-
=3\ {%}
HO TOMYy, uTO AJa Jwoboro x& 3 mnepeceueHHe

[l  Kergn, == {0}). Tpy6o rosopsi, HECOKpPaTHMOCTb
eI\ (%)}
03HayaeT, YTO Hesb3s OGOHTHCH MEHbUIMM YHCJIOM COMHO-

XKuteyeil. Bce ckasaHHOe ocraercsi cnpaBeldJ/IHBBIM JJIA
aJjre6p.

T'oBOpSIT, YTO KOJMBLUO R annpokcumupyercs Koabyamu
u3 Hexoropoeo rkiacca ¥, ecau IJs1 KaxXJI0ro HeHYJeBOro
a =R Ha#ijercs romoMoppusMm ¢: R—S TakoH, uTO
S=tu @(a)#0. Eciu knacc ¥ 3amkHyT OTHOCUTEAbHO
nodkosey (T. e. BMeCTe CO BCSKHM KOJIBIOM COJEpXKHT
H BCe €ro MOAKOJbLA), TO aNNpPOKCHUMHPYEMOCTb KOJb-
aMu U3 Kaacca I paBHOCHJ/IbHA pa3JIOXHMOCTH B MOANpS-
Moe npousBefleHHe KoJsen H3 f. Bce ckasanHoe cnpaBen-
JuBO W Jgas anre6p. B uacrtHOCTH, .aireb6pa Had moJieM
Ha3kBaeTCsl (PUHUTHO AnnpoxKcumupyemoll, ecju OHa ai-
fIpPOXKCHMHPYETCS] KOHEUHOMEPHBIMH ajirebpaMH.

Ecnu A u B — anre6psl HajJ acCOLHATHBHO-KOMMYTa-
THBHBIM KOJILLOM ‘D C eMHHIEH, TO TEH30pHOE NMPOH3Ee-
nenue @-moayneit A ®o B (cMm. n.4.1) cranosurea M-aj-
re6poii, ecau nosoxuts (a’ @ b’) (a” @ b”)=a’a” @ b'b”
HA(a®b)=ra®b ana mobux As®, a, a/, a" A
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Hb, b, b"=B. 3ra anrebpa Ha3LBAeTCs TEH30PHOIM
HIU KpoHeKkeposoim npoussederuem aiare6p A u B. Ten-
30pHble npousBedeHis A Qo B n B ®o A nzomMopHHL.
Ecau A u B — accounaTHBHble [KOMMYyTaTHBHHE] aJjire6-
pBH, TO acCCOLHATHBHBIM [KOMMYTaTHBHBIM] 6yjaer H HX
TeH30pHOe Nnpoussefiente. £cian A ectb M-aarebpa, a ¥'—
acCOLHAaTHBHO-KOMMYTAaTHBHOE KOJIBLO € eJHEHUEH, co-
depxamee @ B KauecTBe NOAKOJAbLA C TOH XKe CcaMmMoOM
eaunuuei, 1o ¥ ®pA ecrecTBeHHhIM 06pa3oM npespa-
maercsi B W-aare6py (cm. [87], c. 110—111). Accouna-
THBHas ajirebpa A c enuHuuedt | Hax noseM D u3oMopd-
Ha TEH30DHOMY MpPOH3BeJeHHIO CBOMX nopalireép B u C,
colepikautuy I, TOrla H TONbLKO TOTAA, KOTAa sl Jio-
6bix [HekoTophix] 6a3 {e i€ F}u {f|x = &)} anre6p B
ncC COOTBETCTBEHHO HMeeM ey = fxe. AJist JI00HIX L S
B xeE K, a MHOXKECTEO {efrve S, v R) cayxer Ga-
30#t anre6pel A (cM. [31], c. 1566, npennoxenue 2).

IIpedcrasaeruem accounaTHBHO# anre6pnl A Hajx no-
gem @ Ha3nBaeTcs ee roMoMopgusM B anrebpy JH-
HeHHBIX MNpeoCpa3soBaHMH KOHEYHOMEPHOro JHHeHHOro
npocrpaHcTsa Haj mnojeM @ HaH, YTO TO Xe camoe,
B aare6py martpun Hagx nogaeM M. Touneim Ha3bBaeTcsy
npeacTaBJeHHe, sB/sOLIeecs BioXeHHeM. Beskasa koney-
HoMmepHas anrebpa A ¢ equHHIeH HMeeT TOUHOe NpeliCTaB-
NeHHe, H60 yYMHOXeHHe CIpaBa Ha 3JeMeHT ¢ = A sB-
Jasercs JuHellHbiM mnpeoGpasoBanueM [I'(a) suneiinoro
npoctpanctea A. Ilpu atom I'(ab)=T(a)I'(b) npaa mo-
6nix a, b = A. Knaccuyeckue acneKThnl TeODHMH NpeacTaB-
Jnenuit otpaxenn B [56] u [76], § 55. Cospemennoit
TEODHH NPEACTaBJEHHH C IIHPOKHM HCIOJb3CBAHHEM KOJ-
yaHoB nocBsiuieHa MoHorpadus [245]. B o63opumx
cratbsix [109] u [243] paccmarpuBaloTcs npejcraBle-
HHA KOHEYHOMEDHHIX a/re6p KOHEYHOro THNA, T. €. TAKHX,
YTO MHOXECTBO HeH30MOP(HBIX HEpa3NOXKHMBIX MOAYJekH
HaJl EHMH KOHeuHo. O6cTosATeNbEHI 0630D TEOpHH Npen-
CTaBJIeHMA apTHHOBBIX anare6p raH B [241]. Hpencras-
J@HHAM KOJell MaTpHLAMH HajJ TeJCM IOCBflleHa MOHO-
rpacus [251].

HarypaabKoe 4HCJIO n Ha3hBaeTCs XAPAKTEPUCTUKOD
koabya R, ecau na =0 pas scex e =R u kb0, npu
Os4be=R, 0#4k=Z u k<<n Ecan na=0 pcaknil
pas, xorga 0 s=a = R u 0= n < Z, T0 TOROPAT, 4TO Xxa-
paxrepucruxa koavya R pasua nyao. Konnuo moxer ue
HMEeTb XapaKTepHCTHKH. Hamnprmep, ee HeT y nHellHeH
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NpsiMOA CYMMBI KOJIbLla BHIYETOB 110 MOAYJIO 2 M KOJblLia
BbIYETOB MO MoAy./10 3. Ecau Ke XapakTepHCTHKa eCTb,
TO OHa paBHA HYJIO HJIH NPOCTOMY YHCIYy. XapakTepH-
CTHKa ajare6pbl HaJ MOJIeM COBMNajaeT C XapakTepHCTH-
KO# noJis. ’

1.2. Uneaasl. [Toamuoxectso [ koabua [P-anre6psi]
R wnasniBaetrcs 0sycroporHum udeasom (4aCTO NPOCTO
udeasom), ecoiu 0=/, a a,b=1 Brever a—besl u
ar,ra =1 ans moboro r = R [a Takxe Aa = [ pas Jio-
6oro A= ®]. 3anuce /<] R o6biuHO o3Hayaet, yto / —
JABYCTOPOHHHH HIean koabua [M-aarebpn] R. SlcHo, yTO
HAeas KoJbLa R sBJseTCS €ro NOAKOJbUOM H CJIYXHUT
ujpeajoM JIOGOT0 MOAKOJbIA KOJbLA R, B KOTOPOM OH
cojepxutca. AHanoruuso, unean @-anarebpu R sBasercs
ee nojaJjre6poi U CAYXKHT HAeasoM JIOO0OH noaanredpsl
anre6pel R, B KOTOpOH OH COHEpPXKHTCH.

Camo kosbuo R u MHOXecTBOo {0} sABJAIOTCA HAeaJsa-
Mu. COBOKYITHOCTb BCeX YETHBIX YHCeJ sBJseTcs HAeaJoM
KOJIbL[Aa LENbIX YHCEeJ, a MHOXECTBO BCeX MHOIOYJIEHOB
6e3 cBOGOAHOrO ujeHa — HJAeas B KOJblle MHOTOYJIEHOB.
B xosbtte U @-anrebpe ¢ HyJeBHIM YMHOXEHHEM HJea-
JaMH{ cJy¥Katr Jo6ble NMOArpPYNNbl aAAMTHBHOH TIpYIMH
u Jmo0bie NOAMOAYJH [moampocTpaHcTBa] COOTBETCTBEH-
Ho. Orcioga BHAHO, 4TO HAeaJs aJjre6Gpel, paccMaTpHBae-
MO# KakK KOJbllO, MOXeT He O6HITb HAeasom aare6pnl. Oa-
Hako, eciu R ectb D-anre6pa c eauHHued 1, To MHOXe-
crBo {M|A = @} okasbiBaercs nopanreGpoii anre6pu R,
nsomopHoit kosbuy @. [loaToMy B 3TOM ciayyae MOXKHO
cuurath, 4T0 @ = R. Otciofa BBITEKAaeT, YTO NPU HaJH-
YHH eAMHHIBl JI060H HAeas KoJabla R okasbiBaeTcs
uaeanom M-anredpel R.

Ecan @: R—>S — romomopdusm koJgen [D-anredp],
To MHoXkecTBO Ker ¢ ={x|x = R, ¢ (x) =0} okasniBaercs
uaeasoM kosabua [@-aareGpel] R. DtoT HAean Hasbl-
paercsi A0pom eomomopgusma @. I'omomopdhusm ¢ oka-
3piBaeTcsl H30MOPH3MOM B TOM H TOJBKO TOM cJayuyae,
xoraa Ker ¢ = {0}.

B cayuae romomopqmama @, ykasaHHoro B npumepe 1) Ha
¢.'206, Ker @ = {f(#)|F(1) = 0}.

Hpean I xoabua uau anrebpbl’ R Ha3elBaeTcss Xapak-
Tepuctuseckum [8noane xapakTepuctuweckum), eciu
@(x)= ! pas moboro x=1[1 u Jmoboro asTomMoptuama
[snaomopdusma] kosbua uau anre6po R.
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Ilepeceyenne J1060ro MHOXKECTBA HAEAJNOB KOJbLA
[anre6prl] cHOBa sBJAETCS HJeajoM 3TOro KoJbua [asa-
re6pui]. B uacTHOCTH, HMIeasoM OKashiBaeTcsi nepeceue-
HHe Bcex MJeaJsoB Koabla [anre6pe] R, comepxamux
JAaHHOoe noAMHOXecTBO X = R. [Ipo 3ToT Hmean rosopsrT,
4yTO OH nopoxcdaercs mroxcecrsom X. OTMETHM, YTO 3TOT
njaeas sABJsAeTCS HaHMEHbILIMM HAEAIOM, COJepKaluM
mHoxKecTBo X. PasyMeercs, BcAKuii ujean siBasieTcs Noj-
KoJblioM. OJHAaKO MOAKOJbLUO, MNOPOXAEHHOE MHOXe-
cTBOM X, KaK NpaBHJO MeHblle HJeasa, MOPOKAEHHOro
3THM MHOXecTBoM. Maean, nopoXAeHHBIH OJHUM 3JIeMeH-
TOM a € R, Ha3biBaercs 24a8H6IM M 4acTO 06O3HayaeTcst
uyepe3 (a). Ecan R — accounatupHoe Koabuo [M-anre6-
pa), To uMeem

(a)={’z xay; + Zj: u;a + zk: av, + Aa|x;, y;, up
nER AeZhie ]},

a NpH HaJHYNH B KOJblle R eIHHUIB —
(@ ={Z xay; | xy; € R}-
13

Wpean M koabna [anrebpbl] R Ha3blBaercs MUHU-
manvhoim, ecni M==0 n He COLEPKHT WAEaNOB KOJbIlA
[anre6pn] R, otanunbix ot {0} W M, u makcumarorom,
ecii MR ¥ He colepXHTCSI HH B KAaKOM HJeajle
Koabua [aarebphl] R, oranuHoM oTr M n R.

Kaxanii MHHHMAaJbHHI HAeaJ SABJsSETCS TIJaBHbIM.
B koabue uau aare6pe R c JeBoil [npaBofi] eauHunned
BCAKHH HIeaJ, OTJIMYHHEA OT R, BKJAaJAbBaeTcd B HEKOTO-
pHi MakcHMaJabHbH HAea]. OlHako R MoXer He COmep-
XaTh MHHHMaJbHHX HAeasoB. Hx, Hanpumep, Her B
KoJble uesbix uHcesd. Kosbuo R HasmBaeTcss npocroim,
eciM R He AB/NSAETCA KOJbUOM C HYJeBHM YyMHOXEHHeM
M He COAepXKHUT MAeasoB, oTanuHuX oT {0} u R. B Takom
Koabue {0} sABJAsfEeTCA MAaKCHMaJbHLHIM HAeajoM, a R mu-
HUMa/NbHHM. B Kosble uenbx uncea Z MakCHMaJbHBIMH
ABJAIOTCS IJ1aBHBle HAeasn Zp, TAe p — NpPOCTOE UHCJIO.
Cpean accouUHAaTHBHO-KOMMYTATHBHBIX KoJel C eAHHHIed
NPOCTHIMH KOJIbLLAMH SIBAAIOTCA NOJfA H TOJNBKO OHH.
K umciy npocThiXx OTHOCATCS M BCe KOJblla MaTpHu Haj
TeNaMr (H, B YaCTHOCTH, Haj noJasmu). bBosee Toro, npa-
CTHM OKa3biBA€TCS KOJIbIIO MATPHI{ HaJ JIOOHM NPOCTHM
acconMaTHBHHM KoJabuoM. OTMeTHM, YTO J106as aGenena
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rpynna R mnpocToro mnopsiika, paccMaTpHBaeMasi Kax
KOJIbLIO C HYJEBHM YMHOXKEHHEeM, He CONEPXKHT HJeaJioB,
oTauyHHX OoT {0} H R, HO IPOCTHIM KOJIbLIOM He SIBJSIETCS.

IMockosbky Jso6oit upean I kosabna [M@-anare6pni] R
SIBJSIeTCS MOATPYNNOA aAAHTHBHOH TPYNNH W MOCJEIHSS
KOMMYTaTHBHa, TO MOXHO pacCMOTpeTb (aKTOPrpynmy
R/I. dra dakroprpynna cTaHOBHTCS KoJbloM [D-aire6-
poil], ecan mast JOOKIX CMEXHBIX KJjaccoB a + /1 u b+ 1,
rie a,b=R, nonoxute (a+1)(b+1)=ab+1 [u
AMa+I)=ha+1 pra awboro Ae ®]. IlocTpoenHoe
TakHM o6pa3om Kojblo [(D-anre6pa] Ha3wBaercss ¢ak-
TOpKOAbYOM KoAbya R [Paxropasrzebpoi arcebper R] no
udeany I. OtoGpaxenue n: R—R/I, roe a(x)=x+41
LUl Bcex x & R, oka3nBaeTcsl roMOMOp(HHM HaJoxe-
HHEM HJIH, YTO TO. XKe CaMoe, CIOpPBEKTHBHBIM TOMOMOp-
(u3MOM, KOTOpPHIH Ha3HBAETCS ECTECTBEHHbIM WIH KAHO-
Huveckum. Vigeannl KoJibla LeJHX ydcea Z HCYepiH-
BaIOTCA MHOXecTBaMHM BuJa Zn. Pakropkoabuo Z/Zn
Ha3LIBAETCSI KOAbUYOM B8bLYETO8 NO MOOYAIO n.

DaKTOPKOJbLO AaCCOLHATHBHOIO [KOMMYTaTHBHOrO]
KOJ/IbLl@ acCOLHAaTHBHO [KomMyTaTHBHO]. Eciin kosbuo R
cofepXuT enfuHuny 1, To knacc 14/ caAyXHuT eXHHHLeR
¢akropkosbua. CnocoG NOCTPOEHHS TaKOro KoJbla R,
yro AJA JaHHHX Kojen S H T umeer S~I<JR u
R/l ~T onucan B [240], § 52. Meer MecTo Teopema
0 comomoppusme: eciu ¢: R—S —romomopdHoe HaJo-
x)enue Kogel [D-anarebp], To pakropkoabLO [hakTopaJ-
re6pa] R/l usomopdHO koapmy [(D-anrebpe] S. Ilpu
3aToM H3oMoppu3M §: S—R/Ker ¢ Moxer 6uHTb BHOpaH
TaK, 4YT0 IJs Bcex xR umeeM y(@(x))==mn(x), rae
n— ecTecTBeHHH#H romomopdpusm R Ha R/Ker@. Hpy-
THMH CJOBaMH, AHarpaMma

R @

S

R/Ker¢

OKa3hIBaeTCs KOMMYTaTHBHOH.

Mexnay uaeanamu ¢akrTopkoabua [¢pakropasreGph]
R/I u upeanamu kosbua [anre6pu] R, comepKallUMH
HAeaa [, cyuecTByer B3aHMHO OJHO3HayHOe COOTBET-
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cteHe I', coxpansaoowmee nopsagok (cM. m. 1.2.1). Ono
onpefiessieTcsl YCJIOBHEM

riHy={r+1h=s H},
rie | = H < R. Orciona BHTeKaeT, 4TO (haKTOPKOJbLO
[dakTOpanre6pa] oka3biBaeTcsi IPOCTHIM TOTJA H TOJbKO
TOrfa, Korjga | — MakcHMasbHBIH ujeal.

Ilycte @: R— S — roMomopouam koJjeun [anre6p].
Ecan [ —ugean B R, to ¢(/)—wunean B Img, a ecan
@ — HaJoxeHue, To H B S. Ecau [ u J—wupeann B R
un Kero<=/, o o(INI)=09 )N ¢ (/). INocaeanee ocra-
eTcsl CnpaBelJIMBBIM M B-cJayyae, koria [ u J—noa-
Konbla [nomanre6psl]. Ecau T — noakoabuo [nogasnre6-
pa] uan ugean B S, To MHoXecTBo ¢! (I) okasnBaercs
noakosbuoM [nojanre6poit] man uaeanom 8 R cooTser-
ctBenHo. [Ipu atom Kero= @ ! (/) u ¢ ' (/)/Kerp >~ I.

Ecan I, J — upeann koabua [aarebpnu] R, To MHOXe-
ctBo [+ J={x+y|lx=!l, y=J} oxasnBaercs Hzea-
JIOM, KOTOpHIA Ha3niBaercsl cymmodl upeaqos [ un J. dror
upean nopoxpnaercs obvefrHenuem [UJ. Oas moGoro
MHoXecTBa upeanos {/,|i=3J} HazoBem ux cymmot

unean [, TOpoXKIeHHHIH o0O6belHHEHHEM U 1,. Dot
re3

uaean | COCTOMT H3 BCeX 3/J€MEHTOB X, NpeACTaBHMBIX
B BHAE X=X1+ ... |+ xXm, TOE X, E[.,k A HEKOTOPHIX

weES3 n oéosnaqae'rcn yepes [ = Z I,, a B cayuae,

koraa S ={l1, ..., n}, —qepe31—11+ ..+ 1In Cymmal
HaskiBaeTcs np}mou (8 3TOM cayuae numyt [= Ze I,

a A/ KOHEYHOro MHOXecTBa cJiaraeMblx /= IIGB.
. ©1,), ecy BEINONHEHO XOTSA Obl OJHO H3 CAEAYIOIIHX
9KBHBAJIEHTHHX MeXJy CcOO0H YyCJIOBHH:

(1) B mpeacraBiedun a=a;-+ ... + am, rae 0%
Fa [, 4 u, ..., un Pa3JIHYHML, CYyIIECTBYIOUlEM IO
Onpelc/ieHHI0O CYMMBI HWJeaJsioB, 3JeMEHTH a; onpeje-
JSIOTCS OAHO3HAYHO;

(2 1.n Y, Ix=0 gas moGoro 1& ;

LFEREY
3) ecan x, 4+ ... +x,=0, rnexkc—:-hkut,,...,l.,,
Pas3sfNyHH, TO X = ... = Xm =0.
Ectn [=).®], —npavas cymmMa HnAeanos, TO
=3

Lhy=0 paa moGux pasauunslx L H % H3 J. Tlostomy
ecan xoJblo [aareGpa)l R coBnajaer ¢ mpsiMoii cyMMoRt
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Z,G’[L CBOHMX HJeaJoB, TO OHO H30MOP(HO BHeuIHel
€3 i
NpAMOf CyMMe 3THX HJIeaJsioB, a eCJH § KOHEeYHO,

TO — M _HX NpsiMoMy npousBelennto. HaoGopor, ecau
R=1II R — npsiMoe TpPOU3BEefeHHe H X = §; TO MHO-
(A=)

XKeCTBO R, Bcex TaKHX CTPOK a H3 R, uto x (a)=0

IPH BCEX \ 7= % OKa3blBaeTcs UAeas]oM B R, KOTOpHIH Kak
KoJiblo [aarebpa] usomopden R,. Ilpsmas cymma sTHX
HJeaJioB COBMajaeT C BHelIHel NpPAMOH CYMMOH KoJer
[anre6p] R..

Ecau [ — ugean xkosbua [anreGpw] R, To paxe Aas
acCOLHATHBHO-KOMMYTATHBHOTO CJyyasi HJeas KoJibla
[anre6prt] I moxer He 6biTh HAeasoM B R. OgHAKO ecsH
R =1/, to nobo# ngean koabua [anre6prl] / oxasbl-
Baetrcsl HjeajoMm B R.

IMycts [ u J — upeanst xoabua [aare6pol] R. Torga
I+ 0InI~yunhHed/ind) v 1+J/11~J/N/J.
B uacruoeru, I @ J/I ~J. Ecau, kpome Ttoro, I =/J, To
R{I ~(R/)/(J/1). Ecau, nakoneu, ¢: R—>S — romomop-
¢u3m xousen [anare6p], To

(I +N=e(h+e().

1.3. AareGpbl yMHOXKeHHH H 1uddepeHuupoBanuii.
ITycte A — anrebpa Haj acCOLHATHBHO-KOMMYTATHBHBIM
kosabuoM @ c eguHHueld. B uyactHocTH, A MOXeT ObITb
KOJIbLOM, T. e. ajre6poit Hax koabuoMm Z. Ecin a = A,
1O uepe3 L, u R, 0603HauuM orobpakeHus ajare6pnl A
B cels, onpenensieMble Kak L,(x)=ax u Ra(x)==xa
Aast mo6oro a & A COOTBETCTBEHHO. JTH OTOOpaXKeHHs
Ha3bIBAIOTCS COOTBETCTBEHHO OHepaTopamu Ae8020 u npa-
8020 ymHodxcenus Ha snemeHT a. [loganre6pbl anre6phl
EndpA snpomoppusmos ®@-moayns A (npu @ =7Z pac-
cmatpuBaeM A kak abeJieBy rpynmy), NopoxK/JeHHble MHO-
wkectBaMu {L.|a = A} u {R.|a = A}, HaswBaloTCa cO-
OTBETCTBEHHO aa2efpoli nesvlx W NPasolx YMHoNerul
anre6pu A (B oGosnauenusix L(A) u R(A)). Ionan-
re6pa, nopoxaenuasi o6veauHenvem L(A)UR(A) Haswl-
saetrcs arzeGpoii ymroocenuid anre6psl A U o603Hauaercs
yepes M(A). Ecin A — acconnaTtuBHas ajre6pa H B Ka-
yecTBe ymMHOXKeHHsI B EndoA npunsaTo @ oY (cm. m. 1. 1.4),
70 anre6pa A usomopdHa L(A) u antuusomopdpua R(A)
npuueM nsomopbusm [anTuusomoppusm] I' onpenensiercs
pasenctBoM I'(a)= L, [I'(a)=R.] ana Bcex a € A.
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Ecin B — monanre6pa aare6pbl A, T0 uyepes MA(B)
o6osHayaercs noganre6pa aarebpul M(A), nopoxaeHHas
BceMH omepatopaMu L, u R, rie b B.

PaccmarpuBaercsi Takxe auesa anzebpa ymuoxcenudl
arzebpor A, onpejlensiemas Kak noganre6pa agare6pu Jlu
(Endo A) ™), nopoxpaemas BceMu onepatopaMu L, u Ry,
rie a=A, u oGosxauaemasi uepes LieA. fcho, uro
Lied = M(A)H.

CgofictBa ajre6pnl A, pasyMeercsi, CBSi3aHbl CO CBOIi-
cTBamMH ee asarebphl ymHoxeHu#. Hanpumep, anre6pa A
HUabnOTeHTHA (T. e. HAlAETCA TaKoe HATypaJbHOE 71, YTO
npoussejeHue JIO6GHX 1 3JeMeHTOB H3 A ¢ JM06bM pac-
npejejeHHeM CKOOOK paBHO HYJIO) TOrZa U TOJBKO TOTAA,
KOrja HHJbIOTEHTHa accouuatuBHas anreGpa M(A).
Ecnu koHeuHoMepHas aare6pa A Hap mosem @D sBasiercs
ONpsAIMbIM NMpOU3BelleHHeM MPOCThIX, TO TAKOH Ke OKa3hbl-
Baercs u asire6pa M(A).

Oro6paxenue d ko.ibua A B cebs HasbiBaercsi dug-
¢epenyuposaruen, ecaun d(x-+ y)—d(x)+ d(y) u
d(xy)=4d(x)y + xd(y) ans awo6ux x,y<A. Eciu A —
anre6pa HajJ acCOIHMAaTHBHO-KOMMYTATHBHBIM KOJbLOM (D
C eJHHHIeH, TO JONOJNHUTEJbHO Tpebyercsi, 4TOOH
d(Mx)=2Ad(x) ana awob6ex A=® u x=A. Kaxaomy
aneMeHTy a u3 A otBeyaer nuddepeHuUpOBaHHe d, onpe-
IensieMOe paBEHCTBOM d(x)= ax — xa AJs Bcex x E A.
Takue auddepeHUHPOBAHUA HA3BIBAIOTCA BHYTPEHHUMU.
CoBokynHOCTb AutdepeHLHpOBaHHil Ha JI060M Kosble A
o6pasyet Koablo JIn oTHOcHTeNbHO onepauuu [d’, d”]=
=d od”"—d”od’. dr0 KOJbUO HaA3BIBAETCA KOALYOM
Jupgpepenyuposanuii koipua R u oGo3Hauaercs yepes
DerA. Eciu d=DerA uas A, 10 [d,al=d(a) u, cue-
I0BATeJbHO, BHYTpeHHUe AuddepeHIHpOBaHUA 00pa3yOT
uaeas xosoia Der A. Eciu A ects @-anrebpa, TO KOJbLO
Der A craunosurcs @-anreGpoli, eciu anaa mobuix A @,
de=DerA u x= A noaoxuts (Ad) (x)=d(MAx). Tlpu
3TOM Ad = Ag AJs Jo6bix A= ® u a = A, T. e. BHyTpeH-
Hue nuddepeHunpoBaHus 06pasyloT uaeasa aare6por aug-
(epeHuUpOBaHUTL.

Ecain de=Der A, 1o cnpasepauBa ¢opmyna Jlei6-

HHLA: "

EEEDY ( 'f ) d' (x)d" ™' (y)

i=0
Ans MoGHX X, y € A.
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Ecau A ectb ®@-anre6pa u ¢ & EndeA, To paBHOCH/Ib-
HH caepyomue ycaosusa: (1) o Derd; (2) Low =
=@oLs— Laog aas mo6oro acA; (3) Rytay=¢oRa—
— Rao@ past moboro a e A.

Ecan A — accounaruBHas aare6pa u a € A, 1o, ove-
BUAHO, @ = L, — R.. Ecniu A — anrebpa JIu u a, b= A,
T0 Lo =—Rs U Rav =RpoRa— RacRbs.

Kaxnoe aucddepeHunpoBanne KOHeUHOMepHO#H anre6-
pe A Hal MojeM XapakKTepHCTHKH HyJb OKa3biBaercs
BHYTPEHHHM, eCld A siBJAsSleTCA NpSMBIM NPOH3BeleHHEM
NPOCTHIX aJre6p W MJH aCCOLMATHBHA, WJIH fABJAsAeTCHd ah-
re6poit MaJsbueBa (B 4acTHOCTH, aJjrebpoit Jin), wau co-
JIepXKUT OJNHOCTOPOHHIOW enuHuny. To Xe camoe BepHO
Aasi 11000H HeHTpaJbHOH NpPOCTON KOHeYHOMEepHOH acco-
HMaTHBHOH anreGpbl Hal NPOH3BOJLHEIM NoJjieM. Pasmep-
HOCTb anrebpel AM¢¢epeHLIpPOBAHHN n-MepHOH accouHna-
THBHOH aJsre6pbl HaA MoJieM, He sBJAfoLleldcs anreGpo#
C HyJeBHIM YMHOXKeHHeM, He mpesocxomut n?—n. Ecin
A — npocToe accoLHAaTHBHOE KOJBLO C HHBOJIOLHEH, ero
pa3MepHOCTb Hal HEHTPOM He MeHee 5 M 24 = A, TO
anpdepeHnHpoBaHHEM OKa3bIBaeTCcsi BCAKOe TaKoOe OTO-
6paxenre § kouapna A B cebsa, uro &(x+ y)=06(x)+
+6(y) n 8(xx*)=28(x)x* 4+ x8(x*) ansa Mo6HIX x, y=A.
Eciu B accounaTHBHOM KoJblle A crnpaBefjiBBa HMMJIM-
kauua ((2x =0)=-(x=0)) u cymecTByeT Takoe Aueg-
¢epeHuupoBanue d, 4to Aas Jaoboro x & A snement d(x)
o6paTHM HJIH paBeH HYJI0, TO A HAH TeJC, HJIH KOJbUO
MaTpHu BTOpPOro mopsiika Hapx TtenoM ([68], c. 69, 71;
[31], c. 224, Teopema 2; [172], Teopema 4.1.3; [96},
¢. 99, cnencteue; cM. Takxe [55], § 10, u [90], nm. 7.27—
7.30, 7.37—7.40).

Ecan d — nHuasnorenrroe duppepenyuposarnue anreb-
poi A Han nonem (T. e. d" =0 QA HEKOTOPOro n), TO
orobpaxenue

n—1

' d* a3 i
expd=;+d-!—7!-+§-+ +(_n—~_l)l-

OKa3niBaeTca aBToMOp¢Hu3MoM airebpu A.

O nu¢pdepeHUHPOBAaHHAX NEPBHYHHIX H NOJyNepBHY-
EHIX acCcOLMATHBHHIX KoJel cM. [68], c. 69; [93], Teo-
pema 21; [31], § IV.14, a o auddepeHUHPOBAHUAX KO-
Jiell MHOTOU/ICHOB H CTeNleHHbIX psagoB — [23], m. IV.5.8—
1V.5.10.
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1.4. Papukannbl. [Iycts & — HeKoTOpHIl Kiacc anre6p
HaJ acCOUHATHBHO-KOMMYTAaTHBHHM KoJbLOM @, coxep-
Kauuil BMecTe ¢ JI060H aJnre6pol Bce ee HAEaJH H ro-
Momop¢Hue o6pasH. B yactHoctH, eciH O =1Z, 10 &
SBJsieTCA KJaccoM KoJiel. Paduxasrom Ha kJacce & Ha-
3biBaeTcsl oTob6paXKeHHe t Kaacca & B cebs, obaajgaoniee
caelylolHMH cBoiictBaMu: 1) t(R)— Haean anare6pu R;
2) 1(t(R))=1(R); 3) ecan @: R—R’—romomoppuoe
HaJloxeHHe aare6p, 10 @(t(R))=1t(R’); 4) t(R/t(R))=
= {0}.

[lycts t— paaukana. Anre6pa R HasnBaercs t-padu-
Kaaorot, ecan t(R)=R, u t-noaynpocroi, ecau t(R)=
= {0}. HUpean t(R) HA3HBAWT t-paduxaiom aare6pu R.
Hpean [ anre6pu R Ha3nBaeTcs T-pacdukasbrolM, €CIH
t()=1.

I'py6o roBops, KaxAbii pajaukan T CBOAHT H3ydeHHe KJjacca
Bcex aJjre6p M3 &£ K H3YYEHHIO JBYX MEHBLIHX KJacCOB KoJell
T-NOJNYNPOCTRIX H t-pafuKaJjbHHX. [IpaBxa, Ha NpaKkTHKe H3YYeHHIO,
KaK IIpaBHJIO, NMOAAAETCA JIHUIb OAHWH H3 3THX KJAacCCOB.

TpHBHAJLHEIMH TNIDHMEPaMH PaAMKAJOB CJAYKAaT OTOGpaxeHHs
t(R) = {0} u t(R) =R xaas Bcex R=&. B nepBoM caydyae Bce
aire6pnl OKa3HBAaIOTCA  T-MOJAYNPOCTHMH, a {0} — eZHHCTBEHHOM
T-pajgukajbHOil anre6poii. IlpsiMo mpoTHBOMO/MIOXHAsi CHTyalHsi Ha-
6monaeTcs BO BTOPOM cayyae. MeHee TpHBHAJbHBII ApHMEp XRO-
CTaBJisieT onpenelieHue:

t (R) = {x|x =R, nx = 0 paa Hekoroporo n  Z}

B sroM cayuae t-pafiHKaJbHBIMH OKa3HBAalOTCA aJjre6pH C NepHORH-
49ecKoil aJJHTHBHOH rpynnofi, a t-MOJNYNPOCTHMH — ajre6pn c ax-
AUTHBHOA rpynmoii Ge3 xpyuenusi. IIpuMepoM t-NOJYNpPOCTOrO KOJb-
A MOXKeT CJYXKHUTb MHoJie AeACTBHTEJbHHIX YHCeJ, a NpHMepoM t-pa-
JIMKAJbHOrO — JI06G0e KOJbIIO BHYETOB.

Ecan t u $— paankaan Ha kaacce &, TO nosaraeM
1<, ecan t(R)=s(R) mas mo6oit aare6pu R = 8.
OKBHBAJEHTHH CJelyloLlHe YTBEpXKJeHHS O pajHKajax
tus (1) 1<<g; (2) Bcakas t-pajukaJsbHas ajarebpa M3
& s-panukaJdbHa; (3) BcAkad s-moJynpocrass anarebpa
H3 & t-moJympocra.

Ecin t—pagukan Ha kaacce & u Re®, To:
1) t(R)=R Toraa u TOJbKO TOrAa, Koria R He uMeer
HeHyJIeBHX T-NMOJYNPOCTHX TroMoMOpdHHX 00pasos;
2) t(R)={0} Toraa u TOJBKO TOrAa, Koraa R He coaep-
KHT HeHyJIeBHX T-pafMKaJbHHX HAeasoB; 2) CyMMma Jio-
6oro MHOXKeCTBa t-pajHKaJbHHX HAeaJ0B aare6pu R sB-
AsieTcs T-paAuKaJbHHM HAeatoM: 4) T(R)— nanboabunh

t-pajuKajbHNA HAean aare6pu R; 5) 1(R)= ) {T|T—
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T-paluMKaJbHBI Haean B R}; 6) nepeceueHne ma06oro
MHOXKecTBa Takux upaeajoB / us R, uto t(R/])— {0},
YAOBJIETBOPSIET 3TOMY YCJOBHIO; 7) T(R) = {P|P—u11eaJ1
BRu r(R/P)—{O}} 8) t(R)— eIHMHCTBEHHBIH T-paju-
KaJbHBIH HAeaa aare6pol R, ¢pakrtopaare6pa no Koropomy
t-noaynpocra ([1], c. 91—93).

Papukan t HasblBaeTcsi uUO0€AA6HO HACAEOCTBEHHOLIM,
ecan t(/)=1t(R)N! nasa moboi anare6pol R v ee ujiea-
Jaa I, u HacaedcTeeHHbIM, eclii BCe HAeaJibl T-pafHKaJb-
HOro KOJ/blla T-pajukaJjbHE. Ecan T — Hac/JaeACTBEHHHIH
palHKaJa H Jo60H uieaJ t-noJaynpocToi ajare6phl t-noJy-
APOCT, TO T OKa3blBaeTcsl HAeaJbHO HACJEeACTBEHHBIM.
B kJsacce accounaTHBHBIX (M JaX<e ajbTepHATHBHLIX) aJ-
re6p HacJeACTBEHHOCTb M HJeajbHass HacJeICTBeH-
HOCTb — PaBHOCHJIbHbIE CBOMCTBA.

Ecan M — noaknace knacca &, T0 paiHKaJa ty Ha3b-
BAeTCsl HUJNCHUM paduxaiom, onpedessiemoim Kaaccom M,
ecau Anas Jqoboit aare6pel R U3 & HMeeT MecTO

1 (R) =N {t(R) |x — Tako#l pamuka;, uTo BCe
anre6psl u3 M r-paguKaabHbI},

Ecan xnacc M 3aMKHYT OTHOCHTENbHO rOMOMOP(PHBIX 06-
pasoB 1 R f, To R=1y (R) TOraa W TOJBLKO TOrAa,
KOrJa CyllecTBYyeT Lernoyka mojaaJjre6p

0=sR=s... =R =ERE ... =R,=R

Takasi, uto R, — upean aure6psl R,,|, Ry, /R, M
uR,= U Ry — unpean anre6pu R, ecan @ — npepenbHblil

13
tpancuuut ([1], c. 116, npennoxenue 5).

Ecau M — noaknacc kaacca &, To pagukana t® Has3n-
BaeTcs gepxHum paduxarom, onpedessemoim Kiaccom M,
ec v t® — HapOOJbIINA U3 BCEX TAKUX PajJHKaJOB T, YTO
Bce aare6pnl M3 kJjacca M t-noaynpoctel. Ecam & co-
CTOHT M3 aCCOLMAaTHBHHIX ajrebp, TO BepXHHH pamHkaJa t
cyuecTByeT Aas Jaw6oro aberpaktrozo xaacca M (mo-
cJeiHee O3HayaeT, YTO BMeCTe C KaxJoil aare6poH
kaacc M comepKUT Bce aareGpul, nomopdHuie eif). B 06-
eM cayvae 370, BooGiue ropopsi, He Tak. OJHaKoO ecin
JI060# HeHyseBoill Haean Jo6Goit anre6pnl u3 M HmeeT
HeHyJieBble roMoMop¢Hble 06pasnbl, MpHHaanexauue I,
TO pajauMKasa t® cymecTsyeT M s J0Gofi anre6pH R u3
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& uMeer Mecto

™ (R)= Y. {I|] — ngean B R, He HMelUHH HeHy-
JeBBX roMoMopdHBIX 06pa3oB, MpHHamdexauiux M}.

Jlio6oft paauxkan coBMajaeT C HEKOTOPHIM BepXHHM
paaukaJoM JAJs NOAXOAsLlero moakjacca M (cMm. [1],
c. 99, cneactsue 2; c. 100, cneacreue 3).

Ecnn kmacc Bcex npocTeix anre6p u3 & pasbutbh Ha
JBa Hemepecekaloluxcsi moiaknacca P u P”, 1o cyue-
CTBYIOT TaKHe paAHKaJbl T, YTO Bce ajre6pul u3 P’ t-pa-
IHUKa/bHbL, 2 Bce aare6pbl U3 P’ t-monynpoctel. Mmen-
HO, MOXHO NMOJIOXKHTb T =Tp HJIH T=1%".

[Tycte M — noakaacc kiaacca &, 3aMKHYTBHIHL OTHOCH-
TesibHO roMomMop@HbIX o6pa3oB. [losoxum

M ' ={R|R =R, Henynessle ugeans aareGps R
He MpHHAJJ/Ie)xaT M},
“IM={R|R =R, HenyneBsie roMmomMopdHble o6pa3b1
' aare6psl R He mpuuangaexar M},

g,cfl):—l(sﬁt—l) - EDl(a) =(BU EIR“”)‘”.
: <a

Bosnukalomasa TakuM o06pa3oM Bo3pacrarouias ue-
Mouka KJaccoB anreGp HasbiBaercsl yeneoro Kypowa. An-
rebpa R okasblBaeTcsd Iy~ PaJHKaJbHOH TOrAA M TOJBKO
Toraa, korga R = M st HeKOTOPOro TpaHcpHHHTA .
Ecau & — ka1acc Bcex anreﬁp Hap noaem D, a kuaacc
M % MDD BMecTe co BCAKOH anre6poit comepKHT Bce ee
HAeaqabl, TO M = Mo+ ang moboro TpaHCcPHUHHTA O.
Hanporus, ecaun Bce anrebpbl u3 & acCOUHATHBHBI, TO
M) = Me+a) g moboro o (cm. [1], c. 113, mpenso-
XeHde 3; npeAsoxeHHe 5; Teopema 1).

Tlogknacc @ xkaacca & HasbiBaercss pPAOUKAAbHBIM
[noaynpocreim], ecan cyuiecTByer Takofi paaukas t, uTo
© coBmajgaer C KJaccoM BCex T-pafMKa/bHBIX [T- -noJty-
npoctoix] aareGp U3 & DKBHBAJIEHTHBI CJIEAYIOLIHE CBOM-
crBa nogknacca R kaacca K: (1) R paaukanen; (2) R
obnajgaer ciaeAylliuMH cBoHcTBaMu: a) R 3aMKHyT OT-
HOCHTe/IbHO roMomop¢HEIX 06pa3oB; 6) B J06oH anare6-
pe ® u3 & cymma mo6oro MHOXKeCTBA HAEAJIOB, SIBJASAIO-
muxcs anre6pamu u3 R, cama npuHaanexur R, B) ecau
T — cymma Bcex upea/ioB aire6pbl R U3 §, ABJAAOLHXCA
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anre6pamu u3 &, o R/T He colepXUT HeHYJeBHIX Hiea-
JIOB, sIBAsOIMXCA anre6pamu u3 R; r) B 110608 asnare6-
pe R 13 & ob6bearHHeHHe JI0O0OH LeNH HAEAJOB, SABJSIO-
muxcs anarebpamu u3 &, camo npuHagaexuT R; A) ecau
I — rakoii uaeas anre6pul R u3 &, uto /=R u R/ =R,
o 1 Re®R; (3) R obaanaer csoiictBamu a), 6) u B);
(4) obnapnaer csoiictBaMu a), 6) u a); (5) R o6aamaer
cBoficTBaMu a), r) u A#); (6) anrebpa R=®R toraa m
TOJIbKO TOrJa, KOoraa Jiio6oH HeHy/J1eBOH TrOMOMOpPQHBIH
o6pa3 aare6pel R COAepXKHT HEHVJIEBOH HIeaJ, SiBJsIO-
muiics anrebpoit u3 R. Nas noaknacca P kaacca & pas-
HOCHJIbHBI c/leAylomue ycaosus: (1) B moaynpocer; (2) B
obnafaer CAeAyOLMMH CBOHCTBaMH: a) J1000H HeHyJe-
BOH HujJean Ji060Hi ajrebpn R H3 P HMeeT HeHyJieBhle
roMmomopdHble ob6pasbl, npuHaadexaumue P; 6) ecan
upeans /,, & J, aare6pu R = & rtakosnl, uto R/, &P

1Js Bcex L= S, TO R/ [l .= 8&; B) knacc P 3amruyT
[R=R)

OTHOCHTEJbHO MOANPAMBbIX NPOH3BEAEHHH; I') eC/H ljea-
Jaul I, & 3, anre6pel R n3 & o6pasyioT uenb Mo BKJIO-

yeHHIO U R/, =P ansa Bcex 13, 1O R/ﬂ I, P,
L3

) ecau P — nepeceuerue Bcex TaKHX uAeasoB [ anre6phl
Re= &, uto R/ = &, 10 P He HMeeT HeHYJIeBhIX TOMO-
MOp(@HBIX 00pa30B, NpHHajnexamix P; e) ecam [ — ra-
Ko ugeas aarebpel R u3 &, uto IR u R/I= P, 10 1
R, (3) B obnanaer csofictBaMu a), 6) u B); (4) B
o6Jajfaer cBCHCTBOM a) u ecau J060H HelyseBOH HIead
anrebpul R u3 & HMMeeT HeHyJeBblie roMmoMmopdHule o6pa-
3bl, NIpHHaLJexamue kaaccy B, o R = P. 3amernm, 4to
uieann aJjre6pbl, NpHHaAexalel NOAYNPCGCTOMY Kiac-
cy, MOryT emy He mpunajiexartb ([1], c. 94, Teopema I;
c. 97, reopema 2, teopema 3; c. 101—102, caeactsue 4).

§ 2. AccoumatHBHBIE KOJbLA

Ha nporsxenun storo naparpaga nox KoJbuoM BCe-
ria TNOHHMaeTcs acCOlHAaTHBHOe KOJbLO. B wacTHOCTH,
KOMMYTaTHBHOE KOJIbLIO — 3TO BCerfa accollHaTHBHO-KOM-
MYTaTHBHOE KOJIbIO.

2.1. Cneuuduueckue anementsl. Ecan X, Y — noamHo-
XecTBa KoJbla R, To yepe3 XY o6o3nauaerca COBOKYM-

n
HOCTb BCEBO3MOXKHEIX CYyMM BHAA ). X;y;, TAe xiE X,
i=1
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yieY *). na mobuix X, Y, Z = R umeer mecto (XY)Z=
= X(YZ) u, cnenopatenbHo, npoussefeHue X; ... X,
rie X; = R, He 3aBHCHT OT paccTaHOBKH CKO60K. Ecan X
u Y comepxar 0, To cnpaBeaauBbl u paBeHctBa (X 4+
+WVNZ=XZ+YZ uw Z(X+Y)=ZX+ZY, rne Z<=R
H X+Y={+y|lxesX, yesY}. Eciu X u Y —nox-
Kosnla [mojanre6phl], TO AJMS KOMMYTAaTHBHOIO KOJbIA
[asre6pe] R moaMHOXecTBO XY OKasniBaercsi MOAKOJb-
noM [nopanre6poii]. OnHako B o6ueM cjaydae 3TO
HE Tak.

DJieMeHT @ KoJblla R HasbiBaeTcs .sesoim [npasoim]
deautenem HYAs, eCJIM CYLECTBYeT TAKOM HEHYJEBOH aJle-
MeHT b =R, uto ab =0 [ba =0]. Koabuo, B KoTOpOM
HeT JeJuTesell HYJs, OTIHYHBIX OT 0, HAa3bIBaeTCs KOAb-
yom 6e3 deauTeneli HYAf, a TPH HAJHUYHUM €AUHHILBI, OT-
JuuHoil ot 0, — 0baacTeio yesocTHOCTU (MHOrAA NPOCTO
004aCT610) WU YEAOCTHbIM KOAOUOM.

IMpuMepoM o6JacTH LEJOCTHOCTH CJYXHT KOJBLO LEJbIX YHCEJ.
B Kosble MaTpHU BTOPOro MNOPsiAKa Haj MNOJeM JeJHTeJIeM HYyJas

sIBASeTCA, Hanpumep, matpuua A= 0 o) u6o A? =0.
SJleMEHT a KoJblla R Ha3blBaeTCs HUALNOTEHTHOLIM,
ecaH a" =10 A3 HeKOTOPOro HaTypaJbHoro n. Eciu npu
atoM a"~!5 0, TO n Ha3LIBAETCS UHOEKCOM HUAbNOTEHT-
HocTu 3neMeHTa a. KoHeuHo, BCAKHH HHJIbNOTEHTHBI
3JIEMCHT ABJAETCA HACJHUTEJEM HYJIs. YKkazaHHas BhIlIe
maTtpuua A sBJSETCS HHJIBINOTEHTHBIM 3JeMEHTOM HHIEK-
ca 2. DieMeHT a Ha3bIBaeTcsl CTPO20 HUAbNOTEHTHBIM,

ecau B J06OH mocJefroBaTeNbHOCTH ao, aj, dg, ..., TAe
ay=a ¥ a;4; € a;Ra; A1 HEKOTOPOro HOMepa n HMeeM
Qny1 = Qnyz = ... = 0. Bcskuit cTporo HUJIbNOTEHTHHIH

3JieMeHT HHJbTOTEHTeH. J[lI8 KOMMYTAaTHBHBIX KOJIel
BepHO H obparTHoe.

dJieMeHT g KoJblla R ¢ eauHHUeH HasbiBaercs obpa-
Tumelm cnpasa [caesa)], ecan ab=1 [ba=1] ana ne-
Kotoporo b = R. DieMeHT, 06paTUMBI cpaBa H CJEBa,
HasbiBaeTcss obparumeim. O6paTuMblii cnpaBa [cieBa]
3JIEMeHT He MOXKeT OBITb NpaBbIM [JeBBIM] AeaHTEIEM
HyJasi. Kaxaolli oGpatuMblii 3/eMeHT o0Jafaer epuH-
CTBEHHBIM JIeBHIM H €JMHCTBEHHBIM NPaBBIM OGPaTHHIM,
npHYeM 3TH 06paTHBIE COBMAJalOT MeXAy COGOH. IToT

*) HMuorza nog XY nonumaior MHOXecTBO {xylxe X, y=T}.
Ho, xak npasmno, B aToM cayuae fesnaeTcsi cleluaJbHas OrOBOPKA.
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e1MHCTBEHHHIH 37eMeHT 0603Hauaercs yepe3 a~! U Hasbl-
Baercsl ooparhoim A.1a a. Jlna o6paTUMBIX 3J1eMEHTOB a
U b cnpasemsnuBo paBeHcTBo (ab)—!=b-'a-!. Otciona
BBITEKaeT, 4YTO oOpaTHMBble 3J1eMeHTh KOJblla ¢ eAHHHU el
o6pasyloT Tpynny, Has3biBaecMylo epynnod o06paTumelx
asemenTo8 u ob6ozHauaemyo uepe3 U(R). 3amerum, uto
U(Z)={l,—1}, a UM (D)), roe ® — noje, COCTOUT
U3 BCeX HEBHIPOXKAEHHBIX MaTpHu. [loauepkHeM, 4TO OA-
HOCTOpDOHHe 006paTHMBI 3JIeMEeHT MOXeT HMeTb He-
CKOJIbKO COOTBETCTBYIOIIHX o6paTHhXx. Ecan a — puibno-
TEHTHBHIH 3/JIeMEHT HHJeKCa n B KoJblle R ¢ eamHmileil, TO
1 —a—o6paTuMblit 3J1eMeHT, HOO

l—a(l+a+a+ ... +a)=1=
=(14ata®+ ... +a )1 —a).

Pasymeercs, o6paTuM u aneMeHt 1 4 a.

DNeMEHT Z KOoJblla R Ha3blBaeTCs YEeHTPAAbHbIM, €Can
az=za ana awb6oro a & R. COBOKyNHOCTb BCeX 1€H-
Tpa./'lele 3JIeMEHTOB KoJblla R sBJIsieTCS] NMOAKOJILLOM,
KOTOpO€ Ha3blBaeTCs yeHTpom koavya R U o6o3Hayaercs
yepe3 3(R). Eciu R — kosbuo [M-anre6pal ¢ eaunuuei,
10 nl &(R) aas mo6oro uenoro uncaa n [Al & (R) aas
mo6oro A & @].

Ecnu X — noaMHOXecTBO KoJbua R, 10O MHOXecTBO

Cent(X)={r|reR, xr=rx nas Bcex x& X}

0Ka3blBA€TCH MOJKOJbIOM, KOTOPOC HAa3bIBAETCA YEHTPa-
ausaropom muoxecréa X. llentpanuszaTop CaMoro KoJb-
ua R cosnamaer c ero uentpoM. Eciu R — anrebpa, 1O
LIeHTPA/IH3aTOPHl €e NMOAMHOXKECTB H, B YACTHOCTH, HEHTP
oxasbiBatlotcs noaajre6bpamu. Ecan R — (-anre6pa
¢ eanuuneit 1, to ®1 = 3(R). Ecan ®1 = 3(R), 1o aa-
rebpa R HasuhBaercs YewTpasvHou. PasMepHOCTb neH-
TpaJbHON NPOCTOHl aare6phl Haf NOJEM BCErAa SBASETCH
TOYHBIM KBajpaTtom (cM. [96], c. 91, cnencreue). llentpa-
JAU3aTOp 3JeMeHTa @ M3 Koabua uan P-aarebph R, oue-
. . n

BHIIHO, COJEpPXXHT BCe 3JIeMEHTH BHJIa Y 24, tae zie
i=1

< 3(R). B HekoTOpHIX cayyasx BepHO M oGparHoe. Tak,

ecan F — creGognas aarebpa ¢ eauHHued Hax @ u

as F\®I, to Cent{a} = {Zoh,ai ved, 0nes Z}
1=
(cm. [49], c. 306, Teopema 8.5). Eciu R = M. (D), rae
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® —noneun A =R, 10
cent(A)_—_{Z A e, 0<m<z}
i=0

B TOM U TOJbKO TOM CJyyae, KOTJa 3JeMeHTapHble JesH-
TeJMH XapakrepHcTHYeckoii MaTpuusl A —{E B3auMHO
npoctel (cM. [26], c. 184, creacrsue 1). Ilpu Tex xe
0603HaYeHHNX

Cent (Cent {A}) = {ZO MAL e, 0 me Z}

ans mo6oit matpuusl A [63], c. 195, Teopema 4). Ecau
S — npocras nopaare6pa aare6pu M,(®) n E'e S, 10
Cent (Cent(S))=S (cm. [30], c. 197—198, Teopema 19).

dJleMeHT e Kosblla R Ha3nlBaercs UOEMNOTENTOM WIH
UOeMNOTEHTHOIM 3aemenToMm, ecan e =e. Kak 0, tak u |
ABAAIOTCA - MAeMnoTeHTaMH. Ec/H e — HAEMNOTEHT KOJib-
na R, 10 eRe — xoabuo ¢ eanHuueit e. Ecan R — koabuo
C eRlHHHULeHd M e — UAEMNOTeHT, TO | — e TakMXKe OKa3bl-
BaeTca .WAeMnoTeHTOM. B xosbne ¢ eanHnued KaxXani
HREMNOTEHT, OTAHYHBIA OT 0 M 1, ABAsleTCS KaK JeBHIM,
Tak W INpaBbIM JeJauTteneM Hyas, ubo e(l —e)=0=
=(l—e)e. Ecam e n f—muaemnorenTH u ef =fe, 10
ef — naemnotenT. B obuemM cayuyae 3to He Tak. Maemno-
TEHTH e W [ Ha3bIBAIOTCS OPTO2OHAAbHLIMU, €CIAN ef =
=0 = fe. OpTOroHanbHbl, B. YaCTHOCTH, HIEMNOTEHTH €
H 'l1—e Ecnu ey, ..., e —nonapHo OpTOrOHa/IbHbIE
MAEMIIOTEHTH N e=e;+ ... + eén, TO e2=¢e nu eec;,=
=-e;e = ¢; Aas noboro i.

Ecan e w f—uaemMnoTeHTs KoJibua R (BO3MOXKHO,
6e3 ennnunbl), a J — ero paankaa Jlxexo6coHa, To oxa-
3HIBAIOTCSI 3IKBHBaJIEHTHHIMH CJelyIOLIHe yTBepXAeHHS:
(1) eR u fR nsomopdHb kak npasbie R-mopyau; (2) Re
v Rf nsomopduu kak nesvie R-monyau; (3) (e+J) (R/J)
n (f+JI¥(R/) LR/ (e+1) u (R/I)(F+1)] uso-
MopdHu Kak npassle [1eBne] (R/J)-monynn; (4) cyue-
CTBYIOT TaKHe 3JIeMeHTH u.v € R, urto euf = u, fre =v,

uv=e¢ novu=17f (cm. [31], § 1117, 111. 8).

‘Ecan e — naeMnoTedT xoabla R, To Aaxe NMPH OTCYT-

CTBHH B KoOJblle R elMHMIIB N0JaraioT Mo OnpeieseHHIo

R(l —e)={x—xe|x =R},
(1—e)R={x—ex|x=R}
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(1—e)R(1 —e)=={x —ex — xe + exe|x = R}.

Bce 3TH MHOXecTBa sIBJSIOTCS NOAKOJbIAMH (a mepBhie
IBa Jaxe JIeBHIM M IIPaBbIM HJ€aJOM COOTBETCTBEHHO).
Ilpy Hanvuuu B KoJble R eZMHHIBI OHH COBNAAAIOT
¢ mHoxectBaMH R(1—e), (1—e)R u (1—e)R(1—e)
COOTBETCTBEHHO. AJJHTHBHAsi rpynmna koJelia R pasia-
raercsi B NpsIMble CyMMBbI

R=Re®@R(l—e),
R=eRD(l —¢R

u
R=¢eRe®@eR(l —e)P(l —e)Re+ (1 —e)R(1 —e).

3TH pa3/ioKeHHUsT Ha3hBAWOTCA Ae8biM, NpPassim ¥ 08Y-
CTOPOHHUM NUPCOBCKUM pPA30XNCEeHUeM COOTBETCTBEHHO.
Takum o6pa3oM, NpH JBYCTOPOHHEM NHPCOBCKOM pasJo-
XKeHHH KaXXIbH 3/JeMeHT x & R npeacraB/sieTcsi B BUe

x =exe + (ex — exe) + (xe — exe) + (x — ex — xe + exe),
npu JeBOM — B BHIE

x=xe + (x — xe),
M NpU NpaBOM — B BHAE

x=-ex + (x — ex).

PaccMaTpuBaercs TakxXKe nupcos8cKoe pas3noxerue OTHO-
cureasno cucremor {ey, ..., €,} NONAPHO OPTOZOHANbHOLY
udemnorenros, rue ey + ... + e, = 1, apasoleecs pas-
JIOXXeHHEeM B NPSAMYIO CYMMY aJJHTHBHOH FPYNNBl KOJbLA

R, a umeHHo,
n n
R == Z Z e,-Re,.

i=1 j=1

OT0 MO3BOJSCT NPEACTABHTh KAXKJHIH 37eMeHT KoJbua R
B Buge n X n-Matpuubnl A, Ha (i,§)-M MecTe KOTOpOM
CTOMT 3JeMeHT U3 rpynnnl e;Re;. IIpu aTom npousseseHue
3JIEMEHTOB BBIUMC/ISETCS MO NpaBHJIaM OOBIYHOTO YMHO-
XKeHUs MaTpuu. Eciu HIEeMIIOHEHTH e; YenTPAAbHbL, T. €.
e.=3(R), 0 eRej=0 mnpu i=j u R=Re;® ...
... © Ren Ilpu 3toM Re; 0Ka3bBaIOTCS ABYCTOPOHHEMH
HaeasaMu kojbua R, a camo R u3oMop(dHO BHeUIHeH
npamoii cymme koser R; D ... ® Rn. OrmetuMm, ut0
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Kaxjaoe H3 KoJjel Re; obsanaer exunuuei e;. Uaemno-
TEHT e HAa3hIBAETCH HepPA3A0MUMbIM WIH NPUMUTUBHBIM,
€CJ/Il ero Heslb3sl MPEJACTABHTb B BHJE CYMMBbI ABYX HeHy-
JIeBhIX OPTOrOHaJIbHHIX HAEMIIOTeHTOB. B Ko/ble MaTpuig
BTOPOro NOpsJKa Haj TeJOM Hepa3JIoXKHMBbIM OKa3blBaer-

1 0
csl, HanpuUMmep, HIEMIOTEHT (0 0)'

dJIeMEHT @ KOJIblla R Ha3biBAaeTCS pecyAsipHbIM, eCJn
ypaBHeHHe axa = g paspewnmo B R. B 3ToMm cayuae
3JIeMEeHThl @X H Xa OKa3bIBalOTCsl MAeMNoTeHTaMH. BoJee
Toro, ae Ra=Rxa u a<aR =axR. Peryaspuoctb
3JieMeHTa a paBHOCHJbHA paseHcTBY Ra[)aR = aRa
(cm. [256], c. 71). K uucay pery/asipHbIX npUHaIJexaT
Bce OGpaTHMBle H HAEMIOTEHTHbIE 3J€MeHTHI.

dueMeHT a’ Kosbua R HasbiBaercsl npageim [resoim]
keasuobparnoim 1ns a < R, ecan a + a2’ —aa’ =0 [a+
+a’—a’a=0]. daement, obsagalUii Kak NpPaBHIM,
TaK M JieBBIM KBa3HOGpaTHBIM, Ha3blBaeTcsl Keasupeay-
aapHoim. KBasuperyasipHeiilt s/eMeHT o 06JajaeT eauH-
CTBEHHBIM KBa3HOGDATHBIM 3Je€MeHTOM a’, onpefesieMbIM
paBeHcTBaMHu a + a’ —aa’ =0=a + a’ —a’a. [1pn sTom
Jo60i npaBHit [JeBbit] KBa3HOGpaTHBIN A9 @ COBMa-
AaerT ¢ 3THM 3JjeMeHToM a’. Ecain R — KOJIbLO C elHHH-
nel, To 3MeMeHT @ obsnajaer nNpaBbLIM [JAeBbBiM] KBa3HoG-
PaTHBIM TOTZa H TOJbKO TOTAA, KOria 3JeMeHT 1—a
o6jajgaer npasuwM [JgeBHM] oGpaTHHM. [Ipn 3TOM, ecau
¢—npaswii [aeBeft] obpatHbifi maas 1—a, T0 1 —c—
npapbifi [neBnlil] kBazuobpaTHhH AaA a. K uucay kBa-
3uUperyJsipHbIX OTHOCSITCS BCe HHJILNOTEHTHHIE 3JeMeHTHl.
Ecan Ha Kosbue R Onpele/INTb npucoedurenrnoe YyuHo-
JHcenue o, MOJIOXKHB @ ob = a + b — ab, T0 370 yMHOXe-
HHe OKa3blBaeTcsl accOUUaTHBHHIM. J[IpyrumMH cjaoBaMH
(R, o) oxasmBaercsa nosayrpynnoii. Exununed stoii no-
Jyrpynnu cayxut 0, a o6paTHMBIMH 3JleMeHTaMH — KBa-
3Hpery/isipHble 3JeMEeHTH H TOJbKO OHH. [Jlas J06hX
a,b,ceR umeeM (a+b)oc=acct+boc—c u a-o
o(b4+c)=acb+ acc— a. UHorna nox npHcoeAnHEH-
HEIM YMHOXEeHHeM IIOHMMAaloT OlepauHio asb=a +
+ b+ ab.

2.2. Hneann. IloamuoxectBo / kKoabna R Has-
Baercsl sesvim [npaseim] udearom; ecin 0 1, a—bel
uHracsl [aresl] aaa mo6ux a,bel v reR. Nas
onpeneneHus 4e6020 Wan npasozo udeara I @-anre6-
PH R ponoanuTenbHo Tpe6Gyercs, 4To6H Aa e/ Aas
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qo6eix A= ® v a=/. [IpyruMu cioBaMH, JieBHH [npa-
Boiit] ugean @-aare6pst R — 370 JeBHl [npaBhiil] upean
Koabua R, sBaswowukics noamonyneMm ®-moayns R, a B
caydae, koraa @ — noJe, — noanpocrpaHcTBoM. Eciu
®-anre6pa R coAepKHT JeBylO [npaByw] exuHUUY, TO
3TO JONOJIHHTe/bHOe TpeGoBaHHe aBTOMAaTHYECKH BBIMOJ-
HfieTca AJs Jioboro JjeBoro [mpaBoro] Hieana KoJblia R.
JBycTOpOHHHMI HIeas, OYEBHAHO, fBJSETCH KAaK JIEBhIM,
Tak U npaBbiM HaeasoM. 3anucek [ <|;R [I <, R] o3Hua-
yaer, yto [ — JMeBbldl [mpaBblii] HAean Ko.abLUa WM aJ-
re6pol R. B KOMMyTaTHBHOM KOJIblle IOHSITUS JIEBOTO,
1paBoro M ABYCTODOHHEro Hjieajia coBnajaior. SIcHo, 4To
KaK KaXJAblH JieBblH, TaK H KaXAblH NpaBeli HAeas
Konbua [anreGphl] siBAsieTCsl MOAKOJAbLUOM [mopaJrel-
poit}. Ilpumepom JeBoro [nmpaBoro] upmeana B KoJjbla

My(R) ClyUT MHOMXeCTBO BCeX MATpHI BHAA (‘b’ g)

[snda (5 )]

Ecin K <,/ <R, To, Kak npasuyo, K He sBisercs
JIeBbIM - HIeaJoM B R. AHaJlOTHYHOEe IOJIGXKEHHE HMeeT
MEeCTO AJIA OpaBbiX H JIBYCTOPOHHHX HAeasoB. OAHaKo,
ec¢in [ — gBycTopoHHHH uaean B R, K — ABycTOpOHHH#
ugean B [ u H— AByCTOpOHHHH uZAeas B R, MOpOXKaeH-
Hblil MHOXecTBOM K, To H3 = K= H = [ (1emma Ano-
pynakuesuya — cm. [1], c. 33, nemma’ 5).

[paBuiit [neBbiii] umean / xonbua R HasbiBaeTcs cy-
ujecrsennoimn, ecan I H =0 pas a060ro HeHyJeBOTO
npasoro [JseBoro] uieana H konabua R.

Ko/nbuo Ha3biBaeTCsl UKBAPUAHTHBIM caeda [cnpasal
HIH aesbim [npaseim] dyoxkoabyom, ecau BCe ero JeBble
[npaBbie] umeann sBasiorcs AByctopoHHHMH. Kosbuo R
C eJUHHLEH HHBAaDHAHTHO cJeBa [cnpaBa] Torza u TOJNbKO
torga, korga aR = Ra [Ra = aR] ana moboro a = R.
- JleBnlit [mpaBwiii] uaeas I Konbua R Ha3blBaeTcst Mo-
Odyaapubim, ecliy cyllecTByeT e & R takoii, yto x — xe<=!
[x —ex=[] ans Bcex x= /. Ecan R coaepKUT npaByio
[neByo] enunuuy, To Beskuit JeBHil [npaBwiii] uaeadn
MOAYJ/ASpeH. :

[Tepeceuenne n060ro MHOXKeCTBA JeBbIX [mpaBbix]
naeasnoB kosabua uiau M-anreGpsl R siBasgeTcs JeBbiM [npa-
BhiM] uieasom B R. B yacTHocTH, sieBbiM [npaBbiM] Hiea-
JIOM OKa3blBaeTcsl NepeceyeHHe BCexX JeBhX [mpaBbix]
HeaJoB, cofepKalux AanHoe nogmHoxectso X<R. I[Ipo
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3TOT JeBblil [nmpasbiii] Waeas roBopsAT, YTO OH nOpoxcdex
muoxcecreom X. DieMeHT a Koabua uan @-aareGpw ‘R
NpHHAMJIEXKHUT JIEBOMY [NpaBOMYy, ABYCTODOHHeMy] Huea-
Jy, NIOPOXKAEHHOMY MHOKecTBOM X, TOrfia H TOJIbKO TOT[a,
Korja MpeacTaBHM B Bule a=rx,+ ... +r,x, +
F Myt o Ay la=xiri Xl Ayt
oo+ Ay, a=rxs 4+ ... +rx.s, +uxi+ ...
coe Fupg+xfo + oo+ xjo, Ay + o Ay,
roe r;, S, Uy, U, ER, x, x;, x, y, =X, ahZnmd
B 3aBHCHMOCTH OT Toro, o6 uieaJte kosabua uau @-axare-
6pui uxeT peub. Ecau B KoJabue R ecTb emuHuua, TO
npuBefleHHble Bhlle (GOpPMYyJBE yIpollalTcs A0 Q=
=rx;+ ... +ruSp, a=xr+ ... +xur,, 1 a=
=rx$ + ... +ruX,S, cooTBercTBeHHO. [Ipo JseBwit
[mpaBeit, nBycTOpOoHHMH] HAeas, MOPOXKIAEHHHIX KOHeu-
HBIM MHOXK€CTBOM, TOBOPSAT, UTO OH KOHEYHO NOPONCOeH.
Ecau X={x,, ..., x,}, To JeBmii [npaBwnii, ABycTO-
poHHHH] npeaa [, mopoxxJieHHHH MHoxecTBOM X, HaaH-
Baetcsa n-noposdenHoim. B atom cayuae I =Rx,+ ...
eor +Rx,+Zxy+ ... +Zx, [[=xR+ ... +x,R+
+Zx+ ... +Zx, =R\ R+ ... + Rx,R+ Rx, + ...
oo +Rx,+ xR+ ...+ x,R+Zx,+ ... + Zx,], ecan
peub uaer o6 uaease koaoua, H [ =Rx;+ ... + Rx, +
F+ 04+ ...4+0x, =R+ ...+ xR+ Dx; 4 ...
oo+ @xp, I=R,R+ ... + RR+ Ry + ... + R+
+ xR+ ... +x,R+4+Dx,+ ... +®x,], ecan peub
uaer o6 naeane @M-anre6pu. Ilpu Hanuunu B Koabue R
eIMHHLE KaK AJS MAeasla KOJblla, TaK H ANA HAecasa aj-
re6pul HMeeM

I=Rx,+ ... + Rx,=

={rix;+ ... +rox,lry, ..., r, =R},
]=le+ e +an=
={uon+ ... F x50, ..., T, ER)

I=Rx\R+ ... +Rx,R

cooTBeTcTBeHHO. JleBnlit [npaBuill, ABYCTOPOHHHE] niean
I Kobua R, nopoXKAeHHKIH OXHHM 37IeMEHTOM 4, Ha3hBaeT-
cs esasnoim. TIpn 3ToM Ge3 NpeinoJoXKeHHs: O CYIecTBO-
BaHWM B KoJblle R eNHHHLB NpPHBEJEHHHE BHIIe ¢op-
Myun npuo6peralor Bua I = Ra + @a ={ra | Aa|r =R,
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L=®}, [=aR + ®a={ar+Mra|rR, A\ &®} u [ =RaR+
'+CDa={2 ras; +ra+as+ Aalr, s, r;, s, =R, AECD}
i

COOTBETCTBEHHO, rae ® = Z, ec/in uMeeTcs B BHAY HOeal
Kosbla. B 3TOM ciyyae Hesb3si, OZHAKO, YTBepKIarTh,
yto a € Ra ) aR U RaR. Ilpu Hanuuuu efUHWIB JIeBHH,
npaBhil H JIByCTOPOHHHH HAeaJibl, NOPOXKIEHHHIE 3JeMeH-
TOM a, paBHH Ra, aR ¥ RaR coorBeTctBeHHOo. Ecau a —
HJeMIIOTEHT, TO TO JKe caMoe BepHO H NPH OTCYTCTBUH e[H-
HUIL. 3aMeTHM ellle, YTO ecu e2=e = R, 10 x = Re
[x = eR] Toraa u ToJABKO TOr'AA, KOTAA X = Xxe [x = ex].

UpnemnoreHTH e U | Kosbua R ¢ pagukanom J[lxeko6-
coHa J Ha3bIBAIOTCH IKBUBAANEHTHLIMU, €CJIH BHINOJHEHO
OHO U3 CJEeAYIOUHUX PABHOCHJbHEIX APYT APYTY YCJAOBH:
(1) eR =~fR xak npaBne R-moay.H; (2) Re ~Rf kak
Jesble  R-moayau; (3) eR/eJ ~fR/f] xak npaBne
R/J-monynu; (4) Re/Je ~ Rf/Jf xak aeBble R/J-Monpy.u;
(5) cywectByoT 4, v = R Takue, 4t0 euf =u, fve =1,
uv=cuovu=Ff (cm. [31] §§ IIL. 7, III 8).

Cymmoii neBux [npaBeix] upeasnos /,, v §, KoJbLUA
HaIu anreGpbl R Ha3plBaeTCcsi COBOKYHNHOCTb BC€X KOHeY-
HBIX CYMM BHAA X + ... +xtn, rje x,keltk. OTa
CyMMa COBNajfaeT C JeBHIM [NpaBhIM] HA€asOM, MOPOXK-

JeHHHM oObeAHHeHHueM U I, © o6o3Hauaercsi uepes
Lre3

Y . Ecan S=1{1, ..., n}, 10 numyr [, 4+ ... + In.
Lted
CymMa JeBHX [mpaBhix] HIeaJloOB Ha3nBaercss ApAmol,

€cJiM KaXpaoe cJlaraeMoe HMeeT HYJeBOe [epeceueHHe
C CyMMOH ocTaJbHHX. B ciyyae koHeuHoro yucJaa cjaa-
raeMelx 3to osHavaer, uto (I1+ ... +[ic,+1it1+ ...

. +I)N1i=0 pas xaxporo i. Yro6u ykasaTh, 4YTO

cmea npsiMmasi, BMeCTO Z I. w h+ ...+ I, o6uuHO

MHIMYT 23@ I. u 11® . ©1I, coorBercTBeHHO. [ast
[ X

cyMMH [} + ... 4+ [, paBHOCHJbHH CJeLyIOlLiHe yTBepX-

neuusi: (1) 1 ® ... ©1,; 2) (L4 ... +1-)NLi=0

ans Kaxporo i; (3) ecam x,+ ... +x,=x+

eoo+x,rae x, x; 1, T0 X, = x; AnA Kaxporo i, (4)

ectd X1+ ... +x,=0, tne x;/l;, T X, =0 Qaa

Bcex i. OTMeruM, yTOo [mpsiMasi] cyMMa ONHOCTOPOHHHX
HAeaJoB coBnajaer ¢ HX [npsAMOH] cymmo#i Kak MOXA-
Ipynn afAMTHBHOH IPynnbl KOJbLA.
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Ecan e — upemnorent koabua [aare6pu] R, TO paBHO-
CHJIBHHI CIefyIOliHe yTBepXaeHus: (1) e=e;+ ... +eq,
rge e; — MomapHoO OpPTOrOHa/bHbElE HAEMIOTEHTH; (2)
Re=Re,®D ... @D Re,; (3) eR=¢eRD ... D é,R. Kpome
Toro, ecii eR=1,® ... §l, [Re=L, D ... B L,]—
npsiMmasi CyMMa NpaBHX [JeBhIX] HIeasoB, TO e=e|+ ...
... +en, rme e;—nonapHo OpPTOroHajJbHblE HIEMNOTEH-
TH U [; = e;R [Li=Re;]. Ecau R o6ianaer eaunuueii 1,
l=e + ... 4+es roe e —nonapHo OpPTOroHaJbHHE
HAeMIIOTeHTH, U e;Re; — JOKaJbHbIe KOJIbIIA, TO TOBOPAT,
ut0o R o6aadaer OJuaepammoii Adsymau. AT0 uMeeT
MeCTO TOTJa ¥ TOJbKO TOrJa, Korga R — noJyJsokajabHoe
SBI-konbuo. Ecin R o6namaer aumarpamMmoit Ajpsymau
u {e:, ..., €, } — MaKcHMaJbHas CUCTeMa MONMapHO He-
KBUBAJIEHTHBIX HJEMIIOTEHTOB, BXOAAIIUX B 3Ty AHa-
rpammy, 10 (i, + ... + e, )R(e:,+ ... +e;) na-
3nIBaeTcst OasucHoim koavyom [aszebpoil] koabua [aJ-
re6pul] R. JloGnle nBa 6a3HCHHX KoJbua [anre6pe] R
H30MOp(pHBI, NMpHYEM H30MOpPGHH3M MOXKeT OnTb BHOpaH
NpOAOIKAEMBIM [0 BHYTPEeHHEro aBTOMOp(dH3IMAa KOJbUA
[anre6pri] R. TloanynokanbHoe SBI-kosnbuno [anareGpal
HasbiBaeTcs camoba3ucHoim, ecn R sBJjseTcss CBOUM co6-
CTBEHHHIM 0a3uCHBIM KOJbLOM [anre6poii]. 1o paBHO-
CHJIBHO pa3JOoXHMOCTH - ¢dakropkosbua [dakropanre-
pu] R mo ero pamukaay [xkeko6coHa B NpsiMOe IPOH3-
BeJeHHe KOHeuHOoro MHoxecrBa tea ([90], nm. 18.23—
18.28).

Cuaenymoliie CBOHCTB2 HAEMIIOTEHTa € KOJbIA HJH
aare6pbl R paBHOCHJbHB: (1) e — NPpHMHTHBHBIH HAEM-
notent; (2) ecau eR =1, ® I, — npamas cymma npaBHX
naeanos, To Iy =0 uau I, =0; (3) ectu Re=L, D Lo—
npsiMasi CyMMa JieBbix HAeasoB, To L =0 nin Ly=0.
Jpyremu cioBaMH, HepasJOXHMOCTb HIAEMMNOTEHTa e
03HayaeT, 4TO Hepas3jOKHUMH NpaBuil R-Monynab eR u Jje-
Buifi R-mMoaynb Re. DTH MOAYJNR HA3LIBAIOTCS 2AABHbLIMU
npaseim KW A€B6IM HEPA3AOHCUMBIMU MOJYJSMH COOTBET-
cTBeHHO. ECJH HAEMIOTEHTH MOXHO MOJAHUMAaTbh MO MO-
aymo paaukana Jxexo6cona J koabua R, 2 daxkrop-
KOJMbO R/J KnaccCHYecKH MOJYNpPOCTO, TO HAEMIIOTEHT €
H3 R oxasbBaercsi HepasJOXHMLEIM TOTJa M TOJNbBKO TO-
ria, koria Henpupoaum npasuil [nesuit] (R/J) monyan
eR/el [Re/le] (cM. [76], § 6.3, nemma).
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Jlesblit [mpaBuiil, ABycTOpOHHHI] Haeas | Ha3biBaeTcs
AuavnotenTHoim, eciu [* =0 gas Hekoroporo n. [locnen-
Hee 03HAYaeT, YTO NPOHU3BeleHHe JIOGBLIX 71 3JIeMEHTOB U3
I paBHo Hymo. Ecau npu atom I"~! 540, T0 n Ha3bBaeTcs
undexcom HuabnoTeHTHocTu Mieana . Vpean tinaekca 2
HasblBaeTca udeasom ¢ Hysesoim ymrooscernuem. Koabuo R
HA3BIBAETCS HUALNOTEHTHOIM, €Cii R"=0 [AJs HeKoTo-
poro n. HAMbnoTeHTHBIM KOJbLIAM NOCBSILIlEHA MOHOrpa-
¢ust [198]. Ecau [ — HeHyJs1eBOH HUJABNOTEHTHBIA JeBblil
[npaBbiii] wuaean kosbua uau anare6psl R, t0 IR+ 1
[RI + I] — HeHy/1eBOH HHJbLIOTEHTHBIN JBYCTOPOHHHHA
HAeas Kosabua uiau anrebpel R coorBercTBeHHO. Ecan R
COlepKHT mpaBywoo [aeByw] eaunuuy, 1o IR 4+ 1= IR
[RI + 1 =RI]. Takum o6pasom, J060e KoJabLO [a/re6-
pal, coamepxaiiee OZHOCTOPOHHHE HEHYJIeBble HHJBIIO-
TeHTHble HJeaJibl, COLEPKHT H HEHY/JeBOH HABYCTOPOHHHH
HUJbNOTEHTHBIH HAean. Ecau [ — ABYCTOPOHHUH HUJIBMO-
TeHTHBHIH HAean KoJbLa R U ¢paktopkoabuo R// Huabmo-
TEHTHO, TO OKAa3bIBA€TCS HHU/bMNOTEHTHBIM H CaMO KOJib-
o R. CyMMa KOHEYHOro YHCJAa HUJBIOTEHTHHIX JEeBBIX
[mpaBbiX, ABycTOpOHHHX] HIeanoB HuJbmoTeHTHa (([45],
caencreue 9.3.7(B)).

JleBbll, mpaBelif HAM ABYCTOPOHHHH uiean [ Ha3H-
Baetcsl T-HUAbNOTEHTHOIM cnpasa [caesa], ecau AJs JIO-
06oit noc/iel0BaTeNbHOCTH ay, Ay, ... 3J€MEHTOB M3 [ Hali-
jeTcs TaKoH HOMep n, 4YTO @y ... 8, =0 [@p@ny ...
... ay=0]. ScHO, UTO KaXAblil HUJBIOTEHTHBLIH HAeasn
T-HU/IBLIOTEHTEH KaK CpaBa, TaK M CJeBa.

JleBblit [npaBblff, ABYCTOpOHHHII] HAeas Has3biBaercs
JIeBbIM [NpaBBIM, ABYCTOPOHHHM]| HUAb-UJeaiOM, eC/H OH
COCTOMT M3 HHJ/BMNOTEHTHBIX 3/7eMeHTOB. K 4YHCIY HHJb-
HAeasloB NMpHHaJJeXaT BCe HHUJbIOTEHTHBblE U AaXe BCe
T-HnIBNIOTEHTHBlE CcnpaBa HJAM ciaeBa HAeansl. Koubio
[anre6pa], sBasilolleecs HHJb-HI€a/IOM, Ha3blBaeTCs
Hunb-Koabyom  [Hune-ancebpoi]. B  KOMMyTaTHBHOM
KOJIbL[eé COBOKYMHOCTb BCE€X HHJbIOTEHTHBIX 3JEeMEHTOB
o6pasyer HHJb-UAeas. B o0umem ciayyae 3TO He TakK:
KOJIbLIO MAaTpHL HaJ MoJeM He CONEepPKHT HeHYJeBbIX
HIeaJsioB, OTJIMYHBIX OT CaMOT0 KOJbLA, XOTA B HeH ecTb
HeHyJieBble HHJ/BINOTEHTHBlE 3JeMeHTH. Eciu kosibuo R
COJlepXKHT JBYCTOPOHHHH HHJb-uead [ U PakTOpPKOJIbLO
R/l sBasiercsi HUJIb-KOJIBIOM, TO HHJIb-KOJBIOM OKAa3hl-
Baerca M camo Kosabuo R. To xe caMoe BepHO H [Jf
anre6p. Ecin R — Hunb-anre6pa Hajl HeCYETHHIM IIOJIEM,
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TO HHJIbAJIre6poi OKasbiBaeTcs H anre6pa MaTpui Hag R
(em. [31], c. 39, cnenctBue 2). C HuJb-HAeaNaMH CBs-
3aHbl [Be He pelleHHble JO CHX mop npobaembl: 1) By-
JeT Ji4 MpaBbIM HHJIb-HA€a/qOM CyMMa JABYX I[paBhiX
HH/Ib-HReanoB? (npobaema Kére); 2) CyuiectByloT JH
NpocThie HHUJAbKOMbua? OTMeTHM, YTO MPHMEpHl MPOCTHIX
KoJlell, COBNafalouUHUX cO CBOMM paaukasom Jlkeko6coHa,
nocrpoedn ([13], u. I, § 8).

Ko/1b1l0 Ha3blBaeTCsl A0KAAbHO HUAGNOTEHTHBIM, eCJH
BCAKOE ero KOHEYHO MOpPOXKAEHHOe MOAKOJbLO HHJbIO-
TCHTHO. Bcsikoe /0Ka/JbHO HHJ/IBIOTEHTHOE KOJBLO, Oue-
BHIHO, SABJAACTCS HHJAb-KOJAbUOM. Ecau (D-aarebpa sB-
JIIeTCS JIOKaJbHO HHJbIOTCHTHBIM KOJBLOM, TO HHJbIIO-
TeHTHa BCfIKad ee KOHEYHO MOpoXKJeHHas mnopaJrebpa.
Eciu koabuo R copepKHT JIOKAAbHO HHJIbNOTEHTHBIH
JBYCTOPOHHHH HuAean [ M ¢akropkoabuo R// J0KaJbHO
HHJ/IbIIOTEHTHO, TO JIOKAJbHO HHJbLIOTEHTHO M CaMO KOJib-
uo R. To xe camoe BepHO W agasa aare6p ([31], c. 285,
aemma). [loganre6pa koHeuHOMepHOH aJireG6pbl Haj Mo-
JieM, obsajgalpiasa 6a3oi, cocTosilied W3 HHJIbNOTEHTHBIX
3JileMeHTOB, HHabnoTeHTHa ([76], § 4.6; [90], n. 13.28).
B uacTHOoCcTH, KOHeYHOMepHAasi HHJb-ajre6pa Haj nojem
Bcerfa HuJbnoteHTHa. OJHaKo 6eCKOHeyHOMepHasl HHJIb-
ajnrebpa MOXKeT He GbITb JaKe JIOKAJbHO HHJbIOTEHTHOH
(npumep 'oaoda, cm. [96], ra. 8). Tem He MeHee, ajre6-
pauucckas HHJb-aire6pa OorpaHHYEHHOH CTeleHH Hax no-
JleM OKa3blBaeTcs JIOKaJbHO HHaAbnoteHTHO# ([96], Teo-
pema 6.4.4).

JleBnifi [npaBbiit] uWpean M koabua uiau anrebpol R
Ha3biBaeTCd MaKcumaabHoim, ecau M=~ R, HO BcAKHi
OTJIMuHbLIA OT R /ieBbifl [mpaBblit] uieals, copepxammui M,
pased M. JlpyrHMH CJIOBaMH, MaKCHMaJibHbIi JieBblil
[npaBbii] Haean — 3TO MaKCHMaJbHBIH 3j1eMEHT uyac-
THYHO YNOPSIAOYEHHOTO MHOXECTBA JeBbIX [mpaBbix]
uaeasoB KoJabua R oTauyHbX or R. JleBniit [npasuwiit]
unean M koJsbua HJIH anre6pnl R Ha3blBaeTCst MUHUMANb-
Hotm, eciu M50, HO BCcsikMi HCHYJeBOH JeBblH [npa-
Bhlit] uieas kosabua R, Jexawuii B M, copnamaer ¢ M.
IlpyruMu  CJOBaMH, MHHMMaJbHBIA JeBBH [npaBbiid]
HAeas — 3TO MHUHHMAaJbHBIH 3JIeMeHT YacTHYHO YNOpsjo-
YEHHOTO MHOXXeCTBA HeHYJeBblX JieBHX [npaBbix] wuiea-
JOB KoJbla Hau aarebpbl R. B koabue M;(R) Jesbiit

‘MAeas {(Z g)la, be R} ABJAETCS KAK MUHHMAaJIbHBIM,
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TAaK H MAakCHMaJabHBIM. TO XKe caMoe MOXHO CKa3aTb
a b
O NpaBOM MHjeajie 3TOrO KOJblla {(0 0)|a, beR}.

B uo6oMm Koable [anarebpe| comepxkalleM JeBylo [npa-
BYIO] eIHHHIY, CyLIeCTBYIOT MaKCHMaJbHbIE JeBble [npa-
Bble] uacann. OfHAaKo, HampuUMep, B KOJblEe UEJABIX YH-
ceJ MHHMMAaJbHBIX HAeaJsoB HeT. Ecau M — muHuMab-
Hblll JieBbIH [npaBhiii] uaeas koJbua R, To man M? =0,
nim M=Re [M=¢eR], rae 0% ¢?=c < R. Ipustom
ecan M? =0, To noako/bio eRe KoJabua R oKasbiBaeTcs
TenoM. OtMeruM, uto O0z*~ae& M Baecduer M=Ra
[M=aR]. Bcsikas cymMMa MHHHMaJbHBIX JIEBbHIX [npa-
BbiX] HaeasoB paBHa MPsSAMOH CyMMe MHUHHMAaJbHbIX Je-
BbIX [npaBeix] uueasoB. IlpaBpa, stu npsimele caarac-
Mble He BCerjia MOXHO BHIGpaTh M3 YXKe HMEIOUHXCS
ciaaraemblx. [1pu HaaHuKMH B KoJblle R eNHHULBI BCE CKa-
3aHHOe SIBJISIETCS YAaCTHBIM CJydyaeM YTBepKICHHH, Ka-
calomuxcst R-moayaei (cm. m. 3.1).

CyMMa Bcex MHHHMaJbHBIX JIeBbIX [NpaBHIX] HAeasioB
KOJbLA HJAH anare6pbl R o0Ka3biBaeTcss ABYCTOPOHHHM
HAeaJOM H Ha3blBaeTcs sesbim [npaseim] yokoiem
KoJbla uau aare6pel R. Eciu B KoJblie HET MHHHMaJb-
HbIX TpaBbIX [JeBbiX] HAeaJsoB, TO ero npaBblil [JeBblii]
HOKOJIb cuuTaercs paBHbIM HYJ10. OJHOpodroi Komno-
HenTolU TpaBoro [JeBoro] uOKOJA KoJblla R Ha3biBaercs
cyMMa BCeX MHHHMaJbHbBIX NpaBbiX [JNeBbIX] HIeaJoB,
M30MOpGHBIX Kak npaBblii [seBwii] R-mMoayab ¢ukcupo-
BaHHOMY mpaBoMmy [nesoMy] umeaay. LlokoJsb paBeH mps-
MO} CyMMe CBOMX OAHOPOAHbIX KoMmoHeHT ([31], ra. 1V,
§ 2). Eciu kosbuo [anreGpa] He COmEpXKHUT HEHYJEBbIX
OJHOCTOPOHHHX HHJBNOTEHTHBIX HAeasoB, TO ero |[ee]
npapblil U JeBbIH LOKOAU coBmagaioT. Bosaee Toro, oaHo-
POLHblE KOMIOHEHTBl 3THX LOKOJcH COBMAaAalOT M SAB-
JasTcsl npocthiMu Koabuamu ([31], c. 101, Tcopema 1).

C KaxXIbM NOJAMHOXeCTBOM Y KoJiblla R CBsi3bIBAlOTCA
ero aesolli U npasolli ARHYAATOPsL, OCO3HAUaeMhie, COOT-
BeTCTBEHHO, yepe3 Ann;Y u Ann,Y u onpeaensieMble pa-
BEHCTBaMH

AnnY={x|x=R, xy=0 n1as Bcex y<VY}

H
Ann, Y ={x|xE R, yx=0 145 Bcex yY}.

OTH aHHYJIATOPbl OKA3bIBAlOTCS JIeBbIM H NpaBHIM HAea-
JIOM cooTBeTcTBeHHO. JIcBHIii [nmpaBblii] miaean xoabua R
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Ha3bIBACTCA AHHYAATOPHOIM, ECJIH OH COBMARAET C JEBHM
[mpaBbIM]  aHHYJIATOPOM HEKOTOPOTO MNOAMHOMKECTBA
Y = R. Ecan R — anre6pa, To BCAKUA aHHYJSATOPHBI Je-
Beii [npaBulii] umeasn Kosbua R siBAsieTcst JieBHM [npa-
BBIM] HJeasoM aJjreGphl.

Ecan H —npaBbii  uJeas, NOPOXKACHHBIH MHOXe-
ctBoM Y, to Ann;Y=Ann; H. [dna nesoro upeana L,
MOPOXKAEHHOr0 MHOXeCTBOM Y, cnpaBedJIHBO paBeHCTBO
Ann,Y =Ann,L. QOueBusuHo, uyro Y, =Y, Bicuer
Ann; Y, = Ann; Y, u Ann,Y,=Ann, Y, Cnpaseiiusst
TaKXXe COOTHOIIEHHS

Ann,; (Ann, (Ann,Y)) = Ann, Y
Ann, (Ann; (Ann,Y)) = Ann, Y.

PaBeuctBo Ann,a = Ann;a = {0} anast n1060ro HeHyJie-
BOTO 3JIeMeHTa @ H3 KOJIblia R, OYeBHIHO, O3HAUAET, YTO
R — xosbo Ge3 penuteneit HyJs.

Ecan R —kosbuo ¢ eaunuueii u e?=eeR, TO
Ann;(eR)=R(1—e) u Ann,(Re)=(1—e)R. JleBnit
[npaBhiii] aHHyJasiTop JeBoro [mpaBoro] Haeasa OKasbi-
Baercsl ABYCTODOHHHM HAeaJoM. Eciu [ — ABYCTOPOHHHIT
Haead, o uaeaa Ann/ = Ann, /) Ann, ] nassiBaercsi ax-
#yaatopom upeana I. Hmeer Mecto paBeHCT30

Ann (Ann (Ann/)) = Ann/,

a I = J Baever Ann/ = Ann/J. [IBycTOpoOHHHI HJeas Ha-
3bIBAETCH AHHYAATOPHBIM, €CJH OH SIBJSIETCS aHHYJSTO-
pOM HEKOTOpOro ABYCTOpOHHero HjeaJsa. Eciu [ — aHHy-
JsTopHbli uieas, To Ann(Ann/)=1.

Konbuo R HasbiBaetcsi nepeuutbim, ecau 1J = {0}
AJIsL JIIOGBIX ero HeHyJeBbiX ABYCTODOHHHX HJeaJioB [ H J.
[lepsuuHOCTL KOJIbUA R PaBHOCHJbHA KaXXJOMy H3 cJe-
nywoumux csoiicts: (1) Ann; L = {0} nmas Jawo6oro HeHy-
Jiesoro Jjesoro uaeana L; (2) Ann, H= {0} nas nwo6oro
HeHyJieBOro npasoro upeana H; (3) ecau 0 %% a, b =R,
T0 aRb+ {0} (cm. [96], memma 2.1.1). IlepBuuHOCTB
rpynmoBoro KoJsbua RG paBHOCH/JIbHA MepPBUYHOCTH KOJIb-
Ha R u orcyrctsHio B G KOHeUHbIX HOPMAaJbHBIX MNOJI-
rpyan ([12], c. 23, Teopema 21).

YHCJy MepBHYHBIX OTHOCHTCS BCSAKO€ MpPOCTOE
KoJsblo. [IpOCTHIM KOJMbLUOM SABJASETCS BCSKOE TeJo, a
Takke KOJbLo Matpuu Haj Tesqom. [Ipocroe kombuo R
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¢ elMHHUeH, cojepKallee MHHHMAaJbHHIH JeBHWH [npa-
BHI] upeas L, nuzomopdHO Ko/ibLy MAaTpPHL Haj HeKOTO-
peim tesom D (cm. [87], c. 112, teopema 1; [90], T. 1,
c. 407, teopema 7.7). Ilpu arom D usomop¢uo eRe, rae
L =Re (cM. n. 2.1). [Ipu OTCYTCTBHH eIHHUIBI R OKa3bl-
BaeTcsl H30MODQHBIM NJOTHOMY KOJbLY JHHeAHBIX npe-
o6pa3oBaHHH KOHEYHOro paHra HajJ HEKOTODPHIM TeJOM,
cojepxKalleMy XoTsi 66l OJHO HeHyJeBoe npeoGpa3oBaHHe
koneuHoro paura ([30], c. 115; [55], c. 250). Llentp
NpOCTOro KoJbla ¢ eAHHHIEeH OoKasbiBaercs noJem. Ecau
A — neHTpasbHas npocras ajireGpa Haj nosem @, a ¥ —
pacuipenHe noas ‘@, To TeH30pHOe npousBesenHe ¥ ® o A
OKasniBaeTcsl HeHTpaJbHOK mpocrtoit W-asre6poit ([90],
n. 13.9). TensopHoe mnpou3BeleHHe ABYX LEHTpaJbHBIX
NpocThix ajrebp Hax moneM (D TakXKe OKa3nlBaeTcs I€H-
TpaJbHOH mnpocrtoii ‘@-anreGpoit ([96], Teopema 4.1.1).
TeH3opHOe mpoH3BeleHHe NMPOCTOH anre6pbl ¢ eAHHUIEH
Hap nosem @ M LeHTpPaJbHOH NMpOCTOH anreOpbl Hal TeM
ke noseM — npocrass ‘@ aare6pa ([87], c. 115, Teope-
Ma 2). O KOHeYHOMepHBIX LEHTPaJbHbIX NMPOCTHIX anare6-
pax cM. m. 2.5.

KosbLo, He cogepikalllee HeHYJIeBHIX IBYCTOPOHHHX
(nm, 4TO TO XKe caMoe, JIeBBIX HJIH NMPaBhIX) HHJbIOTEHT-
HBIX HJeaJsoB, Ha3blBaeTcs noaynepsutrsim. KoHeuHo,
BCAKOEe MepBHYHOE KOJbIO MOJaynepBHYHO. [IBycTOpOoHHUI
upean P xosabua R HasbiBaetcsi [noay]nepsudnoim, ecan
R/I — [noay] nepBuyHoe Koabuo. [TepBHuHOCTh HAaeasna P
pPaBHOCHJbHA TOMY, YTO IJS JIOOBIX JBYCTOPOHHHX Hlea-
aos I u J Brawuenne IJ = P Bnever /= P uau J = P.
KoMMyTaTuBHBIE NepBHUYHbIE KOJbLA — 3TO B TOYHOCTH
KoJibla 6e3 JenuTtenedl Hynas. SICHO, YTO NEepBHYHOCTb
KOJIblla O3HayaeT INEPBHYHOCTb €ro HYJNEBOro HiaeaJa.
ITepBHYHBIM, OUEBHAHO, SABJAETCA BCAKHH MaKCHUMaJlbHHIA
JBYCTODOHHHI HAeaJ. JIBycCTOpOHHHH HJeas NOJyNnepBH-
YyeH TOTJA W TOJbKO TOTJa, KOrja OH COBNAajaeT C mnepe-
CeYeHHEM BCeX CcoJepKalluX ero IepBHUHBIX HIeaJoB.
3TO pPaBHOCHJIBLHO PAa3JOXHMOCTH JIOGOro MOJynepBHY-
HOTO KOJIblla B MOANPSIMOe NpoU3BefleHHe NepBHYHBIX. Bee
cKazaHHOe ocrtaercsi B cuje u aas aure6p. Ecaun @ —
nosie xapakrepuctuku 0, TO rpymnnosasi aare6pa @G
nosyneppuuyda. Ecau @ — noJsie xapakrtepHCTHKH p >0,
1o MG noJynepBHYHa TOrAa W TOJbKO TOTJAa, KOrjaa enu-
HHLA IPYNNbI ABJSETCS eAHHCTBEHHBIM 3JIeMEHTOM KOHeY-
HOTO TOpsiKa, KPAaTHOro p, HHIEKC LEHTpaJH3aTopa:
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KOTOpOro KoHedeH. JIis mepBHuHOCTH anre6pnl MG He-
06X0lMMO M J0OCTATOYHO, YTOOBI eAHHHUA rpynnsl G 6bl1a
€AMHCTBEHHbIM 3JIEMEHTOM, HHICKC LEHTPaJH3aTopa KO-
Toporo koHeded ([90], m. 26.10; [233], § 5).

IBycToponuu#i npean / koabua [anreGpel] R Ha3bl-
BaeTcsi 8noAHE NPOCTHLIM, ecau AJas1 Jo6GhiX a,beR
BKJIOUeHHe a,b e [ Bieder 3a cobolt a1/ uau be .
IBycroponuuii ugeasn / ko.abua R OkasbiBaercs BIOJHE
APOCTHIM TOTAa H TOJbLKO TOTAA, KOrAa B (DaKTOPKOJbIlE
R/I Her pmenute. eit Hyssi. JI11 KOMMYTaTHBHOTO KOJblLia
MOHATHS NMEPBHUHOrO H BIIOJIHE NMPOCTOro HjeaJia COBIa-
JaoT H COOTBeT 'TBYIOLIMH HOeas Ha3blBAeTCsl NPOCTbLM.
dJ/leMeHT KOMMYTAaTHBHOTO KOJIbL@ R HHJIbIIOTEHTEH TOrAa
H TOJbKO TOrAd, KOTAA OH NPHHAJJEXKHT [epeceueHuIo
BCeX NPOCTHIX K 1eaJoB 3Toro Koabua ([60], c. 173, caea-
cTBHe ).

[TonynepBuunoe KoJbuO R mnpeacTaBiasieTcss B BUle
HEeCOKpaTHMOro MOANpPSIMOTO MPOU3BEeJeHHS MepPBHUYHBIX
KOJiell TOrfa H TOJIbKO TOrjJa, KOrfia YacTHYHO YMOpso-
YeHHOe MHOXXECTBO HEeHYJIeBbIX aHHYJATOPHBIX ABYCTO-
POHHHX HA€a/JOB KOJbL@a R aTOMHO HJIH, YTO pPaBHOCHJIb-
HO, KoaTtoMHO. COMHOXHTeJH MOryT ObiTb BbIOpaHBI
HMEIOUIHMH HeHYJIeBOH LIOKO/b B TOM H TOJBKO TOM CJYy-
yae, Korga Jo60H HeHyJeBOH ABYCTOPOHHHH HIeaJl KOJIb-
Ha R colepXHT MHHHMAJbHBIH MNpaBbi JeBHH HOeal
([1], c. 268, Teopema 1; c. 276, teopema 5). Eciu R —
NOJIynepBHYHOE KOJBLO H €2 = e & R, TO MHHHMaJIbHOCTb
npaBoro uaeasna eR paBHOCH/JIbHA MHHHMAaJbHOCTH JIEBOTO
Hleasa Re. OTcioa BHITEKAaeT, 4TO JIeBbIH H MpaBbIH LO-
KOJIM TOJIYepBHYHOrO KoOJblla coBnajaiooT. Bce ckasaH-
Hoe BepHO W AJs aJjre6p Haja JMOOGBIM KOMMYTaTHBHBIM
koabloM ¢ eaumHmued ([31], c. 100, caeacrsue; [57],
c. 105, npensoxenne 4). I'pynnosoe koJsbuo RG 0Kasbl-
BA€TCA MOJyNnepBHYHBIM TOTAa H TOJbKO TOrAa, KOria
KOAbLO R MOJyNmepBHYHO M MNOPSIAKH HOPMAaJbHBIX MOJ-
rpynn rpynnbl G He SIBJSIIOTCSA JeHTeNAMH HyJs B R (cM.
[57], c. 250, npen.ioxenue 8; [39], c. 67, Teopema 13.2).

K udcny mosyinepBHYHBIX OTHOCHTCS BCSKOE KOJIbLUO,
He cojepiKallee HEHYJEeBbIX HHJ/bIOTEHTHBIX 3J€MEHTOB.
IOnas Toro 4to6Bl KOJABUO 06/aAa0 3TUM CBOHCTBOM He-
06X0OAHMO H JOCTAaTOYHO, UTOGBI OHO OBLIO MPEACTABUMO
B BH/e NOANPSIMOro NpousBeleHHsi KoJew Ge3 penuteseit
Hysas. DTo MNOANPsMOe NpOH3BeJleHHe MOXeT OBITb Bbl-
6paHo HeCOKpPAaTHMbIM B TOM H TOJIbKO TOM CJlyuyae, KOrja
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KaX/blF! HeHy/JeBOH ABYCTODOHHHH HJ€a] KoJabua R co-
AepKHT JBYCTOPOHHHHA HJeas] Kojbla R, ABJAAIOIHHCA
KOJIbLIOM 6e3 JesuTesnell HyJas HJH, 4TO paBHOCHJbHO, yac-
THYHO YNOPS/AOYECHHOE MHOXECTBO HEHYJ/IEeBbIX aHHY.is-
TOpPHBIX [ABYCTOPDOHHHUX HA€aJsOB KOJbLa R aTOMHG }iH
KoaToMHO. HeHyJseBoe koabuo pasnaraercss B, NpsMVYIO
CYMMY NpPOCTHIX KOJell TOrAa M TONbKO TOTAA, KOTAa OHO
NMOJIyNepBHYHO U BCE ero JBYCTOPOHHHE HAeasbl aHHYJd-
TopHble. HeHyneBoe kosabuo R 6e3 HeHyJeBbIX HHJbMNO-
TEHTHBIX 3JIeMEHTOB pa3Jiaraercsi B NpsMYI CyMMYy MNpo-
CThIX Oob6JsacTelt 1eJOCTHOCTH TOTJAA U TOJNbKO TOTAa, KOrAa
OHO YJIOBJIETBOpSIET YCJOBHIO MHHHUMAaJbHOCTH IJS TJaB-
HbIX JBYCTOPOHHHX HI€aJIOB H KaXKIblil HeHy/J1eBOH [Kax-
AbIA MHHHUMaJbHbIA] ABYCTOPOHHHH HJean koanua R co-
JlepXKHUT HlAeMnoTeHT. Bce ckasaHHOoe ocraercs cnpaBef-
JUBBIM W paas aare6p ([1], c. 288, teopema 1; c. 291,
TeopeMma 2; c¢. 277, Teopema 6; c. 371, Teopema 2; c. 247—
248, Teopema 4 (a)).

Koabuo R HasbiBaeTcs NPuUMUTUBHOIM CNpasa, ecJju
OHO COJEPXXHT TAKOH MaKCHMaJbHbI MOAYJASpHBIA mpa-
Bhi ugean M, uto {x|x= R, Rx<= M}={0}. Ecau R
CONEPXKHT eIHHHILY, TO 3TO PABHOCHJbHO CYLIECTBOBAHHUIO
TOYHOTO HeNpHBOAHMOrO YHUTApHOTO NMPaBoro R-MoayJs.
TlpuMHTHBHOE cJleBa KOJ/IbLO ONpeAesnsieTcsl aHaJOTHYHO.
IlpuMHUTHBHOE cnpaBa KOJbLUO MOXeT He ObiThb NPHMU-
TuBHbIM csaesa (Irving R. S.//Math. Ann. — 1979. —
Bd 242, Ne 2.—S. 177—192). [iBycTOopoHHHH HJIeaJ
NPHMHTHBHOrO clipaBa [cjcBa] KoJablia fBJASETCS NPHMH-
THBHBIM cripaBa |[caesa] koasuom ([31], § 11.4). Jlio6oe
NpHMHTHBHOe cnpaBa [caesa] koJabuo mepBuuHo ([31],
§ IV.9; [96], nemma 2.1.2). KoMMyTaTHBHBIMH NPHUMH-
THBHBIMH KOJIBLLAMH SIBJSIIOTCS MOJS U TOJNLKO OHU. Ecau
R — npuMuTtuBHOe crnpaBa koJbuo U e2=e& R, TO
KoJblo eRe Takxe npumutuBHo cnpasa ([31], § I11.7).
Bcsikoe mpocToe KOJibLO C HGHYJIEBbIM MPaBBIM [JIEBBIM]
LOKOJIEeM NMPHMHTHBHO cnpasa [caesa].

JBycToponnuit uacana / kojbua R HasblBaeTcss npu-
MUTUBHBIM Cnpasa |caesa], ecau TPHMHTHBHO CnpaBa
[caeBa] daxTtopkoabuo R/I. Onas npasoil |neBofi] npu-
MHUTHBHOCTH [BYCTOPOHHETO HJeasa KoJablla R ¢ elHHH-
nefi Heo6XOAHMO M JOCTATOYHO, 4YTOObl OH HABJAJCHA aH-
HYJSITOPOM HEKOTODOro HelpHBOJAHMOro yYHHTapHOI'O npa-
Boro [sesoro] R-momyas ([90], m. 26.12).

IlpuMHTHBHBIE cnpaBa KoJblla C HEHYJCBLIM NPaBLIM
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LIOKOJIEM H TOJIbKO OHH H30MODP®HBI IMJIOTHOMY KOJIbIly
JHHeHHBpIX Mpeo6pa3oBaHHH JIHHEHHOro IpOCTPAHCTBA
Haj] TeJoM, COAepKauleMy XoTs OBl OLHO HEHYJIeBOe mpe-
o6pa3oBaHHe KOHeyHoro pasra. [Ipu 3TOM yMHOXKeHue
npcoGpasoBaHuit  ompefessercd paBeHCTBOM X (@y)=
= (x@)¢. KosbLo ¢ eAHHHLEHd NPUMHTHUBHO ClpaBa TOrAa
H TOJIbKO TOTJa, KOT/[1a OHO H30MOP$HO MJIOTHOMY KOJbILY
JuHe#HbIX peobpa3oBaHUi JIHHEHHOrO NMPOCTPAHCTBA HAJL
tejqoM. O6a yTBepXKAeHHS OCTAIOTCH CINpaBeAJHUBBIMH H
OJsi MPUMHTHBHBIX CJeBa KOJIeH, ecJd HMeTb B BHAY
YMHOXCHHe, ONpefleJsieMoe paBeHCTBOM (¢ o)) (x) =
=@ (P(x)) ([31], § 1.2—1.4, IV.8, VI.9; [90], nm. 19.22,
19.234; [96], § 2.1). I'IpHMHTuBHaﬂ anreﬁpanqecxaﬂ aJ-
re6pa Han notem @, HHAEKCH HUJABMIOTEHTHOCTH 3JIEMCH-
TOB KOTOpOH OrpaHHuYeHbl B COBOKYMHOCTH, H3oMOpdHA
KOJIbLly MaTpul Hajx ajarcbpaudeckofl D-aare6poit c jge-
aenueM ([31], c. 342, Teopema 2).

JleBnlii [npaBeiil, ABycTOpOoHHUIH] Haeas [ HasbiBaeTcs
udemnorentrowm, ecau [2 =1 Jlio6Go# .eBblii [mpaBbii,
JIBYCTOPOHHHA] uAeaJs, colep:KallHd HeHyJeBOH HACMIIO-
TeHT, uaemnotented. Kouabuo [anre6pa] R HasbiBaercd
HACAeJCTBCHHO UOeMNOTEHTHbIM, €CAH BCE ero TrJaBHbE
INBYCTOPOHHHE HAeaJbl HAEMIOTEHTHbI, H 8n0AHE UdeMmNo-
TEeHTHOLM, €ClH AJs JIo60oro a & R riaBHbie ABYCTOPOH-
HHC HIea/bl, MOPOXKACHHBIE 3JeMeHTaMH g H a’, coBna-
nawot. Cacaywoiue CBOACTBA KoJbla HJAH ajarebpnl R 3K-
BuBaJieHTHbl: (1) R BHmOJIHe HAEMNOTEHTHO; (2) HH OXMH
u3 roMmomMopdHbIx 06pa3oB KoJbua [anare6pel] R He co-
AepKHT HeHYJEeBbIX HUJBMOTCHTHBIX 3JeMEHTOB; (3) Jio-
Goli NHOANPSMO Hepa3.10XKHMBbIH romomopdubld o06pas
KOJ/IbLLA [anreﬁpbl] R sBasercs KoJabuoM [anre6poi| Ge3
Jdeautenedl uyas; (4) ecau a, bR, T0 a)n(b)-—(ab)
rie (u)— rJaBHbI ABYCTODOHHHHA HAeaJl, MOPOXAEHHbIH
3JIeMeHTOM . DKBUBAJEHTHBI MEeXAY cO60H H caelyloulHe
ytBepxKaeHus: (1) R — HacneACTBEHHO HAEMIIOTEHTHOE
Kosblo [aare6pal; (2) Jawo6Goit romomopdHbii 00pas
Kosbua [anre6pbl] R moaynepBuueH; (3) BCe ABYCTOPOH-
HHe HJeaJbl KoJbua [aare6pbl] R nosmynepBHUHBL,
(4) n1060it MOANPAMO Hepas.10XHMbli roMoMOpdHbIA 06-
pas kosbua [anreGpei] R mnepBuueH; (5) cepaueBHHA
J060ro NMOANpsIMO HepasJoXKHMOro roMoMopgHoro o6-
pasa koabua [anare6pei] R sABJAseTCS NPOCTHIM KOJbLOM
[npocroit aare6poit]; (6) ecau [y, [, IR, To [\ N],=
= Iy, (7) nana awb6oro a &R HallayTcs Takue
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3JeMEeHTHl X1, ..., Xn, Y1, ---» Yn, 21, ..., 2nE R, uTO
n

a= ), xayaz; (cm. [1], c. 352—355).
i=|1

Ecan / — nBycToponHu#t Hlean KoJablua R, TO rOBOpPAT,
UTO UOCMNOTEHTbL MONHO NOOHUMAT6 NO MOJYAto udea-
aa 1, ecan a5 BCAKOro HaemnoreHTta é = R/I waiinercs.
Takol uaeMnoreHt e R, uto é =e + [. UaeMnoreHTH
MOXHO NOJHHMATh MO MOAYJIO JIO60ro HHJAb-HAeasa.
Ecnu nBycroponHuil uneana [ xosabua R kxsasupecyrspen
(T. e. Bce ero s/JeMeHTBI KBa3HperyaspHbl—cp. m. 2.6)
H MJEeMNOTEHThl MOXHO MOAHHMATb MO MOAYJIO HAeasa I,
TO, KAKOBO Gbl HH GBLJIO KOHEUHOE HJIH CYETHOe MHOXECTBO
{é1, &;, ...} nonapHO OpPTOroHaJbHbIX HAEMIOTEHTOB (haK-
TopKoJbua R/I, kKo1bLo R COLEpPIKHUT TaKOe COOTBETCTBEH-
HO KOHeYHOe HJH cyeTHOoe MHoxectso {ej, ey, ...} mO-
NapHO OpPTOrOHAaJbHBIX HAEMIOTEHTOB, UTO & —=e¢; + [/
AJs Kaxjaoro i. Jlnis HeCueTHOTO MHOXeCTBa WAEMIIOTEH-
TOB 3TOT pe3yabTaT TepsieT cHJAY. 3aMeTHM ellle, YTO
BCAKHH OJHOCTODOHHHH HHJIbHAcAJ KBasHperyaspeH
([90], nn. 22.14, 22.18). Eci1 uaeMNIOTEeHTH MOXHO MOA-
HUMAaTb MO MoAyJio paaukana [lxKeko6coHa koablia R,
To R HaswiBaetcs SBIl-koasyonm.

B 3akJjouenue anBeneM Kurailickyro teopemy o6 oc-
rarkax: ecau Iy, .. [n—,U,ByCTOPOHHHe uaeasbl KOJb-

na R, to oto6paxeHHue Q: R/ ﬂ I;>R/II)B...D

B (R/l), rre cp(a +[1 h)=(a+1,, a1,

JsieTcsi H30MOp(HU3MOM KOJell B TOM H TOJbKO TOM CJy-
yae, koraa /; 4+ [; = R anst Mo6bIX pas3/jHuHbIX { U | (CM.
[90], n. 18.30).

[Toarpynna Q afiAMTHBHOH rpynnbl KoJblia R Ha3bl-
Baercsi kg8a3uudeasom, eciii RQN QR = Q. B kauectBe
npuMepa KBa3uMIeaJsa, He sIBJASIOULErocs HIeasoMm, yKa-
JKeM Ha MHOXECTBO MAaTpHI, Y KOTOPBHIX BHe (PHKCHPOBAH-
HOro Mecra cToAT HyJu. KBasuupeanam mnocesilieHa Mo-
Horpadus [256].

2.3. T'pynnoBble W MNOJAYrpynnoBble KOJbUA, KOJblUA
creneHHbix pagoB. Ecan R — koablo ¢ eanuuueit 1 1 G —
rpynma ¢ eiuHuuefi e, To o6o3Hayum uepes R(G) abeseBy
rpynmy, 3JeMeHTaMH KOTOPOH CJyXaT BCCBO3MOJKHbBIE

¢opMasbHbIC CYMMBl BHIA Z Agg, The Ag & R 1 noutH
gea
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BCE Lg paBHbl HYJIIO, a CJO0XKeHHe onpenensiercs paBeH-
CTBOM

28t 2 meg= 2 (gt upa.
geG gea geG

T'pynnosoin koroyom epynnet G nad kossyom R (omo
o6o3Hauaercs yepe3 RG) HasmiBaercs rpynna R c ywm-
HOXKEeHHeM, oNpefessieMasl paBeHCTBOM

(ggo Agg) (hé:o p"'}2) - ké:G (x, yZE G l"”") k.

JTo onpele/eHHe O3HayaeT, YTO MpOH3BedeHHe ABYX
¢opManbHbIX CYMM BBIYUCJASIETCS MO OGLIUHBIM MpaBUJIaAM
YMHOXEeHHst MHOTOYJIEHOB C NOCJEeAYIOLHM NpHBeAeHUEM
nogo6HLIX 4JeHoB. B cayuae, korga R — noJsie, rOBOPSAT
0 epynnosoii areebpe nap nojem R. Eciu xosnbuo R KoMm-
MYyTaTHBHO, TO Ha RG MOXHO CMOTpeTb KaK Ha KOJbIO
¢yHkunit u3 rpynnsl G B KoJabLO R, MpHHUMAIOLIHX He-
HyJeBble 3HAaUeHHs! JHWb B KOHEUHOM YHCJE TOYEK, CO
CBCPTKOH B KayecTsBe ONMEpPalHH YMHOMXEHHS.

Kaxablii 3snemedT g rpynnol G OTOXAecTBJ/seTcs
C 3JeMeHTOM lg, a KaxXAblii 3neMeHT A & R — ¢ 3neMeH-
ToM Ae. B uacTHocTH, eauHuly Kosabua RG MOXHO pac-
CMaTpHBaTh H KaK €IHHHLY KO/blld R H Kak eAHHHLY
rpynnel G. Kpome TOro, npu nNpHHATOM coOrJalleHHH
UMeeM Ag = g a4s Jawo6bx & R u g = G. Otcioaa,
B YaCTHOCTH, BBITEKAET, YTO KOMMYTATHBHOCTb [pyIMNO-
BOro kojiblia RG paBHOCH/IbHA KOMMYTATHBHOCTH KOJb-
ua R u rpynnel G.

CkasaHHOe Bbille MOXXHO TPaKTOBAaTb KaK CYLIeCTBO-
BaHue romoMopdu3aMa @ Kosbua R B Kobwo RG u romo-
mMopdusma ¢ rpynnel G B MYJ/bTHIJIHKATHBHYIO MOJY-
rpynny koabua RG, npuuem @ (M) ¥ (g)=v(g)@(r) and
Jobuix A= R u g = G. Bosee Toro, ecin @ — romomop-
¢usm kosbua R B koabuo S, W —romomopdusm rpym-
nel G B MyJbTHIJIMKATHBHYIO NOJNYTpynny KoJabua S, npu-
yem O (M)W (g)= ¥ (g)® (L) mas mobuix A= R u geaG,
TO CymecTByeT Takoi romomop¢pusm y koabua RG B
Koabo S, yrto y(¢(A))=®(A) a1s Bcex AER u
x(V(g))=W¥(g) ans Bcex g = G. D10 CBOHCTBO MOXET

BITb MNpPUHSITO B KauccTBe OMNpeleseHHs TpyNnnoBoro
KoJbla. [loguepkHeM, uto uzomoppusm koneu RG u RH
BooGule roBopsi, He BJeueT 3a C060H H30OMOpGHU3M rpynn
G u H (cM. [230], c. 661, Teopema 2.2).
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Ecnu a= ZG Agg — anemeHT M3 RG, TO MHOXKeCTBO
ge

Suppa={glg=G, Ay # 0}

Ha3bIBAETCH HOCUTEAeM INEMEHTA a, a 3JeMEHT tra = A,
rie | —eaununa rpynns G, ero caedom. Ecin @ —
noJse, XapakTePUCTHKA KOTOPOro WJu pasHa O, uau He
JeJUT MOPAAKH 3JeMeHTOB rpynnsl G, npuHaljexauiye
HocHTeJI0 HiaeMmnoTeHTa e & MG, 1o tra =0. Ecan © —
none U e2=ee ®G, T0 tre NpUHALJNENKUT NPOCTOMY
noanoJio nouas M. Bosee Toro, ecau e =0, 1 1 ® — noJe
xapakrtepuctiku 0, to 0 <tre << 1 (cm. [39], nn. 2.20,
2.21).

Hocurtenb 11060ro HeMHNOTEHTa NOPOXKAAET KOHEUHYIO
noArpynny rpynnsl G B TOM M TOJbKO TOM CJyyae, KOrAa
HJIH BCe KOHEYHO MOpPOXKAeHHble NOArpynnsl rpynnel G
KOHEYHbI, HJIH BCe HAEeMNOTEHThl Koabla RG LCHTPabHBL
Ecnu e — neHTpasbHbli HAeMnorTcHT koabua MG, rac
® — noJie, To Supp e — KOHeuHasl HOpMaJbHasd MoArpynna
rpynnel. Eciu npu atom G KoHeuHa, TO > Agg JexuT

geC
B ueHTpe Kosbua (MG Torpa W TOJbLKO TOI'Jad, KOria
Ag="h,~1p, Ans mwboro he G (cm. [12], c. 31, Teco-
pemur 27 u 28; [16], c. 96, Teopema 6; [88], c. 193, Teo-
pema 8; [230], c. 136—137, teopemut 3.8 u 3.9).

Ecau H —noarpynna rpynnet G, to yepes wH o6o-
3HayuM npasbiii uaean kojbua RG, MOpOXKAEHHBIH MHO-
xectBoMm {1l — h|h & H}. Ecau muoxcectBo X nopoxaaer
noarpynny H, to wH nopoxpaercs MmHoxecTBoM {l —
—x|x= X}. Hpean oH oxaspiBaercsi JABYCTOPOHHHM
B TOM M TOJbKO TOM cJyuyae, korja noarpynna H Hop-
masnbHa. [lpu stomM @H coBnajgaer ¢ sJApoM TOMO-

Mopdu3ma ¢: RG-— R(G/H), rae (p( ZG ?»gg) =
gs
=), Ly (g + H). dBycroponHuii naean oG HasbiBaeTcs
gesG

pynoamenraronoim udeasom xkoibua RG. OH CayxuT Ax-
pom romomopdusma e RG—~R, rae 8( ZG )Vgg) =
ges

= Z Ag, H, CJIRIOBATEJBHO, mG={ Z kggl Z ),g=0}-
g=G geaG ge G .
FomoMopdu3M € HasblBaeTcs Tpusuasusayuer hoabya
RG (cm. [39], nnm. 1.6—1.10).
HOas no6oi GeckoHeuHoit moarpynnst H rpynnbt G
umeeM Ann,(0H)={0}. Ecan xe noirpynna H koHeuHa,
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10 Ann; (0H)= RG( > h). B 4acTHOCTH, KOHEYHOCThb
hed

nopsijka sjeMeHTa g & G paBHOCH/IbHA TOMY, 4TO | — g
OKa3blBaeTcsl JeBblM [MpaBbIM, [IBYCTOPOHHHM] Jesaunte-
aem Hyas B RG (cM. [39], nnm. 1.12, 1.16).

Ecaun @ —nose, a G uau cBepxpaspeuiuMas rpynna
6e3 KpyUeHHs, WM pacCLIKpeHHe MOJHLHKJIHYECKOH rpym-
nbl 6e3 KpPy4YeHHs C NOMOILbI0 KOHEUHOH, TO rpynmnosast
aarcopa MG He conepXKHuT Henutened Hyas (cm. [233],
teopembl 37.3 u 37.5).

Ecan R — Koabuo xapaktepucTiuku 0 He cofepikalee
HEHYJ/1eBbIX HHJIbMOTEHTHBIX 3J1€MEHTOB, U d = ZG A8 —

§ =

HUJBMOTEHTHHIH 3JieMeHT rpynnoBoro kosbua RG, TO
A1 =0. Bonee TOro, HoCHTeNb 3JeMeHTa g He CONEpPXKHT
IICHTPAaJbHLIX 21eMeHTOB rpynnbl G. [locnegHee yTBepX-
IeHHe OCTAaeTcsl CIpaBelJJINBbBIM U B CJyuae, KOrja xapak-
TepHCTHKA KoJbua R paBHa p, HO G He COAEpPXKHT aJe-
MeHTOB mopsiaka p (cm. [39]), c. 19, npeanoxenue 2.14;
c. 20, caenctBue 2.15).

CHcTeMaTHYECKOe HM3JI0XKEHHC TCOPHH TPYMNMOBHIX KO-
Jeir MoXHo Haiith B [12], [39] u [230]. ¥YcaoBus npu-
HaJJIe}KHOCTH IPyNNOBOro KOJbLA TOMY HJM HHOMY KJjac-
Cy KoJel JaHbl NpPH paccMOTpPeHUH 3THX KkJjaaccos. [lo
3TOMY MNOBOAY CM. TakXe o63op [155]. O paaukanax
rpynmnoBbix KoJew cM. . 2.6, a takxe [184]. Kommyra-
THBHBIM TPYNNOBHIM aJjreGpaM MNOCBsillieHa MOHOrpadHs
[183]. C rpynnoBbiMH KOJbLAMH KOHEYHBIX TPYNN CBA-
3ana moHorpadus [201], a ¢ UeJOYHCAEGHHBIMH TPYNMO-
BbIMH KoJsibuamu — [260] .

Ecau B onpefeseHud rpynnoBOro KoJiblia B3siTb B Ka-
yectBe G MOJYrpynmy, TO NPUXOAHM K ONpejlesieHHIO no-
ayepynnosozo Koavya noayepynnet G rad koadyom R.
Ecau noayrpynna G comepXut Hy b 0, TO MHOXKECTBO
RO ={r0|r = R} oxaspiBaeTcs ABYCTODOHHHM H[ea/OM
Koabua RG u ¢akropkoabuo RG/RO HaswiBaercs coca-
TolM HOAYSPYNNOBHIM KOALYOM.

Koabuo M,(R) Bcex MmMaTpuiu NopsAka n Hal KOJb-
UOM R MOXHO pacCMaTpHUBaTb KaK IOJYrpyninoBoe KoJb-
uo RG, rae

G={e; 1<, j<<nyU{0}

e, ecau k=I,
il 0, ecau k=l

H
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KoMMyTaTHBHBIM MOJYyrpynnoBBIM KOJbLAM MNOCBSIEHA
moHorpadus [154]. 'CM. takxke 0630p [77].
O6o6u1eHHeM KOJIbll@ MAaTpPHL CJAYXKHT KOAbYO UHYU-
OenTHOCTU: ero 3jeMeHTaMu siBasiiorcst ¢yHkunu f: G X
X G— R, roe R — naHHoe koabuo, G — KBa3uynopsno-
YyeHHOe MHOXeCTBO, B KOTOpOM JJasi JIo6bx 4,b e G,
YAOBJIETBOPSIOUINX HepaBEHCTBY a << b, HHTepBaJ

la, D] ={xla<<x < b}

KOHeYeH, a KoJiblleBbie onepauun onpenenmo-rca paBer
CTBaAaMHu .
FH+ex =i p+eg vy
H
Y fxr,2)g( y), ecmn x<y,

(fg) (x, y)=q *===¢
0 B NpPOTHBHOM ciyyae.

0o
dopmasibHble CTeNeHHble PsAbI Z A;xt, roe A; npu-
i=0

HaJUIeXXHT HeKOTOPOMY KoJbLy R ¢ eluHHuueH, npu ecTte-
CTBEHHOM OMpe/leJleHHH onepauuil B NpelNoJIOKEeHHH, YT
Ax =x)A pns Bcex A& R, o6pa3yloT KOJbLO, KOTOpOE
Ha3blBaeTCsi KOAbYOM CTenexnovix pados u 06o3Hauaetcs
uepes R[[x]]. Ecan R—reno, To 06paTHMBIMH OKa3bl-
BAIOTCSl PSABI C HEHYJIEBBIM CBOOOJHBIM 4JE€HOM H TOJIbKO
OHH, a KaX{Ablii JeBbill [npapbii] ugean koabua R[[x]]
OKa3blBaeTCsi JBYCTOPOHHMM M TNOpPOXKJUaercs 3JeMeH-
TOM x™ IJS HEKOTOpOro HaTypaJbHoro m. PaccMaTpH-
BAIOTCA H KOJIbLla CTENEHHBIX PSIAOB OT HECKOJIbKHX Iie-
peMeHHBIX, a TakXe Koabyo psados Jlopawra, cocrosiiiee
u3 (GopMaJbHbIX PSIAOB C KOHEYHBIM YHCJIOM OTPHLATENb-
Hbix creneHeli. Ecain R — teso, To kosbuo pspos JlopaHa
Tak»e oOKasbiBaercss TesoM. O cTeneHHBIX psigax Hajg
KOMMYTaTHBHBIMH KoJbLaMH cMm. [120].

Ecan R — xoabuo, G — noJyrpynna, ¢ — otobpaxe-
Hue noayrpynnsl G B MHOXeCTBO 2HAOMOP(HHU3MOB KOJIb-
ua R v p = {pg, n|g, h = G} — HekOTOPOE MHOXKECTBO 06-
paTHMBIX 3JIeMeHTOB KoJbua R, To rpynny R(%) MOXHO
NpeBpaTHTb B KOJIbUO (He 06si3aTebHO accolHaTHBHOE),
€CJIH TOJIOXKHUTD

Z A’gg Z p’hh‘— Z Z A'xp'g(x)px yu"

wel xy=w
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rae yepes pg¥) oGosnayaercs o6pas sjemeHta p, &R

npu snaomoppusme o(x). Ilonyynsieecs KOJAbLO OKa3hl-
BaeTCsl aCCOLHATHBHBLIM, €CJIH

7 (g) _

ph’gg Pg, ne = Pg, 1Pgn, 2

o (&) __ h)n—1
(7"0( )) = Py, W € )pg.h

Iast Jobux g, h, k=G u A= R u HasbiBaercs B 3TOM
ciyyae ckpewjeHHoim npoussederuem noayepynnet G u
Koasya R c cuctemoii paxropos p npu degexre o, a 060-
3Hauyaercs yepe3 (G, R, p,0). Ecmu A, psRu g heg,
TO Ag-ph=Au'®p, 4(gh). Ecam 0 —muynp noayrpyn-
nel G, TO, Kak H BHIe, RO 0Ka3bBaeTcsi ABYCTOPOHHHM
uaeanom koJabua (G, R, p, 0). ®akropkoabuo (G, R, p,
0) /R0 HasbiBaeTCsl CHATHIM CKpEWeHHuim npoussede-
Huem. Ecan G — MOHOMA (B YacTHOCTH, rpynma), TO
O 1 =07 u pf{D=p, | ana mobbx ge G. Kpome
TOoro, ecau 19® =1 npu Jao6oM g G (B 4YaCTHOCTH,
ecin G —rpynna uau o(g)e AutR npu Bcex ge= G),

10 O - 1 oKasbiBaetcs npaBoit eauHuuel konbua (G, R,

P, 0). DTOT 3JeMEHT OKa3blBaeTcsl ABYCTOPOHHelH elHHH-
© -1 1 1

UEH, ecad P, ll.c” )p] ¢ = M H, B UaCTHOCTH, eCJH AT =2

nas Bcex A = R. OtMerum, yto noayrpynna G siBasercs
NOANOJYTPYNNOH MYJbTHIJIHKATHBHONH MOJYTPYyNIbl KOJb-
na (G, R, p, 6) JHIIb NPH YCJOBHH, 4TO pg, pn=1 AJA
mo6uix g, he G, ubo g-h = pg, rngh.

CxpeujernbLm HIH CKPYHEHHBIM NOAYSPYNNOBLIM KOAb-
yom HasmBaetrcs koabuo (G, R, p, ¢), rie G — MOHOHE
H 19@ =p, =1 ans mob6ux g he G. IT0 KOJbLO
o6osHauvaercst yepe3 (G, R, o). [Ipu atom aasa a106bIX
AMpeR u g, he G umeem

Ag - ph=2Ap°® (gh)
(Ao (h))“ (g) — poen

T. €. ¢ OKasniBaeTcsi aHTHroMmomopduzmMoM MoHouaa G
B noayrpynny End R suzomopcdusmos koabua R. 3ame-
THM, 4TO G CTAHOBHUTCS roMOMOp(®H3MOM, €CJIH B KauecTse
yMHoXeHus B End R npuusite o (cm. 1. 1. 1.4). Ckpyuen-
HO€ MOJIyrpyNNoBOe KOJbLO CTAHOBUTCS OOBIYHBIM MNOJY-
TPYNNOBHM KOJBIOM, €CaAH AS®) =) mad Bcex A= R.



334 IJ. 1II. KOJbUA U MOILYJH

Hans onpenenenus xkoabua (G, R, o), rae G ={x"|n=
=0, 1,2, ...}, nmocratouHo BHIOpaThb 3JeMeHT o (x)E
e End R. BosHukaloulee TakiM 06pa3oM KOJIbLO Ha3bl-
BAaeTCsl CKPYUCHHOIM KOAbLUOM MHO204AEHOS. AHaJorHy-
HbIM 00pa30oM MOXHO ONpeleHTb CKPYHeHHOoe KOAbUO
crenerHblx pados U CKpYy4eHHoe KoAbyo psoos, Jlopara.
Ecin R —renio u o(x)—ero roMoMophHOe BJIOXKeHHE
B ce6s, TO CKpPY4YCHHOe KOJbLO psANOB JlopaHa okKa3bi-
Baercs TeJOM, KoTopoe HasbiBaercss resom [uasbepra.
Ecan R —nosne paunonanbHeix (yHKUHH OT y Hax mno-
)y __ fy+1)
em O i o gy)) e+’
mero teja I'mabbepra conagaer ¢ ‘d. TeM caMbM mno-
CTPOEH MpHMep Tesna, OGECKOHCUHOMEPHOTrO HaJ CBOHM
LLEHTPOM.

Pspx cBofcTB CKpyYeHHbIX NPOH3BeleHHH, B 0COGEHHO-
CTH CBSI3aHHBIX C NEPBHYHOCTBIO H MNOJIYNEpBHYHOCTDHIO,
MOXHO HaitH B [233]. B wuactHoctH, ecam H — noa-
rpynna KoHe4Ho# rpynnel G, TO HOJYNepBUYHOCTh KOJb-
na (R, G, p, 6) BJjeyer noJaynepBHYHOCTb KoJbua (R, H,
p, 6) (cm. [233], Teopema 18.9).

Oco6eHHO BaXXHO CKpeujeHHoe npoussedenue Koabvya
¢ e2o epynnoii asTomoppusmos (He o6Gsi3aTesibHO BCeX),
onpenensemoe kak (G, R, o), rie G —rpynna aBToMOp-
(u3MoB kosbla R H 6(g)=g Aaa Bcex g G, u o6o-
3HauaeMoe yepe3 RxG. Ecau rpynna G KOHeyHa, KOJIb-
HO R mnonynepsuuHo u |G|A =0, rae A< R, Bieuer
A =0, To KosbO R*(G TakKXKe OKa3bIBaeTCs MOJyNepBHY-
HeiM. Ecan G — koneunas rpynna, R npocto u R+G no-
JynepBHYHO, T0 R+*G pasnaraercsi B npsMoe NpoH3Beje-
HHe MPOCTHIX KOJel, NMPHYEeM YHCJIO cjaaraeMbix He mpe-
Bocxoaut |G|. Kosbuo R+G oka3blBaeTcs NPOCTHIM, €CJIH
R — npocToe ko/1b110 ¢ efHHHUER H G He COAEPXKHT BHYT-
peHHHX aBTOMOD(H3MOB KoJibLla R, OTIHYHBIX OT TOXIAe-
crBeHHoro. Ecin G — koHeuHast rpynna aBTOMOp(H3MOB
nosst @, TO uUX CKpellleHHOe NPOM3BeJeHHe OKa3blBaeTcsH
LeHTpaJbHOH NMpocTOH a/re6pod HaJ moJieM

TO LEHTP COOTBETCTBYIO-

F={slt D, £°® =t nan Beex g =G}

([216], Teopemun 7.4, 7.13, 2.3; [101], § V.5). O mnep-
BHYHBIX H TMOJYNEPBHUYHBIX CKpEIleHHBIX NPOH3BEIeHHAX
cm. [185]. Psg pesyabratoB o koJbuax ‘@=G, rae ® —
nose, MoxHo Haiitu B [116]. Cm. Takxke [231].
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Ecan R — koJbuo ¢ eduHHLEeH, oo — ero 3HI0MOpdHaM
n 6 —a-dugppepenyuposarue (1. e. §(A4 pn)=256(r)4
+6(n) 1 6(Ap)=06(A)u+ o (A)8(n) aasa Becex A, pe R,
TO Ha MHOXecTBe R[x] MHorouneHcB Hajg R onpepesinm
npoy3BeieHHe

x-A=a(r)x+0(1),

rie A = R, koTopoe ecTecTBEHHHIM 00pa3oM pacnpocrpa-
HsieTCsl Ha Jio6ble aneMeHTh U3 R [x]. BosHukalouiee ta-
KHM 006pa3oM acCOLLMAaTHBHOE KOJbLO Ha3blBaeTcsl KOAb-
1{OM KOCbLX MHO20YAEHO8 WJHU KOAbUOM Oudpeperyuans-
HbLX MHO204A€HO8 W 0GO3Hauaetcs uepe3 R|[x, a,8]. Aa-
re6bpa Beiiis A, (®) Haa norem @ u3omopdHa
@ [y] [x, 18, 7], rre '— o6bluHOe AldbepeHHpOBaHHE B
xoabie @ [y]. Ecam a — ToXKAeCTBeHHBIA aBTOMOpdH3M,
TO KOJbLO KOCbIX MHOrOYJIEHOB OKa3blBaeTCsd HETEPOBHIM
cJeBa, ecqH HETEPOBO cJeBa KOJMbLO R, ¥ MPOCTHIM, €CJIH
R — npoctoe KOJbLO ¢ aAJUTHBHOH rpymmo#, He conep-
JKauieH HeHyJIeBbIX NMepHOJHUeCKUX 3jaeMeHTOB. Ecan R —
Tea0, T0 R|x, &, 8] He comepKHUT HeauTesedl HyJs H sB-
JeTCs KOJIbLOM TIJIaBHBIX JIeBbIX M TJIaBHBIX MpaBbIX
uaecanos ([16], nn. 1.9—1.12, 2.3; [90], nn. 7.27—7.30).

2.4. Tena, JoKaJbHble KOJbLA, PeryjsipHble KoJibua.
Teaom HasbiBaeTCs KOJIBLO C eHHHLEH, B KOTOPOM KaX-
JIblH HeHyJieBOH aseMeHT o6paTuM. Brnpouem, nocTaTouHo,
yTOOB KaXAblH HeHYyJeBO# 3JjeMeHT 006/ahaj JeBbIM
[npaBbim] o6patubiM ([87], c. 113, nemma 2). [Toare —
9TO, MO ONpejc/eHHI0, KOMMYTaTHBHOe Tesno. Bcsikoe ko-
HeuHoe TeJo KOMMYTAaTHBHO, T. e. siBasiercst nosem ([87],
c. 207, Teopema 2; [31], c. 266, Teopema 1; [51], c. 468,
teopema 1; [76], c¢. 307; [96], teopema 3.1.1). ITpocrei-
WK TIpUMep TeJa, He SBJSIOLLErocs MoJeMm, —3T0 TeaA0
KB8ATEPHUOKHOB, KOTOPOE MOXKHO [MOJIYYHTb, PaccMOTpeB

a b
MHOXKCCTBO MAaTpul BHAA ( 3 -) Hajg MnoJeM KOMII-
_— a

JIEKCHBIX uHce] ¢ 0ObluHbIME oncpauusmu ([88], c. 101).
B kayecTBe Apyroro npuMepa ykaxem KOJbLO KOCHIX psi-
noB Jlopana uan noaem ([76], § 19.7). Koabwo R ¢ enu-
HHULCH OKa3biBAaeTCsl TEJOM TOrAa H TOJbKO TOrjia, KOraa
B HeM HeT JeBbX [npaBhix] uacanos, otTauunbix ot {0}
M R, a TakXe Torjia M TOJIbKO TOTAa, KOTAAa B HEM HeT
oranunbix ot {0} u R xBasuugeasnos. [lpumep rpynnml
BBIYETOB MO NMPOCTOMY MOJAYJIO C HYJEBBIM YMHOXeHHeM
NOKa3biBaeT, YTO HaJHuHe eAHHHILBI CylllecTBeHHO. Besikoe
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CYeTHOe TeJIO BKJAaNblBAaeTCA B TeJO, IOPOXKJIEHHOE ABYMS
sseMeHtamu ([14], Teopema 13).

Bcsikoe Teqo siBasieTcst aJjireGpo# HaJ CBOHM LIEHTPOM,
KOTOpBIfi Bcerja okasbiBacTcs nojeM. B uacTHocTH, TeJso
KBaTepHHOHOB — aJjre6pa Hal MoJeM [IeHCTBUTENbHbBIX
yucesn. Teso KBaTEDHHOHOB COACPKHT H IOJIe KOMILJIEKC-
HBIX YHCeJ, HO aare6poil HajJ HUM He SIBJSCTCS.

Ecnu rteno saBasiercss anreGpoii HaJ KOMMYTaTHBHBIM
KoJbuoM D ¢ exnnuuedi, To @ okaswidaercs nogem. Tedo,
ABJaswonleecss anrebpod Hag nojgem (D, yacto Ha3bIBAOT
aarebpoit ¢ geneHueMm. KoHeuHomepHas asarebpa Haj no-
JeM, He colepixauias AesJuTesel HY.s, SBJASETCS TeJOM
([31], c. 231—232). Jlwo6ast asnrebpa c AesicHUEeM HaJ
KOHeuHbIM noJjeM kommyrtatusHa ([31], c. 267, Teope-
Ma 2). Anre6Gpanueckas ajnreGpa c nesjeHHeM Haj aJgre6-
pauueckH 3aMkHyTbiM noJiem @ coBnagaer ¢ @ (cm. [90],
n. 13.4). Bcsikas koHeuHoMepHas aJsrebpa c JeseHHeM
Hazg noJeM AeHCTBUTENLHBIX 4HCesJ H30MOpGhHA U/IH NOJI0
JNeHCTBHTEJbHBIX YHCEJ, HJH IOJI0 KOMMNJEKCHBIX 4YHced,
I TeJy KBaTepHHOHOB (Teopema Dpobenuyca — cu.
[87], c. 202, teopema 1, [55], ra. V, § 8; [96], c. 101).

Ecau K— noatesio tesa D, To D MOXHO cuHTaTh Kak
NpaBbIM, TaK W JEBbIM JHHeHHbIM npocTpaHcTBOoM Haja K.
3aMeTUM, YTO Pa3MEpPHOCTH 3THUX JIMHEHHBIX MPOCTPAHCTB
MOTYT OKa3aTbCsi pa3nHuyHbiMH. OJHAKO OHH COBNAAAIOT,
ecan K npuHagnexur ueHtpy 3(D) tena D, uau ecau D
KoHeuHoMepHo Hax Z(D). B 3tux cayuvasx ycJjouMmcs
0603HayaTb 3Ty 06uylo pa3mepHocTb uepe3 [D: K] (cwm.
[31], c. 256, Teopema 1). Ecau [D:3(D)] << oo u P—
MakKCHMaJbHOe nojmoJie teqa D, To 3(D)=P,
D®,pP=~Mi(P), tne n=[D:P] u [D:3(D)]=
=[D:P]?2=[P:3(D)]? (cm. [31], c. 263, npenpnoxe-
Hue l; [96], c. 95, cnenctBue, Teopema 4.2.2).

Ecnu K — noateno tena D u u—'Ku = K aas snwo6oro
HeHyJeBoro u & K, 1o uan K= D, unu K= 3(D) (reo-
pema Kaprana—bpayspa—Xya — cwm. [31], c. 271, caexn-
cteue; [76], c. 306).

KoneuHoMepHast asire6pa ¢ aenenuem D Han nonem @
Ha3blBaeTCsl YuUKAU4eCKol, ecad [) coaepKUT Takoe LHK-
Juyeckoe paclunpedue P moas ‘@ (1. e. {¢|p = AutP,

@(8)=ZE n1s Bcex Ee @O} — uukauyeckas rpynmna), uro
[P D)2 =[D:®d] (cM. [76], ra. 15).

Tesam nocssiuienbl MmoHorpaduu [136], [140] n [249].

O kBatepuuoHax cM. [125] u [269], a 0 KOHeYHBIX MO-:
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asx — [61]. Ormerum Takxe o63opbr [104], [128] u
[132]. CTpoenne kOHeyHOMepHbLIX anareGp ¢ AeJeHHeM Je-
TaJbHO obcyxaaercs B [174].

Konbo R Ha3biBaeTCs A0KAAbHbIM WM 8ROAHE NpU-
MAPHOLM, €CIIH OHO COJNEPXKHT TAaKOH JBYCTOPOHHHMH
unean I, uto R/I sasasiercss teaom. 1o o3Hayaet, yto | —
HauOoJ/bIUKA JeBbIH [npaBeit] upeasn kosabua R, OTJaHY-
HbI# oT R. 3aMeTuMm, uTo [ coBnajgaer ¢ paiaukasom [lxe-
Kob6coHa koabna R. Huasa koabua R ¢ eAMHHUEH paBHO-
CHJIbHBI cjelyloilHe cBoiicTBa: (1) R sokanbHO; (2) BCe
HeoOpaTHMble 3J€MEHTBl KOJblLa R COAepXKAaTCs B OTJHY-
HOM oT R ABycTOpoHHeM HjeaJe; (3) HeoGpaTHMble 3Je-
MeHTBl KOJblla R 06pa3yloT OT/IHYHBIA OT R ABYCTOpOH-
HUi Hpean; (4) ecam a R, T0 g uau 1 — a — obparu-
Mblli 37eMeHT; (5) ecaiH a =R, To UK a, UIH | — a —
obpaTuMblii caeBa [cnpaBa] aJgemeHT; (6) cymma ABYX
HeoOpaTUMbIX 3JeMeHTOB Heo6Gpatuma ([57], c. 123,
npeanoxenue 1; [90], n. 18.10A). Ipocreliium npume-
pOM JIOKaJIbHOTO KOJIbila, He SIBJASIIOILErocs TeJsOoM, CJy-
JKHT MOAKOJbUO KoJbla Q, cocrosiuiee U3 BCeX palHoO-
HaJIbHBIX YHCeJ, 3HaMeHaTeJld KOTOPBIX He JeJsATCcsi Ha
(pUKCHpOBaHHOe NpocToe YHC/a0. [IpyrnHM BaXKHbBIM TIpH-
MepOM SBJSIOTCA KOJblla CTENEeHHBbIX PSAAOB OT OLHOH me-
peMeHHOH Hajx mnoJeM. M3 JJOKaJIbHOCTH rpyNNoBOro KoJb-
na RG BbiTekaeT, uYyTo R — J0OKaJbHOE KOJIbLO, TEJO
R/J(R) umeer xapakTepHCTHKY p, a MNOpPAAOK Ji060Oro
3nemeHTa W3 G sBasiercsl cTemneHbio uucaa p (1. e. G
asJsiercst p-rpynnoit). O6paTHoe BepHO, ecau rpynna G
JoxkanabHo KoHeuHa ([39], c. 73, Teopema 16.2).

Ko/ibuo R Ha3biBaeTcsl pecyaapHbiM, eclH ypaBHeHHe
axa = g paspelluMo AJs Jioboro a € R, T. e. ecau pe-
ryJsipHbl BCE 3JeMeHTHl KoJbua R. B yacTtHocTH, peryJsp-
HBIM KOJIbLIOM OKa3biBaeTcsl J06oe Tesjo. DKBHBAJEHTHBI
caenyiwolHe cpoiictBa koabua R: (1) P peryaspHo, T. e.
ypaBHCHHE @xa = @ paspeliuMo 115 Jboro a € R;
(2) xaxawii raaBublil JeBblll [npaBbiil] uaean koabua R
NOpOXKAAeTCss MAEMINOFEHTOM; (3) Ka*KAbIH KOHEYHO IO-
POXKAeHHBIH JeBblii [npaBulii] HAeas KoJbua R TOPOX-
daeTcss MAEMNOTeHTOM; (4) Kaabli TrJaBHbIA JeBbIH
[mpaBwiil] uaean xonbua R BblensieTcss NpsiMbIM cJarae-
MbiM; (5) KaXkKAbl# KOHEYHO MOpPOXKIEHHbIH JeBblH [npa-
Bblif] Haeas KoJsiblla R BblaeNsieTCA NPAIMbIM CJIaraeMbiM;
(6) kak cymma, Tak W nepeceyeHHe ABYX TIVIABHBIX J1EeBbIX
[mpaBrix] wnpmeanos koabua R ABASIOTCA  TVIaBHBIMH
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JeBbIMH [npaBbIMH] HAeansaMH, H ecad | u J—rjaBHble
JeBble [npasBue] HAeasbl Koabua R, npuuem [/ =J, TO
J=1® K aas HeKOTOpOrc rJaBHOrO JeBoro [mpaBoro]
naeaaa K xoabua R; (7) ecau H — npaBuii, a L — Je-
Bhll HAeasnl koJgbua R, to HL=HQL; (8) QRQ=Q
o5 aeboro kBasuugeaaa Q xoabua R; (9) eciu H?2 =
= H — npasnif, a L? = L — neBbili uiean koabua R, TO
HL — xBasuupean koabua R (cM. [87], c. 93, Teopema I;
[256], c. 69, Tcopema 9.3).

Ycaosue (6) mokasbiBaeT, UTO IJaBHble JeBble [npa-
Bble] HIeanbl peryJasipHOro koJsbla 00pasyloTr AdeleKHH-
IOBY peuleTKy C OTHOCHTEIbHbIMH [ONOJHeHHsAMH. M3
ycJ10BHsl (2) HeTpPYAHO BBIBCCTH, 4TO paAukana Jl»Keko6-
COHa peryJsipHOro KoJblia paBeH HyJaio. TeopeTHko-MoO-
AyJIbHas XapaKTepH3aUHR peryaspHbIX KoJel JaHa B
n. 4.6.

B perynspHoM Ko/bue BCAKHH JIeBbIH JelHTeNb HYJs
OKa3blBaeTcs MpaBblM JeduTeNeM HyJadsi U Haobopor, a
BCAKHH HelcauTenb HyJast o6patuM. Ecau R — peryasp-
HOC KOJ/IbUO, TO PEUIeTKH €ro TJAaBHBLIX JIeBbIX M J1aBHKIX
NpaBbIX HA€a/I0B aHTHH30MOP(HBI, NMpHYEM AHTUH3OMOP-
¢u3am @ onpenensiercs paBeHctsoM D (L)= Ann,L (cM.
[161], c. 15, Teopema 2.5). PeryasipHoe Ko.1bL10, He cO-
Jdepxallce OeCKOHEUHOr0 MHOXeCTBA MOMapHO OpPTOro-
HaJbHBIX HJEMIIOTEHTOB, KJACCHYECKH MOJYNPOCTO.

PeryJspHblM 0Ka3biBaeTcsi KOJAbLO MAaTpHL Haja Jio-
GbIM peryJ/sipHbIM KOJIbLIOM H, B YaCTHOCTH, HaJ TeJOM
([87], c. 96, Teopema 2), a TakXKe KO.IbLUO BCEX 3HAO-
MOp@H3MOB J11060r0 JHHEHHOrO IPOCTPAHCTBA HaJ TEJOM.
Bosiee TOro, pery/asipHoe KOJbUO H30MOP(HO TakOMY
KOJIbILY B TOM H TOJIbKO TOM C/yuae, KOrj4a OHO MEepPBHYHO,
CaMOMHBEKTHBHO clipaBa H o6siafaeT HeHyJ/1eBbIM NPaBbiM
uokosem ([161], c. 100, teopema 9.12). dToMy KOJbLY
yJAeJeHO0 MHOro BHUMaHHs B MoHorpacduu [234]. Orme-
THM TakKe 0630p [274] o moAKOAbLAX KOJbLA JHHEHHBIX
npeoGpa3oBaHHii BCKTOPHOrO MPOCTPAHCTBA Haj TEJOM,
CKOHLEHTPUPOBAHHBIH BOKPYT TE€OPCMBbI MJIOTHOCTH H TCO-
pemer oaau.

Bcsikas anarebpanueckast aurebpa 06c¢3 HHJbNOTEHTHBIX
aJneMeHTOB peryaspHa. Ecan R ectb Phko/buo, T0 3KBH-
BaJIEHTHBI cJelyloulHe yTBepxAaeHus: (1) R perynasapho;
(2) I?=1 pasa BCAKOro IBYCTOPOHHCrO HAeana [ KOJb-
ua R; (3) xakAblH JeBblii MAeaJs KoJbla R paBeH mepe-
CCYEHHIO HEKOTOPOTO0 MHOXeCTBa MAaKCHMaJbHBIX JIeBHX
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uieasos; (4) R saBasercs V-KOJbLOM, T. €. BCe NPOCTHIe
JeBble R-MOAYJIH HHBEKTHBHBL

Ecnu R — peryiisipHOe KOJbLO H €2 = ¢ & R, TO KO.1b-
1o eRe Takxe perysspHo. PeryiasipHel npsiMmoe mpousse-
JeHHe H NpAMas CyMMa peryJaspHBIX KoJel, (akTop-
KOJIbLIO M JABYCTODOHHHH HJeaJs peryJsipHOr0 KoJblia H
KOJIBLIO MAaTpHIlL Haj peryaspHeiM KoJbuoMm ([87], c. 96,
TeopeMa 2). I'pynnosoe ko.ibuo RG peryJsipHo Toraa H
TOJIbKO TOI'AA, KOrjia R — pery/isipHoe KOJIbLO, Kaxaas
KOHEYHO NOpOXJeHHAas moarpynna rpynnet G KOHeYHa H
nopsAfoK Jiio60l KOHeYHOH MOArpynnu rpynnel G obpa-
THM B KoJblie R (cMm. [57], c. 238, npeanoxenue 2; [39],
c. 64, teopema 10.4; [12], c. 43, Teopema 39).

BaxHBIA MoAK/acc kJacca peryJsipHbIX KoJel obpa-
3yeT CTPo20 pecyifpHoie WU abeseso. pezyrsipHeie
KOJibIa, B KOTOPHIX, N0 ONpejeseHHIO, pa3peliiMO ypaB-
HeHHe a?x = a. PaBHOCHJbHBI CJelyloUlHe CBONCTBA pe-
ryaspHoro xoabua R: (1) R crporo peryaspHo; (2) R
He COJNEpXHUT HeHYJEeBBX HHJbINOTEHTHBIX 3JEeMEHTOB;
(3) xaxkablil JeBbili [mpasbiii] Haean koJbua R sB/seTcH
JBYCTOPOHHHM; (4) BCe HIEMIOTEHTHI KosabLa R UeH-
TpaJbHH,; (D) AJS KaXJA0ro a & R ypaBHeHHe axa =a
HMeeT eJHHCTBEeHHOe pellleHue; (6) AN BCAKOrO MepBHUY-
HOro JABYCTOpOHHero Maeasa P xosbua R paxkTopKOJbLO
R/P oxasniBaercsi tesom ([161], c. 26, Teopema 3.2).
K uucny ctporo pery/sipHbBIX OTHOCATCS Oy.neso. KOAbYaA,
onpejensieMble KaK KOJblla C eJHHHIEH, B KOTOPHX a?=a
Ias Jjgwoboro a. Bce 6yneBnl Ko/Jbla KOMMYTATHBHBI H
yaoBaeTBOpsiOT ToxJecTBY a4 a =0. OHM TecHO CBfl-
3aHpl ¢ GyseBbiMH ajare6pamu (cM. 1m. V.4.4). Byaesn
KOJIbL(A OKA3hIBAIOTCS 2-KOJIbLIAMH, €CJH MOA P-KOAbUOM,
rae p — NPOCTOE YHCJO, MOHHMATb TAaKOe KOJbUO R, 4TO
a* =a u pa=0 aas mwo6oro a = R. O 6y/neBbXx KOJb-
max cm. [100].

Ipyroit moAk/jacc KJacca peryJ/sipHbIX KoJel o6pa-
3YIOT wu-pecyaipHele KOAbYA, B KOTOPHIX YypaBHeHHE
axa = a MMeeT B KauecTBe pelleHHs OOpaTUMBIA 3Je-
MeHT. K uMcany u-perynsipHeIXx NpHHaAJ/exaT CTpPOro pe-
ryasipusle koabua ([161], c. 38, caeacrsue 4.2), KosbUa
MaTpHl HajA u-peryaspHuimMu Koabuamu ([161], c. 40,
ciaencreue 4.7), peryjasipHbie KOJblla, Y KOTOPbIX HHAEKCH
HUJIbIIOTEHTHOCTH HHJbNOTEHTHBIX 3JIEMEHTOB OrpaHHU-
yenbl B coBokymHoctd ([161], c. 75, cieactsue 7.11) u
HenpephIBHBIE CJI€BAa HJHU CNpaBa peryJaspHble KOJbLA.
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PerynsipHoe xoabuo R Ha3bIBAeTCH HenpepoleHoim
[Ro-nenpepoisnoin] caesa, ecaiu pelierka & ero riaaBHBIX
JIEBBIX HA€asoB MOJHA [No-NOJNHA CBepXy] H AJs Mo60ro
IJIaBHOTO JeBoro Hpaeasa L = R u Jo6Goii [cueTHOH] BO3-
pacraromeil uenoyku {L, | & J} ri1aBHbIX JeBbIX HAea/l0B
3 R umeer mecto

Lﬂ{supS,LLImEJ}=supg{LﬂLL|tE]}.

PeryasipHoe koab1o HenpephIBHO [No-HenpephBHO] c/leBa
B TOM H TOJbKO TOM CJyyae, €CJH KaXKAblH €ro [cueTHO
NOPOXKAEHHbIN] JIeBbli HAeas SIBJASETCS CYLIECTBEHHHIM
NOAMOJyJleM B HEKOTODOM ero rJaBHOM JIeBOM HJeaJe.
Ecnu R — HenpephiBHOe [Ng-HenpepblBHOe] cJieBa pery-
JApHOe KOJIbLO H e2=e & R, To KO/IbLO eRe TakkKe He-
npepuiBHO  [No-HempepbiBHO]  csaeBa. HenpephiBHBIM
| No-HenmpephLIBHEIM] cJleBa OKa3blBaeTcsl M MNpsMoe INpo-
H3BeJeHHe HeNpepbIBHLIX C/NeBa peryJsipHbIX KOJell.

PerynsipHoe Ko/bLO, HEeNpepLIBHOE KaK CJeBa, TaK H
crnpaBa, HasblBaeTcst HenpepsisHbim. HenpepbeiBHOe pery-
JsIpHOe cJieBa KOJbLUO R 0Ka3blBaeTCs HeNpepbIBHBIM
TOrZa M TOJNBKO TOr'Aa, KOrja AJs JoGoro raaBHOrO Je-
Boro Hieala L =R wu mawo6oii yOnpBamuleldl UeNOUYKH
{L.|v=J} ero riaBHbIX JeBBIX H[eaJOB CIpaBelJHBO
paBeHCTBO

L+inf, {L 1= y=inf, {L+ L |ve ]}

Jl1060if HeHyJeBOH ABYCTOPOHHHMH WJAeasN HeNpephiB-
HOTO peryJ/isipHOrO KOJIbla CONEPXKHT LEHTPAbHbIH HAEM-
noteHt. OTCl0Aa BHITEKAaeT MPOCTOTA JMIOGOro HempephiB-
HOTO peryJ/IsipHOrO KOJIblia, He Da3J/I0XKHMOro B INPSMYIO
cymmy. Jlio6oe HenmpephiBHOe peryJsipHOe KOJbLO MHpej-
CTaBUMO KakK NOJANpSMOe NMpOH3BeleHHe NPOCTBIX U-pery-
JIAPHBIX CAMOHMHBEKTHBHAIX CJeBa H cnpasa kodel ([161],
caencteus 13.4, 13.24, 13.26, 13.28 u 14.4, npenJyoxe-
Husa 13.6, 13.7 u 14.5).

JIBYCTOPOHHHM aHaJOroM peryJasipHOCTH CJAYXHT OH-
perysipHOCTb: KOJIbIIO HAa3blBAeTCS OuUpezyiipHbim, eCH
KaXJAblil ero rJaBHbI# JBYCTOPOHHHH HAeaJs MopoXaacTcs
LEHTPaJbHbBIM HAEMIOTEHTOM. DHperynspHeiM siBasercs,
B YaCTHOCTH, BCSKO€ NPOCTOE KOJbUO ‘¢ eAHHHLed. Kax-
bl IBYCTODOHHHH HJeaJs OHperyJspHOro KoJbla sB-
JIsleTCsl MmepeceyeHHeM €ro MaKCHMaJbHBIX ABYCTOPOHHHX
HieasoB. Beskoe Gupery/isipHoe KOJbLO € eAHHHLEH H30-
MOp®HO KOJbLYy FI06aNbHbIX CeYeHHH ¢ OGUKOMMAKTHBIMH
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HOCHTe/ISIMH NyyKa NMpPOCTHIX KOJiel ¢ e€IHHHUIEeH Hapx G-
KOMIIaKTHbIM BIIOJIHE HeCBA3HBHIM XayCAOP(OBBIM Ipo-
CTPAaHCTBOM H BCSKOE TaKoe KOJIbLO ceueHHH Gupery-
aspro ([29], c. 11—12, teopema I). B KoMMyTaTHBHOM
cJydae KJacChl PeryJsipHbIX, CTPOro peryJsipHelx U Gupe-
TYJSDHBIX KOJell COBMAajaloT, a IpPOCThie KOJbUa B MO-
ciaelHed TeopeMe 3aMeHsAoTca noJsmH. [IpuBenem Gosee
anre6paHyecKMH BapHaHT 3TOro peayJbTaTa: ecan R —
6uperyaspHas aarebpa ¢ eauHuueld Hag nosaeMm D u Bce
ee NpHMHTHBHBle (PakTopasarebpbl H30OMODGHB OLHOH H
TOH e KOHeyHOMepHOH aarebpe K nHam @, 10 R H30-
Mop¢pHa asrebpe Bcex HeNpephIBHBIX (QYHKUHH Ha HEKO-
TOPOM BNOJIHE HECBSI3HOM KOMIAKTHOM NPOCTPaHCTBe CO
3HayeHHssMH B aareGpe K (cM. [31], c. 312, Teopema 2).
I'pynnosoe kosabuo RG, rae R KOMMYTaTHBHO, OKa3hl-
paercst GUpery/IsipHbIM B TOM M TOJIbKO TOM CJyuae, KOTAa
R 6uperynisipHo, Ka>KAbH 3/71€MeHT rpyniel G JIeXKUT B KO-
HeYHOH HOpMaJbHOH NOArpymnne U NOpsAOK Joboro aJe-
meHTa u3 G ob6patum B R (cm. [12], c. 44, Teopema 40).

Koabuo R Ha3blBaeTcsl f-pecyAsipHblM, ecld AJS JIo-
6oro a = R HaiilyTcsi HaTypaJbHOe YHCJIO 1 H 3JeMeHT
xR Takue, uT0 @"xa"=a". Kaxablii JeBnil [npa-
BhIfi] MJeas m-peryJsipHOTO KOJIblla HJIH COAEPXKHT HeHy-
JIeBOH HIEMIIOTEHT HJH fBJSIETCS HHJb-HeaJsoM, a m-pe-
ryJsipHOe KOJIbIO, He COJepXKalllee HEHYJEeBbIX HHJbIO-
TEHTHBIX 3JEMEHTOB, OKasbiBaeTcs GuperyaspHbim ([30],
c. 304, npensoxeHue 3).

BJH3KH K peryJsipHbIM 03poscKue KoAbyd, onpeje-
JsieMble TeM YCJOBHEM, UTO Ka*KAbIH JIeBbIH (HJIH, 4TO MpPU
HaJIHUUH eMHHMIB paBHOCHJbBHO, KaXKAbIH# NpaBbiil) aHHY-
JsiTop nopoxpaaercs uiemnoredToM. [Ipumepamu 63pos-
CKHX KOJiel CJYXAaT KOJbla 3HAOMOP(PH3MOB JHHEHHBIX
NPOCTPAHCTB HAaA TeJaMH M KOJbLO OrpaHUYEHHBIX oOIe-
paTtopos rujab6epToBa NMpoOCTpaHCTBAa. bBapoBckoe KOJbLO
Ha3biBaeTcsi abeaegbim, ecld BCe ero HAEMIIOTEHTH IleH-
TpaJjibHbl, U KOHeuHoim no [edexkundy, ecau xy =1 Bie-
yer 3a co6oit yx=1. HMaemnotenr e 63pOBCKOro KOJb-
na R HasnBaeTcs abeisesoim [KoneduHuim], ecanm 63poBO
Koablo eRe abenepo [koneuno no enekunny]. Paszuu-
yaloTcs CJeAylolHe THIB G3POBCKHX Kosel: lsing — KO-
HeuHble no JleleKHHAY KoJbLa, cojepikallue abeses
MIEMIOTEHT, He NpHHALMEXAUIMid HHKAKOMY COGCTBEH-
HOMY npsAMOMy cJuaraeMoMy; lini — GeckoHeuHbie no [le-
HNeKkHHay (T. e. He cojepxallHe HEHYJEBBbIX KOHEYHbIX
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LUEHTpaJbHbIX MAEMIOTEHTOB) KO.blla, colepikamue abe
JieB HMAEeMIOTEHT, He MNpHHAJJEXAaUHH HHKAKOMY cO06-
CTBeHHOMY npsiMoMmy caaraemoMmy; Ilgn (uan II))— ko-
HeuHble Mo [lefeKHHAY KoJblia 6e3 HeHyJeBbiX abeseBbiX
HIEMINOTEHTOB, COJepKalliHe KOHEYHbIH HAEMIOTEHT, He
NpHHAAJNeXalUHUil HHKaKOMY COGCTBEHHOMY NpsIMPMY cJa-
raemoMy; Ilins — GeckoHeunbie no [lexekuHay KoJbila
C yCJOBHEM, yKas3aHHbIM NpH onpejaeneHud Ilpn; 11—
KoJblla 6e3 HeHyJeBbIX KOHEUHBbIX HjieMmMnoreHTOB. Kax-
Joe 63IPOBCKOE KOJIbIIO €AHHCTBEHHBIM crnocc6oM pasJia-
raercsi B NPSMYIO CYMMY KoJiell NepeyHCcJeHHBIX THIIOB
([182], c. 12, Teopema 12).

Jlegoum purkkaproseim (uau segeim PP-xoasyom, cm
n. 4.6) Ha3bIBaeTCs KOJbLO, B KOTOPOM JIeBblH aHHYJ/IATOP
J1060ro 3jeMeHTa MopoXxaaetrcsi WaemnoteHtoM. K uuncay
PHKKapTOBbIX OTHOCATCS BCe pery/spHble W G3pOBCKHE
kosblua. O TeOpeTHKO-MOLYJbHOH XapaKTepH3aUHH pHK-
KapTOBBIX KoJeu cM. n. 4.6. JleBoe pHKKapTOBO KOJIbLO
He 06513aHO ObITb NPaBbIM pUKKapTOBLIM. MoxKeT He GbiTh
PUKKapTOBBIM M KOJIbLO MaTpHLl HaA PHKKAPTOBLIM
KOJIbILOM.

IToaypeeyasaproim HazbiBaetcsi SBI-kosbuo, dakrop-
KOJIbLIO KOTOpPOro no ero pajukanay JlxekoGcoHa pery-
asipHo. TToayperyasipHocTb Kobia R ¢ eAHHHUeld paBHO-
CHJIbHA TOMY, UTO IJIf KaXOro ero KOHEYHO NMOpPOXKIeH-
HOro npaBoro Haeasia / Halgercss TakoH HAEMIOTEHT
e= R, uto eR=1 u paBedctBo (l—e)RNI+ K=1,
rie K —npasnit ugeas koaoua R, Baeuer K=1 (npy-
rumu cjaosamy, (1l —e)R\/— Maablii noAMOAYJb npa-
Boro R-monyas [). JleBocTopoHHH# BapHaHT 3TOro ycJo-
BHSl TaKXe 3SKBHBAaJIeHTeH MNOJYpPeryasipHOCTH KOJblla
(Nicholson W. K.//Canad. J. Math.—1976.—
V. 28, Ne 5. —P. 1105—1120).

HudopMauuio o =-peryjsapHbIX KOJbUAX CM. 0. 5.4.

Koabiio HasbiBaeTcst ductpubyrusnoim [yennoim] cae-
8a, ecJau pelleTKa ero JCBbIX HIeaJoB AHCTPHOYTHBHA
[sBAsieTcst uenbio] (HamoMHHM, 4TO B O6lleM cjydae 3Ta
peuretka Juwb MoaynaspHa). Ecau R —xoabno #
A, B= R, T0 nonoxum

1re

(A:By={x|x =R, Bx= A}.

Héreposo caeBa Koabuo R AHCTPHOYTHBHO cJeBa TOrAa
H TOJNbLKO TOrja, KOrja OHO HHBAapHaHTHO cJeBa H
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R=(A:B)+(B:A) nna nwo6bix JeBbix HAeasoB A u
B xonbua R wnu B=(B:A)A past mo6uiX JeBbIX Hiea-
noB B=A xoabua R. JleBas AUCTPUGYTHBHOCTb HE-
TepoBa CJieBa KOJbIa PaBHOCHJIbHA TOMY, UTO KaKJIblH
€ro JieBblil HAea] paBeH NMPOU3BEeJEHHIO NEPBHYHHIX [ABY-
CTOPOHHHX HJeasoB. HérepoBo cnpaBa U cjeBa KOJbLO
JUCTPHOYTHBHO CJeBa TOrJAa M TOJBKO TOrJa, KOrja OHO
H30MOP(HHO NMPAMOMY NPOH3IBEJEHHIO LENMHBIX cJaeBa ap-
THHOBBIX KOJlell H HHBapDHAHTHBIX CJeBa HacJeNCTBEHHBIX
cneBa HéTepoBHIX c/aeBa obsacrteil uesocTHocTH. JleBoe
KoibLo DBe3y nucTpuGYTHBHO B TOM M TOJLKO TOM CJy-
yae, KOria BCce ero MaKCHMa.bHble JieBble HAeaJbl sB-
JsTCA ABYCTOPOHHHMH. [losy/l0Ka/NbHOE KOJBUO AHCTPH-
6YyTUBHO CJieBa TOTJa H TOJbKO TOrAa, KOTJAa OHO SiB-
JfeTcs JieBbIM KoJabluoM Dbe3y, a ero ¢akTopkoJabio Mo
paaukaay Jlxexo6coHa pasnaraercss B NpsiMOe NpPOU3Be-
JleHlle KOHEYHOTro MHOXecTBa Tej. JUCTpHOYTHBHOE cieBa
KOJIbLIO pa3Jjiaraercs B NPAMYIO CYMMY KOHEUHOrO 4ucja
o6snacteit Ope B TOM M TOJbKO TOM CJyuyae, KOrZa OHO
AHTHCHHTYJSPHO H YAOBJIETBOPSET YCJIOBHIO MAaKCHMaJb-
HOCTH WJH JJs JIeBblX aHHY/JATOPOB, WJIH AJS MPAMBIX
CyMMm JeBbiXx HaeanoB. Kouabuo mHorousesoB R [x] au-
cTpuGYyTHBHO cJeBa TOrJAa M TOJNbKO TOrjaa, koria R —
KOMMYTAaTHBHOe peryJspHoe KoJbuo. JleBas auctpuby-
THBHOCTb Kousiblia R [[x]] cTeneHHbiX psiA0B PaBHOCHJBHO
TOMY, 4TO R — CTPOro peryaspHoe CUCTHO HHDBCKTHBHOE
KoJbo. (UnucaHbl AHCTpHOYTHBHBIE CcJeBa TpYNMOBbIE
KOJIbL[a C KOMMYTaTHBHBIMH KO./bllaMH KO3(P(dHLHEHTOB.
Ec/ad Bce HHJIbNOTEHTHBIE 3J1CMEHTBI KoablUa R 1LeHTpaJb-
Hul HJIH R yJOB/EeTBOpSeT yCJAOBHIO MHHHMAaJbHOCTH AJA
JIeBbIX aHHYJASITOPOB, TO R OKka3biBaercs AHCTPHOYTHBHLIM
cJieBa TOr4a H TOJbKO TOTAa, KOrja Bce ero MakKCHMaJb-
Hbie JieBble HIeaJjbl $BJIAIOTCS BIOJHe HNPOCTbIMH HAea-
JaMH H COOTBETCTBYIOI(HE JICBBIC KOJbLLA YaCTHBIX CYyLIC-
CTBYIOT H OKa3blBalOTCsi LECIHbIMH cjeBa kosabuamu ([9],
1.

KosbLo, pelleTka ABYCTOPOHHHX H/A€aJOB KOTOPOro
AMCTpUOYTHBHA, HasbiBaeTcs apugmeruveckum. Apudme-
THYHOCTb KOJbllda PABHOCHJbHA CHPABENJUBOCTH B HEM
KHTaiickoii TeopeMbl 06 ocraTkax. KoMMyTaTHBHOe HETe-
pPOBO KOJIbLUO apH(pMETHUYHO TOrjJa U TOJBKO TOrAa, KOrAa
Kax<[blil ¢ro HeHyJeBOH Haea] paBeH NPOHU3BEACHUIO MaK-
cHMaJbHBIX HAeasoB. O6 apHPMETHUCCKHX KOJIbLAX
cm. [110], §§ IX. 2, IX. 3.
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2.5. YcaoBus oGpbiBa ueneil. Kak npasuso, yaoBJjer-
BOPHTEJIbHOE ONMHCAaHHe TOrO HJH HHOTO KJjacca KoJell ¥)
yAaercs HOJYUYHTb JHUIL [PH YCJAOBHH, YTO Te HJH HHblE
UEMNOYKH OZHOCTOPOHHHX HMJIH ABYCTOPOHHHX HJ€aJsioB CO-
OTBETCTBYIOLIUX KoJiell o6pbiBatloTcs. TouHee, TOBOpAT,
yTo BO3pacraiowas [y6bBalomas] uenouka Xo= X =
=X,= ... [Xo=2X,2X;2= ...] NOAMHOXKECTB KOJb-
ua R obpsisaercs wnu crabuausupyercs, ecaud Hahgercs
Takoi Homep n, uto X, = X.y; 0as Jwo6oro i. Ecaun B
Kosblle R ofpbiBaloTcs Bo3pacTawuiHe [yObiBatouiue]
IeOYKH TOAMHOXECTB, YAOBJECTBOPSAIOIUX TOMY HJH
MHOMY YCJIOBHMIO, TO TOBOPSAT, UTO KOJbLUO R ydosierso-
pPAET YCAOBUID MAKCUMAABHOCTU [MUHUMAALHOCTU] [JIA
3THX noamHoxectB. Hanpumep, R yaoBierBopser ycio-
BUI0 MAKCUMAALHOCTU OA 0BYCTOPOHHUX UOEan08, ecilu
o6pbiBaeTcsi BesiKasi BO3pacTaloulas Ienoyka ABYCTOPOH-
HHX HJeaJoB.

Kosibuo HasbiBaeTcsst apruroseim [HEéTeposeim] cieBa,
ecad o6puiBaercsl JiioGas yGbBalouias [Bospacraiouias]
Ile[I0YKA ero JieBbiX HAEaJoB.

AprtHHOBO [HéTepoBo] c/leBa Ko.abUO He 006si3aHO GbITb apTIHO-
BbIM [HéTepoBuiM] cripaBa. B camom gese, Kosbllo Bcex MaTpull, BHAa

a B
(0 ) rae o H - npousBoJbHble NEHCTBHTEJbHBbIE uHcIa, a
r

r mo6oe pallioHa/NbHOE YHCJIO, HETEPOBO M AapPTHHOBO CJeBa, HO
HH HéTePOBO, HH apTHHOBO clNpaBa. OIlHaKO €CJIH KOJbUO apTHHOBO
cJaeBa M HérepoBo chpaBa, TO OHO apTHHoBo cmpaBa ([126], c. 55,
Teopema 4.1).

Bcsikoe apTHHOBO cieBa KOabLO R, aflHTHBHAsA rpyn-
na KOTOPOro He COJAEPXHT KBA3HUHKIAHYECKHX MOArpYMM
(B uacTHOCTH, ecaiM R COXEpPXHUT JeBYIO HJH MpaBylo
eIHHHILY), OKa3blBaeTcst HéTepoBbiM caeBa ([187], c. 232,
teopema 10.10; [76], § 4.5). Ha Hecnpasemsnnsocth 06-
paTHOH HMNJHMKAUHUHM YKa3blBaeT MpPUMep KOJIblLA LeJdbX
yuces. TeM He MeHee, ecau KoJbuO R HETEPOBO cJeBa
M ClpaBa, a ero JieBHIH LIOKOJIb HMeeT HeHyJieBoe Iepece-
yeHHe C KaXJblM HeHYJEeBbIM JieBbM [IpaBbiM] HleaJsom,
To R aprtuHoBo caeBa u cmpaBa ([126], c. 58, Teope-
Mma 4.6).

*) Bce cka3aHHOe B 3TOM MNYHKTE O KOJIbHAX, €C/JH TOJbKO He
OrOoBOPEHO TPOTHBHOE, OCTAeTCsi CNpaBefJUBbHIM AJs JoObix @-an-
re6p, a TakXe NPH ONHOBPEMEHHOH 3aMelic MPHJIAraTe/jbHOrO «Jie-
Bbl» Ha <«npaBbli» W HaoGopoT. I[Toguepkuem elne, uto B cayuae
ajare6p nojx NpaBbiM, JEBHIM HJIH ABYCTOPOHHHM HA€asoM CcJeldyeT
MOHHMAaTb COOTBETCTBYIOWIMA Haean anareGpnl (cm. nm. 1.2 n 2.2)
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Ilpsmass cymMMa KOHEYHOrO MHOXKECTBA AaPTHHOBBIX
[HéTepoBHIX] c/eBa KoJell apTHHOBAa [HéTepoBa] cJeBa
dakTOpKOJBLO apTHHOBA [HEéTepoBa] cJjeBa KoJbLa, a
TaKXe KOJbUO MAaTpHl, Haj HUM apTHHOBO [HETepoBO]
caneBa. Ecau xonbuo R apTHHOBO [HéTepoBO| cieBa H
e2=e< R, To apTHHOBO [HETEPOBO] cJieBa H KOJbLO
eRe. Bonee toro, kKoibuo R c eAWHHUEH OKasbiBaerTcs
apTHHOBBLIM [HETEpOBBLIM] cJieBa TOr4a H TOJBLKO TOrja,
korga l=e+f,raree?=e=R, fP=f=R, ef =0=e,
Koabua eRe u fRf apTHHOBH [HéTepoBbl| ciaeBa, eRf—
KOHEYHO MOpOXKJAeHHbI JeBbii eRe-Monyab u fRe — Ko-
HCYHO TNOPOXKJeHHBH JeBbH fRf-monynb ([47] Teope-
ma 10.5; [76], c. 122, crencteue b). I'pynnosoe koJbuo
RG oka3biBacTcsi apTHHOBBIM CJeBAa TOTAA H TOJbKO
TOrAa, KOrAa KO/bilo R apTHHOBO caeBa, a rpynna G Ko-
Heuna ([39], c. 69, cnencrue 14.7; [12], c. 33, Teope-
ma 30). Kpurepuii f1eBoit HETEPOBOCTH I'PYNNOBOTrO KOJbLA
noka He HalleH. ApTHHOBO CJleBa KOJbUO BKJAJblBAaeTCs
B apTHHOBO CJICBA KOJbLO C eAHHHLEH B TOM H TOJbKO
TOM CJyd4ae, KOrJa ero afJWTHBHAsS TPYMNa HC COAEPKHT
KBa3HUMKAHYeckux noarpynn ([187], c. 240, Tteope-
ma 10.27). CyuwectsoBaHve eIMHHUDBl Y KOMMYTaTHBHOTO
apTHHOBA KoJblla R pPaBHOCHJABHO OTCYTCTBHIO IOJIHOrO
annyasrtopa, 1. e. AnnR = {0} (cm. [187], c. 237, Teo-
pema 10.21). ApanTuBHas rpynna HUJAbMOTEHTHOTO apTH-
HOBa KOJIblla pasJjaraercsi B NPSMYyl CYMMYy KOHEYHOro
yucsaa p-rpynn ([187], c. 229, teopema 10.7). Koasbuo,
B KOTOpDOM oOpbiBaeTcsi Bcsikas yObiBalowlas Lelloyka
TOAKOJIell, OKa3blBAeTCsl CYUETHBIM, a BCSIKOE ero KOHeu-
HOe I0JMHOXECTBO [MOpPOXKAAaeT KOHeuHOoe MOAKOJbLO
(Wueitamionnep B. M.//Mar. ¢6.— 1950. — T.27.—
C. 219—228).

Kosbuo R HéTepoBO csicBa TOrAa M TOJNbKO TOTrAa,
KOrja KaXXfbli ero JieBbli HAeaJ KOHEYHO TMOpOXKIeH.
[1pu Ha/NMYMK B KOJIblle JIEBOH €IMHHUIIBl 3TO 03HAYAET, 4TO
IJIsl Ka)XJAOro ero Jesoro ufeana L HallayTcs Takde aJe-
MEHTHl aj, ..., Qn, 4T0 L=Ra,+ ... + Ra. Jlioboi
ONHOCTOPOHHUH HUJbL-Hleas HETepoBa cJeBa KOJbLA
nuavnorenten ([57], c. 115, npeanoxenne 6; [90],
1. 9.15). To xe camMoe BepHO A5 KOJell, i KOTOPBIX 006-
pBIBAIOTCS BO3pPACTAIOLHE LENOUKH OJHOCTODOHHHX aHHY-
ASTopHbIX umeanos ([180], c. 24, ciemcrsue 3.3; [96],
Teopema 7.3.3). Kosblo MHOrouJeHOB Hal HETEPOBHIM
cleBa KOJbLOM HEéTepoBo caeBa (reopema [luavbepra
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o 6asuce — [87], c. 103, teopema 1). To ke camoe BepHO
H AJ5 KOJIbla CTeleHHbX psifoB. ke R =S = M, (R),
TO S HEéTepoBO clpaBa TOr'JAa H TOJNbKO TOria, korga R
HétepoBo cnpaBa. HérepoBo cnpaBa u cJaeBa KOJAbLO R
C MepBHYHBIM pajHKajJom N pasjaraercsi B NpIMYIO
CyMMy MOJIyepBHYHBIX H aPTHHOBBIX CIIPaBa M C/1eBa KO-
Jew, B TOM H TOJbKO TOM cJayudae, korga N =cN = N¢
ans qwoboro ¢ u3 R Takoro, yto ¢ + N He siBasercd Ae-
auteneM Hyad B R/N. Leutrp Z(R) noaynepsuyHoro
KoJiblla R HETEpPOB TOr4a W TOJbKO TOT1a, KOTAa R HéTe-
poBO cmpaBa U SBJASIETCS KOHEYHO MOPOXKAEHHBIM
3(R)-mopynem ([208], nm. 1.1.4, 4.1.9, 13.6.14). Cyuue-
CTBYIOT NPOCTHIE HETEPOBBI CNpaBa KoJbla C AeJNUTENAMH
HyJist, HO 6e3 HJIeMNOTEHTOB, OTJUYHLIX OT HYJd W elH-
HHuel (3anecckuit A. E., Hepocaasckuit O. M./
Commun. Algebra. — 1975. — V. 5, Ne 3. — P. 231—244).
HekoMMyTaTHBHBIM HETEPOBBIM KO.1bliaM MOCBsILIEHA MO-
Horpadus [205], a KOHeUHBIM KOJbLAM — MOHOrpadHH
[36] u [211].

J/Isl HUJBIOOTEHTHOrO KOJIbllAa PAaBHOCHJbHBI YCJIOBHSA
o6pbiBa BO3pacTalOUIMX Lened noArpynn ajidHTHBHOMH
rpynMnsl, NOJAKOJiel, APaBbIX, JEBBX U ABYCTOPOHHUX uHlea-
JioB. [TonkoJba KOHEYHO MOPOMKACHHOTO HUJLIOTEHTHOrO
KOJIbLA KOHeuHo nopoxaennl ([198], § 1I1.4).

O KOHeuHBIX HHJbIOTEHTHBIX KoJbuax cm. [198],
ra. V.

BaXXHbIM YacTHbIM c/JyuyaeM HETepoBa cCJeBa KOJbLA
ABJSAETCA KOALYO 2AABHOIX A€6blX UOEAN08, B KOTOPOM,
NO ofpefeqeHHI0, KaXAblil JeBbH Haeas] ABAAETCS rJiaB-
HbiM. [IpuBeleHHBIH Bblllle NpPHMEp MOKAa3blBaeT, 4TO
KOJ/IbLO TJIaBHBIX JICBbIX H€as0B He 06si3aHO GbiTh Jaxe
HéTepoBbIM crnpaBa. HérepoBo cnpaBa KOJbLLO TJA3aBHBIX
JIeBBIX HJAeaJsiOB paasJjaraercss B NPSIMYI0O CyMMYy MepBHY-
HBbiX KOJlell W MPHMapHbBIX apTHHOBHIX caeBa xoJeu ( [90],
n. 20.97). ApTHHOBO cJleBa KOJbLO [VIABHBIX JIEBBIX HAea-
JIOB C eJMHHLeH pa3saraercsi B NpPSIMYIO CyMMYy NpHMap-
HBIX KOJel, IJaBHbIX JeBblx uaeanos ([90], un. 19.45).
[lepBHYHOE KOJbLO TJABHBIX JEBbIX HAeaJJOB H30MOp(HO
KOJIblly MaTpHll Hajx o06/acTbio, yAOBJETBOpSIOLIEH Je-
oMy ycaosuio Ope ([90], npennoxenue 10.21). Koabuo
[JIaBHBIX JIEBBIX HJ€aJjoB Y/JOBJETBOpPAeT YCJOBHIO 06-
pbiBa yGbiBaIOMUX Lenell HUIbMIOTEHTHBIX MpaBblX HAea-
JIOB B TOM H TOJIbKO TOM CJyuyae, KOrjJa OHO pa3Jjaraercs
B MNpPSAMYI CYMMYy KOHEYHOrO 4YHCJ/Ja MepPBHUHBIX KOJel
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rJaBHBIX JIeBBIX HJeaJlOB H apTHHOBLIX CIIpaBa M CJeBa
npumapubix kosew ([180], c. 88, Teopema 8.1). Iloay-
nepBHYHble KOJbLUA TIJaBHBIX JIEBBIX HI€aJOB H TOJbKO
OHH pasJlaraloTcsi B KOHEUHYIO NPAMYIO CYMMY NepBHUHBIX
KoJiel, TJIaBHBEIX JeBbix HAeasoB (Johnson R. E.//Ca-
nad. J. Math.—1963. —V. 15, Ne 2. —P. 297—301).
KoJib1io MaTpHul HafA KOJbLAMH TJIaBHBIX JIEBBIX U IJ1aB-
HBIX NpaBbiX HAeanoB o6aajnaer TeM xe cBoiicteom ([30],
c. 148, Teopema 40).

KoMMyTaTHBHOE KOJIbUO TJ1aBHbLIX HAeaJIOB SIBJAsieTCS
npsiMoi cymMMmoi obJsiacTedl TJIaBHHIX HAEAJOB H KOJbla
rAaBHBIX HA€aJOB C eJHHCTBEHHBIM IPOCTHIM HAea-
JIOM, TpHYeM 3TOT HAeaJ HujabnotexteH ([40], u. I,
c. 282, teopema 33). Onsi nio6HX ABYX 3J1eMEHTOB a H b
M3 06JIacTH TJ/aBHBIX MpPaBhiX H TJaBHBIX JeEBbIX Hiea-
JOB R cyluecTBYIOT Hanbosbuini o61IHH JieBbIH deaHTeNb
(@, b) n HanMeHbliee JieBoe KpaTHoe |[a, b], onmpenesse-
Mble OJIHO3HAYHO C TOYHOCTbIO A0 O6pPaTHMOTrO NMpaBoro H
JIEeBOTO MHOXHTeqs cooTBeTcTBeHHo. [Ipu 3toM Ra -+
+ Rb=R(a,b) u RaNRb=R[a,b] (cm. [30], c. 54,
TeopeMa 2). CnpaBelJWBa H TeopeMa O pasJ/oXKeHHH
Ha HenpuBoAWMble MHoxutesun ([30], c. 70, Teo-
pema 5).

DKBHBaJEHTHLI CJeaylomye cBolicTBa Kosblla R ¢ elu-
Huue#: (1) R yaoB.aeTBOpsieT YCJIOBHIO MaKCHMaJbHOCTH
AJif aHHYJATODHBIX NpaBbiX HAeasoB; (2) R yAoBJeTBO-
psieT YCJA0BHIO MHHHMAJdbHOCTH AJisl aHHYJISTOPHBIX JeBbIX
HacaJoB; (3) mas BCAKOro mpaBoro uieana [ koabua R
HaiileTcd TaKO# KOHEYHO MOPOXKAEHHBIH NpaBbId HAeaJ
I'=1, yro Ann;/ = Ann;I’. Jlio6oe NoaKoJbLO KO.1blia,
YAOBJIETBOPSIOLIErO0 YCJOBHIO MaKCHMaJbHOCTH [MHHH-
MaJibHOCTH]| AJIS aHHYJSITOPHBLIX MPaBbIX HAeaJsloB, CaMo
VAOBJICTBOPSIET 3TOMY YycJOBHIO. Huab-K0abIO, YAOBJIET-
BOpsliollee YCAOBHSIM MaKCHMAaJbHOCTH KaK [JfA JICBBHIX,
TaK M AJS NpaBbiX aHHYJATOPHBIX HAEAJOB, HHJbIIO-
reutHo ([90], nn. 7.23.2, 7.23.3, 20.23, T. I, c. 488,
ynp. 2).

Koablo R HaswBacTes npassim Koavyom Ioadu, ecau
OHO VAOBJIETBOPSieT YCJOBHIO MaKCHMAJbHOCTH AJISi aHHY-
JSITOPHBIX NpPaBbIX HAEaJOB H MNPAMbIX CyMM NpaBBIX
uaeanoB. Huab-koabuo Tongn HuabnotentHo ([90], T. 1,
c. 488, ynp. 2). TlonynepBHuHOe KOJbLO OKa3biBaeTcs
npaBbiM KOsabLoM [oaH TOrda ¥ TOJbKO TOrA@, KOT1a
OHO AHTHCHHTYJSIPHO CNpaBa M YAOBJETBOPSET YCJOBHIO
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MAaKCHMaJbHOCTH [J51 NPSMBIX CyMM IIpaBBIX HJeaJsoB
([90], m. 9.13).

Ko/ibLio Ha3bIBaeTCs KAaccuecKu NOAYNPOCTHIM, €CIH
OHO M30MOP(HO NPAMOH CyMite KOHEUHOIO YHCJa MOJHBIX
MaTpHYHBIX KoJel Hajx tejamu. st koabua R c eluHH-
uefl SKBHBAJIEHTHH cJelylolliHe YyTBepxAeHus: (1) R
KJacCHuecKH moJgynpocrto; (2) R — apTHHOBO cJjeBa
[cnpaBa] .KoJbLO, He coxepKallee HEHYJEBBIX HHJbIIO-
TEHTHbIX JBYCTOPOHHHX (a 3HAYHT H OJHOCTOPOHHHX)
uzaeasoB; (3) R apTHHOBO cJeBa [cmpaBa] H ero paguKaJs
I:xkexo6coHna paseH Hymo; (4) R pasjaraercs B NpsiMylo
CyMMYy CBOHX MHHHMAaJbHBIX JIeBbIX [NMpaBblX] HIeaJsoB
(1. e. R BnosHe npuBoAHMO caeBa [cnpasal); (5) R co-
BNajaeT CO CBOMM JIeBbIM [MpaBbIiM] 1OKoJeM; (6) kax-
Aui Jepblil [npaBblif] ugean koJbua R mnopoxpiaercs
ugemnoteHtoM; (7) AJAsT KaXIOro JesBoro [mpasoro]
npeasa H kosbua R Hafijercsi Takoil JieBbld [mpaBwiii]
ugean H’, yto R=H® H’; (8) R-— apTuHOBO cCJ/eBa
[cnpaBa] peryasipHoe koabuo; (9) R — HéTepoBo cJeBa
[cnpaBa] peryasipuoe xoabuo; (10) R — peryaspHoe
KOJIbLIO TIJIAaBHBIX NpaBbix [saeBbix] upeanos; (11) R He
CONEPXKHT HEHYJIeBBIX HHJbLIOTEHTHBIX ABYCTOPOHHHX
HAeasoB M COBNAajaeT ¢ CYMMOH CBOHX MHHHMAaJbHBIX
KBasHHAeanoB (Teopema Beddepbaprna—Apruna —cm.
[87], c. 122, Teopema 2; [76], § 3.5; [31], § IIL.3;
[256], c. 56, Teopema 8.1). TeopeTHko-MoAy/nbHast xa-
pakTepH3allUsl KJAaCCHYECKH IOJYNDPOCTHIX KOJel JAaHa
B . 4.6.

N3 teopembl Bepnep6apHa—ApTHHA HeTPYLHO BhiBe-
CTH, 4YTO KOJbLO pasJjiaraercss B KOHEYHYIO MNpAMYIO
CyMMY TeJ TOTAa H TOJbKO TOTJAa, KOrja OHO apTHHOBO
cJeBa HJH CNpaBa M He COMEpPXKHT HeHYJEeBbIX HHJIbIO-
TEHTHBIX 3JeMeHTOB. Kaxnaoe u3 ycaosuit (1)—(4) Bie-
yer cyulecTBOBaHWe efuHHuub ([96], c. 34, caencrsue 2).
U3 onpenesnenns KJacCHUeCKH MOJNYNPOCTOrO KOJbLUA BUM-
HO, YTO OHO pasJjiaraetcs B NPSAMYI0 CYMMY IPOCTHIX KO-
Jsen. OkasblBaeTcs, YTO Takoe pa3/oXeHHe eIHHCTBEHHO
([31], c. 69, Teopema 2). Kaxknbii (BycTOpOHHHH HAean
KJaCCHUECKH TMOJYNPOCTOrO KOJblla MOPOXKA3eTcsl LeH-
TpaabHbiM uiemnorentom ([87], c. 125, nemma 3).

[pynnoBoe kosabuo RG KaacCHYeCKH TIOJYIpOCTO,
TOrJa W TOJBKO TOTAA, KOTJAa KOJbLO R KJaCCHYECKH IO-
Jynpocto, a G — KOHeyHas Trpynmna, NOPsAOK KOTOPOH
obpatum B R (cM. [39], c. 67, Teopema 12.2). B dacTHO-
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CTH, TpynnoBas ajare6pa KOHeYHOH IpyNnel Had noJem @
KJIaCCHYECKH IIOJIyNpocTa TOrJa H TOJbKO TOTJAa, KOrjaa
XapakKTepHCTHKA INOJs He HeJNHT MOPSAOK TpYNNel (Teo-
pema Mawxe —cwm. [87], c. 204, Teopema 16; [51],
c. 365, TeopeMa 2).

K uyncay ksaccHueckH MOJNyNpoOCTHIX KoJel, OTHOCATCS,
pasyMeercsi, BCe KOHeUYHOMepHble ajre6pel R Hajy mno-
jgem (@, He cojepiKaliHe HeHYJEBbIX HHJIbIOTEHTHBIX
HaeasoB (OJHOCTOPOHHHX HJH HABYCTOPOHHHX). Ecau
noje O ajre6panyeckd 3aMKHYTO (B YaCTHOCTH, eCJH
@ — nosle KOMMJIEKCHBIX 4YHCeJ), TO R pasjaraercs B
ApsAMYyio cyMMy aare6p Matpuu Hapg nojem @. [Topsaok
3THX MAaTpHL PaBeH pa3MepPHOCTH MHHHMAJbHBIX NpaBBIX
[neBrix] wmmeanoB aare6pel R. Ecau ny, ..., im— pas-
MEPHOCTH BCex TaKHX, HanpHMep, MpaBbIX HJAeaJoB,
NONapHO HeH3OMOP(MHBIX KaK INpaBble R-MOAYJH, TO
dimg R=n}4 ... +n2 u dimeo 3(R)=m (dimg
0o3HayaeT pa3mepHocTb Haf nosaem @). Eciu G — koHeu-
Has rpynna, 1o dime 3(®G) paBHa yHCJAy KJIacCOB CO-
npsixkeHHoctd rpynnbl G (cM. [88], c. 201, Teopema 15,
c. 205, Teopemnl 17 u 18; [90], m. 13.5).

KoHeuHoMepHas aare6pa A Haj nosem (D HasbiBaercs
cenapabeasroti, ecau W-anre6pnl ¥ ®oA kaaccuue-
CKH MOJYNpoCTHl IJs Bcex pacwupenuit W mosas @. 3to
PaBHOCHJbHO KJaccHyeckod noJaynpoctote  aare6pul
O®o A pas HekoTOpOro aJjire6paHyeckd 3aMKHYTOTO
pacuiupernss @ noas @ (cm. [90], m. 13.16). Ecan A —
KOHeuHOMepHasi aareG6pa Hapx noJdem @, J— paauxan
Jxeko6cona anre6pel A u A/J — cenapabenbras ®-aj-
re6pa, To ajpauTHBHas rpynna aare6pel A pasaaraercs
B npsmylo cymmy A =B ® J, rae B — oiHO3HauHO ompe-
JenenHasi mojajre6bpa aJare6psi A, uzomopopuas A/J
(reopema Beddepbapra—Manrsyesa — cm. [90], n. 13.18;
[56], c. 450). '

CenapaGeabHbiM aJjre6paM nocBsillieHa MoOHorpadus
[137].

CkaxeMm, UTO KOJIbLIO R yIOBJETBOpSET npagomy ycao-
suro Apruna—Puca, ecau J1Jas BCSIKOro ero mpaBoro
uieana H u mo6oro AByCTOpOHHero Haeana [ Haijercs
Takoe HaTypajbHoe uucao n, uto H( /"< HI. Bcskoe
KOMMYTaTHBHOE HETEPOBO KOJbIO YAOBJETBOpSiET YCJO-
Buio ApruHa—Puca ([126], caencrsue 11.8). IlycTs Te-
nepb R — HETepOBO ClpaBa M CJjeBa KOJbLO, yAOBJETBO-
psollee NpaBOMy H JieBoMy ycaoBuaM AptuHa—Puca, u
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I—ero monynepBuuHblif wupgeast. Torga MHOWKEETBO
Fr([)={x|x=R, x+ [—Heaenureap Hym=8B R/I}
yIOBJeTBOPSiET NPaBOMYy H JieBOoMy ycsoBusiM Ope u pis
pagukana Jxkeko6coHa COOTBETCTBYIOUIErO  KJacCH-
YECKOTO KOJIbUA YaCTHBIX Ryp ;) paBed [gp o) (cm. [208],
n. 4.2.11). ,

Ecnn A — KoHeuHOMepHas LeHTpaJbHas MpocTas as-
re6pa Hax nojsem @, To W ® ¢ A okasbiBaeTcsl LEHTPAb-
Ho# mnpoctodl W-anre6bpoit Ans mwoboro pacwupeHus ¥
noas ®, a2 A°®q A, rae A°— anre6pa, MHBEPCHO H30-
moptdHasa A, uzomopdua anre6pe M,(®D), rae n— pas-
mepHocTb aare6pnl A. OTclona BeITekaer, yto A — cena-
paGenpHas aare6pa ([76], c. 282). Ecan nogaareGpa B
KOHeYHOMepHOH IleHTpaJbHOH npocToi anre6pet A Hax
nosiem @ npocta u ¢ — romoMopdusm anare6pel B B A,
TO Hafigercd Takoii 06paTUMBIH 3jeMeHT u e A, uTO
@ (x)=u"'xu gns Bcex x = B (reopema Hérep—Ckoae-
Mma), a UeHTpaJH3aTop lieHTpasan3atopa aare6pn B B A
cosnagaer ¢ B (cm. [76], §§ 12.6, 12.7). Huas Bcakoit
KOHEYHOMEpPHOH LeHTpa/lbHOH mnpocToii anarebpbsl A Han
nosem @ cyuecrByer nose pacujenierus (W14 pasaomnce-
Hus), T. e. Takoe pacwupeHHe ¥ noas @, uro ¥ @ o A
nzoMopdHa aarebpe M,(®) aas Hekotoporo n (cm. [90],
1. I, c. 587; [96], § 4.3).

KoHeuyHOMepHBIe 1leHTpaJibHble NMPOCThe ajareGpbl Hajg
noneM @ Ha3bBalOTC n0006HbIMU, eCTH Mm (D Op A) =
= Mn(® ® o' B) anf noAxoAsWHX m U n. ITO PaBHO-
CHJIbHO TOMY, 4TO Ga3ucHbie aare6pel ajre6p A u B uso-
MOp®HBI, 4TO, B CBOIO OYepeb, pABHOCHJIbHO IKBHBAJEHT-
Hoctu ajre6p A u B B cmbicie MopuTh. OTHOLIeHHe NO-
JoGHs OKa3biBaeTcsi OTHOLIEHHEM 3KBUBaJeHTHOCTH. Ecau
[A] — knacc 3To#i 3KBUBaJEHTHOCTH, COJepXKalIUH aJ-
re6py A, 1o onpenenenne [A] [B]=[A ® o B] npespa-
HIaeT MHOXECTBO KJacCOB B MepHOAHUYecKYylo aGeseBy
rpynny, Kkoropasi HasbiBaeTcs epynnoid bpayspa nons @
{cm. [76], § 12.5; [96], § 4.1, teopema 4.4.4; [31],
§ V.13; [90], t. I, c. 587). Kaxnas koHeuHOMepHas
npocrasi aire6pa Hax noseM (@ noxo6Ha HEKOTOPOH aJi-
re6pe c nesexueM Haj nojeMm @. OTcloga BbITeKaeT, 4TO
rpynna bpayspa anre6panuyecKH 3aMKHYTOIO MOJsi OXHO-
agementHa ([76], c. 285). O cBs3u rpynnn Bpayspa
no/isi @ co CKpelleHHBIMH NPOU3BEAEHHSIMH pacIlHMpeHHi
nmonst @ u ux rpynnama Fanya cm. [96], § 4.4, a 0 BH-
yucaeHun rpynn Bpayspa — [76], ra. 15, 17, 18. O ko-
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HEYHOMEpHLIX asarebpax U UX NPENCTABJEHHAX CM. TAKKe
[34], [56], [101] u [135]. Onucanue anre6p MaJoi pas-
MepHOCTH npHBedeHo B [16], m. 2.2.

Kosbuo R HasbiBaeTcsl NOAYAOKAAbHOLM, €CJAH €ro
¢dakropkoabuo R/J no ero paamkany JIxekobcona J—
KJaCCHYECKH MOoJynpoctoe KoJbluo. Ecau R — noayio-
KaJjbHoOe KoJablo, a, b= R 1 Ra+ Rb=R, o RaRb =
=RbRa. Ecau xe Ra=0bR — aBycTOpoHHH# uzacan
Koabua R, To aR=Ra=0bR=Rb (cM. [90], 19.43).
Ecau noaynokanabHoe SBI-kosbuo R comepXHT eanHuLy,
0 R=e/R® ... DesR, rie e;— Hepas/okKuMbe T10-
NapHO OpPTOroHaJibHble HAeMnoTeutol, | =e¢e; + ... 4+ e,
U e;Re; — sokaabHbie KoJsbua. [lpu 3toMm, ecau R =
=HR® ... ®f.R— apyroe pasjoxkeHue C TeMH ¥XKe
CBOHCTBaMM, TU m =n W HalJeTcs TakKoi O6GpPaTHMhIH
3/eMeHT u & R, 4TO NpH NOAXOAsiled HyMepauuu f; =
=y 'e;u past Bcex i. [losy/soKajJbHOE KOMbLO C HHJIbMO-
TEHTHBIM pajuka’iom [1xekoGCOHA HasblBaeTCsi HOAYNPU-
maproim. [loaynpumapHoe KOJIbLO OKa3blBaeTCs apTHHO-
BLIM cJeBa [cnpaBa] Toraa M TOJbKO TOTJa, KOTAa OHO
HéTepoBo cJaeBa [cmpaBa]. [TopuepkHeM, UTO BCSKOe ap-
THHOBO CJIEBA HJIM CIIPAaBa KOJIbLO OKAa3biBaeTcs NMOJynpu-
mapHbiMm SBI-koabuom ([31], c. 89, Teopema 4, c. 91,
teopema 2; [90], nm. 18.26, 18.32).

Kosbuo R HaswbiBaeTcsi npumapHoim, ecau ¢Gakrop-
Ko.bo R/J no ero paaukany Jlxeko6cona J uzomMopdHO
KOJ/IbLLY MaTpHLl HaJ HEKOTOPbIM TeJOM, T. €. NPOCTO H
KjaccHuecku noaynpocro. Jlio6oe npumaproe SBI-koanuo
(B 4aCTHOCTH, BCSIKOC apTHHOBO HJIM HETEPOBO CJeBa WJH
cnpaBa KOJbLO) H30MOPGHO KOJbLY MAaTPHL Haf NOKaab-
HbBIM KoJbLOM. Ecau R wu S —JjokajbHble KOJbLA,
My (R)= Mn(S), a eij U frr — cOOTBETCTBYIOLLIHE MATPHY-
Hble eJHHHILbl, TO HaiaeTcs TakoH OOpaTUMBIA 3JI€MEHT
ue Mn(R), 4o S = u~'Ru 4 npu noaxonasiei Hyvcpa-
UMH HMeeT MeCTO f;j=wu"'e; W AJs MOOBIX i U | (cM.
[31], c. 87, Teopema 1, c. 92, Teopema 3; [57], c. 128,
npejanoxexue 4).

Hasosem npasoi pasmeprocreio Kpyaas koabua R
pasmepHocts Kpyaas npasoro R-moayas R. Taxim 06-
pasoM, npasasi pasMepHocTh Kpyaasi apTHHOBa cnpasa
KOJIblla paBHA HyJ10, a J060oe HETEPOBO CllpaBa KOJbLO
o6n1anaer pasmepHoctblo Kpyaas. OTMeTHM, uTO cyule-
CTBYIOT HETepoBbl 06/1acTH C /110601 pasmepHOCTbIo Kpya-
aa ([163], teopema 9.8). JInsg KOMMYTATHBHBIX KoJell
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CyLIeCTBOBaHHe KOHeuHOH pa3mepHoctH Kpyaas pasHo-
CH/JIbHO KOHEYHOCTH MJIHHbI Y3aCTHYHO YNOPSAOYEHHOrO
'MHOXecTBa npocThix uieanos ([163], npeanoxenue 7.8).
[IpaBas pasmepHocTp KpyJs1s kosabua R (ecid oHa cy-
LIeCTBYeT) COBNajaer ¢ TOYHOH BepxHeHl rpaHblo pa3mep-
HocTel Kpy/sist Bcex KOHEUHO MOPOXKAEHHBIX MNPAaBBIX
R-vonyne#r ([163], nemma 1.1), a Takxe ¢ nmpaBoil pas-
MepHocTblo Kpyaas ¢akropkosbua R/B, rae B — Hux-
HHI HuJb-pajgukana koabua R ([163], caeactshe 5.8).
JI1060€e HHIBNOAKOJBIO KOJbLA C NMPaBO# pasMepHOCTBHIO
Kpyans suabnorenutHo ([163], teopema 5.1). Jlio6oe
KOJIbLO ¢ MpaBoil pasMepHocTblo Kpyauis ynossersopsier
YCJOBHIO MAKCHMAaJbHOCTH JJsi NEpPBHYHBIX H INOJYyMep-
BHUHBIX upeanos ([163], teopemnt 7.1 u 7.6). Kaxnbiit
[OJIyIepBHUHBIH HAeas KoJblia C NpaBOH pa3MepHOCTbIO
Kpynas paBeH nepeceycHHIO KOHEUYHOrO YHCJa [epBHY-
Hblx ([163], npennoxenune 7.3). [TonynepBHYHOE KOJIBLO
¢ mpaBoH pa3MepHocTbio Kpyaas okasbiBaeTcsi MpaBbIM
kosabuom Lonngn ([163], caexctsue 3.4). Ecan R — mpo-
CToe HETEpOBO CIpaBa H CJeBa KOJbIO, HMelollee Npa-
BYIO M JeByl0o pasMmepHocTb Kpyaas, paBHyio 1, u koHeu-
HYI0 TJ106ajJbHYI0 pPasMepHOCTb, TO R 3KBHBaJeHTHO B
cMbicsie MopuThl HekoTOpo# o6sacTH uejoctHocTH. On-
HaKO He BCSKOe NPOCTOe HETEpPOBO CIIpaBa H CJeBa KOJib-
10 H30MOP(HO Aaxe KOJbLY MaTpHL Hajg ob6.JacTbio lic-
JoctHocTH ([126], Teopema 14.19). Otrmerum, uto mpa-
Basi pas3MmepHocth Kpyaas HérepoBa cnpaBa KoJbla R
paBHa I, ecau aas m060ro CyulecTBEHHOro MpaBoOro
uaeana I koabua R=R/N, rae N — BepxHHH HHJb-pa-
nukas koabua R, R/I okasbiBaeTcsi apTHHOBBIM MpPaBHIM
R-monynem ([163], caencrsue 5.8 u npeanoxenue 6.1),
a TakxXe eCqH R — KOMMYyTaTHBHasi 06J1acTb LEJOCTHO-
cTH, Bce (PAKTOPKOJbLA KOTOPOH, He SBJAILHECA MO-
JISIMH, apTHHOBBH. EjuHHuUe paBHa M pa3MepHOCTb LeJO-
YHCJEHHOrO TpYNMNOBOrO  KOJbLA KOHEYHOH TrpymHIbl
([163], c. 72). K npaBoit pasmepHoctH Kpyans GJuska
npasas pa3meprocte labpusas, TakXKe onpefensieMast
Kak pasmepHoctb ['a6pusnsi npasoro R-moayass R (cM.
(163], [221]).

OtmeruM eule pasmeprocts erogpanda—Kupuanrosa,
onpeneasieMyio s anre6psl R ¢ eiuHuuedl Hax nojem @
u o6o3HauaeMyio yepes GK-dim R. Uro6bl onpeaesuTs ee,
o6o3Hauum uyepe3 @ [V] nomanre6py anre6psl R, nopox-
JeHHYIO ee JIMHeAHbBIM noxnpoctpanctsom V. anee mo-
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JIOXKHU M

d, (1) =dimg (@ +V + V24 ... 4 V",

. T lOg dV (n)

H, HaKOHeL,
GK-dim R = sup {GK-dim @ [V][dimg V < N}

(cm. [197] u [223], ra. 10).

Kosabwo ¢ R ¢ elMHHUEH Ha3bIBAEeTCSl KOHEHUHbIM MO
Hedexundy, ecau fast mobuIX X, y = R paBeHCTBO xy = |
BaeveT yx = 1. K uHca1y KoJlell, KOHeuHbIX no JleaeKuuay,
OTHOCATCA KOJIblA, YAOBJETBOPAIOLIME YCJAOBHIO MaKCH-
MaJIbHOCTH JJISi aHHYJSITOPHBIX MpPaBbiX HAeaJIoB HJIH Npsi-
MBIX CYMM, KOJbLA, YAOBJETBOPSAIOUIHE YCJOBHIO MHHH-
MaJbHOCTH AJS aHHYJSTODHBIX IPaBbIX HAeaJoB HJH
NpSIMBIX CJIaraeMblX, KOJblla, CAMOHHBEKTHBHHIE ClpaBa
H ciacBa. Kosabuo R koHeuHo mo [leleKHHAY OAHOBpe-
MeHHO C ero (akTOpKOJbLOM NO paaukaay JlkekoGcoHa.
JluHeliHOe NPOCTPAHCTBO HAJ TEJOM OKAa3bIBAETCS KOHeY-
HOMEpHBIM TOTAA H TOJbKO TOrAA, KOI'AA KOJbLO €ero JiH-
HeliHbix npeo6pa3oBaHuil KOHeyHo no Medexknuay. Kouab-
1O, He ABJsIOILEECS KOHEUHBIM Mo [lefeKHHAY, 